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Abstract

For the Hadamard product A o A" of an M-matrix A and its inverse A™!, some new
inequalities for the minimum eigenvalue of A o A" are derived. Numerical example is
given to show that the inequalities are better than some known results.
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1 Introduction
The set of all # x n real matrices is denoted by R”*”, and C"*" denotes the set of all # x n
complex matrices.

A matrix A = (a;) € R™" is called an M-matrix [1] if there exists a nonnegative matrix

B and a nonnegative real number A such that
A=M-B, r=p(B),

where [ is an identity matrix, p(B) is a spectral radius of the matrix B. If A = p(B), then A is
a singular M-matrix; if A > p(B), then A is called a nonsingular M-matrix. Denote by M,,

the set of all # x n nonsingular M-matrices. Let us denote
7(A) =min{Re(1) : 1 € 0(A)},

and o (A) denotes the spectrum of A. It is known that [2] 7(A)
eigenvalue of A € M,,.

The Hadamard product of two matrices A = (a;;) and B = (b;) is the matrix A o B = (a;;b;).
If A and B are M-matrices, then it is proved in [3] that A o B! is also an M-matrix.

= m is a positive real

A matrix A is irreducible if there does not exist any permutation matrix P such that

papT - An Ap
Aa

where A;; and Ay, are square matrices.
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For convenience, for any positive integer #, N denotes the set {1,2,...,n}. Let A = (a;) €

R™*" be a strictly diagonally dominant by row, for any i € N, denote

R G ;

Ri=) lawl,  Ci=)_laul, dizi =i il

ki ki ii ii

il + gz ; |kl di
Sji = L , j#iLjEN; s; =max{s;}, i€N;

|l j#i
lajil + > s |kl Si
mj; = ot , J#LJEN; m; = max{my}, i€N.
| j#i

Recently, some lower bounds for the minimum eigenvalue of the Hadamard product of

an M-matrix and its inverse have been proposed. Let A € M,,, it was proved in [4] that
0<t(A oA’l) <1
Subsequently, Fiedler and Markham [3] gave a lower bound on 7(4 0 A™Y),

‘E(A oA‘l) >

N

and conjectured that

T(AoA™) >

R I

Chen [5], Song [6] and Yong [7] have independently proved this conjecture.
In [8], Li et al. gave the following result:

r(A oA_l) zmin{w}.

i 1+ Zj;’i S/i
Furthermore, if aj; = az = - - - = a,,, they have obtained
.| ai—siR; 2
mln{ # } Z —.
N DL n

In this paper, we present some new lower bounds for 7(4 o A™!). These bounds improve
the results in [8-11].

2 Preliminaries and notations
In this section, we give some lemmas that involve inequalities for the entries of A%, They

will be useful in the following proofs.

Lemma 2.1 [7] IfA = (a;) € R"™" is a strictly row diagonally dominant matrix, that is,

@il > Y lagl, i€N,
Jj#i
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then A™" = (by) exists, and

Zk;/j |ﬂjk |

1bji| <
|‘ljj|

[bil, j#i

Lemma?2.2 LetA = (a;) € R"™" be a strictly diagonally dominant M-matrix by row. Then,
Jor A = (by;), we have

|ajil + D ki ik sk

ajj

ji = b,’ifi’l’l}‘bi,’, j#i,iEN.

Proof Forie N, let

Z[ k law| + &
dy(e) = = ——,
Akk

and

lail + (ks | + €)di(e)

|d/j|

5ie) = . A

Since A is strictly diagonally dominant, then 0 < di <1 and 0 < sj; < 1. Therefore, there
exists & > 0 such that 0 < d(¢) <1and 0 <sj(e) <1. Forany i € N, let

Si(e) = diag(s1i(e), ..., 8i-1,i(8), L, Si1,i(8), - Suile)).

Obviously, the matrix AS;(¢) is also a strictly diagonally dominant M-matrix by row.

Therefore, by Lemma 2.1, we derive the following inequality:

bi _ \ajil + Dy |k sk (€)

sii(e) — sji(&)ay;

bii! }?/l,]eNy

il + Y rsi; laiiclsii(e) o
bj < Zl by, j#i,jeN.
i

Let ¢ —> 0 to obtain

|ﬂji| + Zk#j,i |ﬂjk|5ki

|bji| < .
ajj

bi <mjb;, j#i,ieN.

This proof is completed. d

Lemma 2.3 Let A = (a;) € R"™" be a strictly row diagonally dominant M-matrix. Then,
Jor A = (b;), we have

1

S A
i = Y lailm; aii
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Proof Let B=A"L. Since A is an M-matrix, then B > 0. By AB = I, we have

n
1= Zaijbji = a;ibi; — Z |lay|bji, i€N.
1 I

Hence
aib; >1, ieN,

that is,

By Lemma 2.2, we have

1 = abi - Z la;|bji

Jj#
|ajil + Dy |kl sei
i 177] i
> ajibi; — Z | bi;
i jj
i
= <ﬂn’ - Z |6li/|mji> bii,
J#i
i.e.,
1 .
—_— = bii’ ieN.
aji — Zj;/i |“z’j|mji
Thus the proof is completed. 0

Lemma 2.4 [12] If A7l is a doubly stochastic matrix, then Ae = e, ATe = e, where e =
(1,1,...,1DT.

Lemma 2.5 [13] Let A = (a;) € C"™" and x1,%3,...,%, be positive real numbers. Then all

the eigenvalues of A lie in the region

n

1 1
ze C:lz—ayl|lz—aj| < | % —lak| || % —|ag| | ¢-
U{ |z - all ,,|_(lek|kl|)(,Zxk|k,|)}
ij=1 ki k#j
i
Lemma 2.6 [3] If P is an irreducible M-matrix, and Pz > kz for a nonnegative nonzero
vector z, then t(P) > k.

3 Main results
In this section, we give two new lower bounds for 7(4 o A1) which improve some previous
results.
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Theorem 3.1 Let A = (a;) € R"™" be an M-matrix, and suppose that A™! = (byj) is doubly

stochastic. Then

1

bij> ——=——,
L+, m

ieN.

Proof Since A7! is doubly stochastic and A is an M-matrix, by Lemma 2.4, we have

ai=) laxl+1=) laul +1, i€N,

ki ki

and

bii"’iji:L ieN.
i

The matrix A is strictly diagonally dominant by row. Then, by Lemma 2.2, for i € N, we

have

|ajil + D x|k Isi
1:bii+Zbﬂ§bii+Z a,.]l b;;

j#i J#i ”
|ajil + D ki Wik s
(1o R,
— ajj
j#i K
= (1 + Zmﬁ) bii’
Jj#
ie.,
by > L N
i = , L€EN.
I+ Zj;!i mji
This proof is completed. O

Theorem 3.2 Let A = (a;) € R"*” be an M-matrix, and let Al = (bij) be doubly stochastic.
Then

1
'K(A o A_l) > m;n E {ﬂil‘bﬁ + ﬂ]‘jb”' - [(aiibii - ﬂjjbjj)z
7]

+4<m52|aki|bﬁ) (m]‘2|6lkj|b1‘j):|2 } (31)

ki kj

Proof 1t is evident that (3.1) is an equality for n = 1.
We next assume that 7 > 2.
Firstly, we assume that A~! is irreducible. By Lemma 2.4, we have

ﬂii:Z|ﬂij|+1:Z|ﬂji|+1: i€eN,

J#i J7i
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and
tlii>1, ieN.

Let

;| + stzj,i |k |Ski

ajj

m; = max{m;;} =max{ }, jeN.
i# i#

Since A is an irreducible matrix, then 0 < m; < 1. Let (A 0A™)=A,sothat 0 < A < a;by;,

i € N. Thus, by Lemma 2.5, there is a pair (i, ) of positive integers with i #j such that

1 1
A —aibil |\ — a;bj| < (mi Z m—lakibkl‘|> (mj Z P |ﬂk/bkj|>

ki K k%

1 1
< (mi Z - |6lki|mkbii) (Wl/ Z e |ﬂkj|mkbj/>

ki ki

= <mi Z |ﬂki|bii) (mj Z |ﬂk/|bjj)~ (3.2)

ki kj

From inequality (3.2), we have

(A — aibii)(A — ajby) < (Wli Z |6lki|bii> (mj Z |ﬂk/‘|b/’j>' (3.3)

ki ki

Thus, (3.3) is equivalent to
1 2
A= ) aiibii + ajibj — | (aibi; — a;by;)

+ 4<m,» > Iﬂkilbii> <mi > lak’|bjj>] | }’

ki ki
that is,
-1 1 2
r(A oA ) > 5 a;ibi; + ajbj; — | (aibi; — ajibj)
3
+ 4'<mi Z |6lki|bn‘) (mj Z |ﬂki|b1'i):| }
ki k#j

et
> min — {aiibii +a;bj — [(ﬂu‘bu’ - ﬂjjbjj)2
iZ 2

o) )]

ki kj
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If A is reducible, without loss of generality, we may assume that A has the following block

upper triangular form:

An Ap - Ay
Ao Ap - Ay
ASS

with irreducible diagonal blocks A, i = 1,2,...,s. Obviously, T(A 0 A™') = min; T(4; 0 A7}).
Thus, the problem of the reducible matrix A is reduced to those of irreducible diagonal

blocks A;;. The result of Theorem 3.2 also holds.

Theorem 3.3 Let A = (a;) € M, and Al= bi; be a doubly stochastic matrix. Then

!
min 5 {a”bii + “1‘1‘191‘1‘ - |:(aiibii - dﬁb]y)z

+ 4<m,- > Iﬂki|bit’) (mf > |akj|bjj)} % }

k+i k+j

. { aii — SiR }
>min{ ——— .
i 1+Zj?’isﬁ

Proof Since A™! is a doubly stochastic matrix, by Lemma 2.4, we have

ai= Y laxl +1=) lal +1, ieN.

ki ki

For any j # i, we have

R il + Dy lajildi

di—si= 3 _
j = Sji
ajj ajj
~ lal + 3 gl Nyl + 3 p;; |l di
ajj ajj
(1—di) i lak]
_ Zk#},t ! >0,
ajj

or equivalently
d/‘ZSﬁ, ]#l,]EN

So, we can obtain

m i =
ajj

and

m; <s;, i€N.

agl + 2 ki 1 WikIsri - lajil + 31y 1kl i

= Sjis ]#l,]GN,
ajj

O

(3.5)
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Without loss of generality, for i #j, assume that

aiibii — m; Z |akilbii < ajibj — m; Z || bjj. (3.6)
ki [

Thus, (3.6) is equivalent to

m; Y " laglby < azby — aibi +m; Y |awlbi. (3.7)
k% ki

From (3.1) and (3.7), we have
1 3
3 {ﬂiibii + a;;bj — [(ﬂiibii — ajby)* + 4(mi Z |6lki|bii) (mj Z |ﬂkj|b/j>] }
ki ks

1
= 5 {ﬂu’bii + ajibj; — [(“iibii - “lihji)z
%
+ 4‘(””1‘ Z |aki|bii> ((ljjbjj - ﬂiibiz’ +m; Z |aki|bii)] }

ki k#i

1 2
= 2 {“iibii +ajiby; — |:(aiibii — ajiby)

2 3
+ 4(”’75 Z |6lki|bn') + 4(mt Z |ﬂki|bii> (ajbj — ﬂiibii)] }

ki ki

1 213

=3 {ﬂiz’bii +ajbj — |:(“/jbjj —aiibi; + 2m; Z |ﬂki|bii) ] }
ki

1

=3 {ﬂiibii + ajbj; — <ﬂjjbjj —aiibi; + 2m; Z |ﬂki|bii> }
ki
= aibi; —m; Z |akil bii
ki
= bj; <ﬂn‘ —m; Z |6lki|)
ki
ai — MR,

Z —_—

I+ Zj;!i Mji

S i - SiR; '
1+ Z/';/i Sji

Thus we have

1

1 2
Hil;I,II 3 {ﬂn’bii +a;bj - |:(aiibii —a;b;)* +4 (mi Z | ki |bii) (le Z |akj|bj;‘>] }

ki k+j

. { a;; — SiR; }
>min{ ———— .
i 1+Zj;’z’sl'i

This proof is completed. d



Chen Journal of Inequalities and Applications (2015) 2015:35 Page 9 of 12

Remark 3.1 According to inequality (3.4), it is easy to know that

b < lajil + 3 iy |ﬂjk|5kib“ - |ajil + 3 iy 1| i N
ji = i = iiv ]
ajj ajj

That is to say, the result of Lemma 2.2 is sharper than that of Theorem 2.1 in [8]. More-

over, the result of Theorem 3.2 is sharper than that of Theorem 3.1 in [8], respectively.

Theorem 3.4 Let A = (a;;) € R"" be an irreducible strictly row diagonally dominant M-
matrix. Then

r(A oA_l) > miin{l - % Z |ﬂji|m1‘i}.

o
Proof Since A is irreducible, then A~ > 0, and A o A~ is again irreducible. Note that
t(AcA) =7((A0A™)) = (4T o (A7) 7).
Let
(AT o (AT) Ne=(tta,... 1),

where e = (1,1,...,1)7. Without loss of generality, we may assume that # = min;{t;}, by

Lemma 2.2, we have

n
i = Z lajpbji| = anbn - Z laj1|bj
j=1 j#1
laj | + 3 gyin |ajiclsia
4,1 197
> anby - Z |l ) by
A @i
= anbu — Z |aji|mjbu
j#1
= (ﬂu - Z |ﬂjl|Wl/1>bu
j#

- an — Z,ﬂ laj |

an

1
1- a— Z |6{1'1|lel.
A

Therefore, by Lemma 2.6, we have

‘L'(A oAil) Zmin{l— ai Z|6l/i|m1‘i}.
i i =
J#i

This proof is completed. O
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Remark 3.2 According to inequality (3.5), we can get

1 1
l1-— Z lajilmji =1 - — Z lajilsji.
i i i i

That is to say, the bound of Theorem 3.4 is sharper than the bound of Theorem 3.5 in [8].

Remark 3.3 If A is an M-matrix, we know that there exists a diagonal matrix D with
positive diagonal entries such that D' AD is a strictly row diagonally dominant M-matrix.

So the result of Theorem 3.4 also holds for a general M-matrix.

4 Example
Consider the following M-matrix:

4 -1 -1 -1

205 -1 a1
o 2 a4
1 -1 -1 4

Since Ae = eand ATe = ¢, A! is doubly stochastic. By calculations we have

0.4000 0.2000 0.2000 0.2000
0.2333 0.3667 0.2000 0.2000
0.1667 0.2333 0.4000 0.2000
0.2000 0.2000 0.2000 0.4000

(1) Estimate the upper bounds for entries of A™ = (b;) . If we apply Theorem 2.1(a) of

[8], we have

1 0.6250 0.6375 0.6375 by by bsz bas

1o 0.7000 1 0.6500 0.6500 . by by bsz bus
| 05875 0.6875 1 0.6500 by by bsz bus
0.6375 0.6250 0.6375 1 by by bsz bas

If we apply Lemma 2.2, we have

1 0.5781 0.5718 0.5750 by by bz bus

1o 0.6450 1 0.5825 0.5850 . by by bz bus
0.5093 0.6562 1 0.5750 by by bz by
0.5718 0.5781 0.5718 1 by by bz by

Combining the result of Lemma 2.2 with the result of Theorem 2.1(a) of [8], we see that

the result of Lemma 2.2 is the best.
By Theorem 2.3 and Lemma 3.2 of [8], we can get the following bounds for the diagonal

entries of A71:

0.3419 < by; < 0.5882; 0.3404 < byy < 0.5128,

0.3419 < b33 < 0.6061; 0.3404 < byy < 0.5882.
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By Lemma 2.3 and Theorem 3.1, we obtain

0.3668 < by; < 0.4397; 0.3556 < byy <0.3832,

0.3668 < b33 < 0.4419; 0.3656 < by < 0.4415.

(2) Lower bounds for 7(4 0 A71).

By the conjecture of Fiedler and Markham, we have

‘E(A oA‘l) >

XN

1
=—-=0.5.
2

By Theorem 3.1 of [8], we have

r(A o A’I) > min

1

{ aii — SiR;

——— = 0.6624.
1+ Z/’#i Sji }

By Corollary 2.5 of [9], we have
T(AoA™) =1- p>(J4) = 0.4145.

By Theorem 3.1 of [10], we have

(Ao A‘l) > min

1

{ ai; — UiR;

———— = 0.8250.
L+ wi }

By Corollary 2 of [11], we have

aig=wi )i | aji |

-1 .
Hdod )Zmim{ L+ 2% Wi

} =0.8321.

If we apply Theorem 3.2, we have

o1
'[(A [¢} Ail) > Htl;'l’/n 5 {aﬁbii + aﬁbﬁ - [(“tibii - ﬂ]‘]'bj/')z

1
2
+ 4(1’7’1, Z |aki|biz’) (Wl/ Z |akj|bj/>:| } =0.8456.

ki k+j

The numerical example shows that the bound of Theorem 3.2 is better than these cor-

responding bounds in [8-11].
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