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1 Introduction

Let A,, denote the class of functions of the form
o0
f@=z+) ad (neN={1,23,..}), (1.1)
k=n+1

which are analytic in the open unit disk U = {z € C: |z]| < 1}, and let A; = A.
A function f(z) € A is said to be in the class S*(«) in U if it satisfies

zf'(2)
f(@)

Re >sa (zel) (1.2)

for some real « (o <1). If f(z) € S*(a) with 0 £ & < 1, then f(z) is said to be univalent and
starlike of order « in U. We denote S*(0) = §*. A function f(z) € A is said to be in the
class C(«) if it satisfies

Zf”(Z)
f(@)

Re{1+ } >a (zel) (1.3)
for some real o (o <1). If f(z) € C(a) with 0 < « < 1, then f(z) is said to be univalent and
convex of order « in U. We write C(0) = C.

Letf(z) and g(z) be analytic in U. Then we say that f(z) is subordinate to g(z) in U, written
f(z) < g(2), if there exists a function w(z) analytic in U which satisfies w(0) = 0, |w(z)| <1
(z € U) and f(z) = g(w(z)) for z € U. If g(z) is univalent in U, then the subordination f(z) <
g(z) is equivalent to f(0) = g(0) and f(U) C g(U) (¢f Duren [1]).
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A function f(z) € A is said to be strongly starlike of order 8 in U if it satisfies

#f'z) [(1+z)\’
— 1.4
7o < (i) (4
for some real 8 (0 < 8 < 1). We denote this class by g*(ﬁ). Note that g*(l) = S*,
Define
(1.5)

P,(x) = {f(z) cA,: [f”(z)’ SA(A>0;z€ U)}.
Mocanu [2] considered the problem of finding A such that
f(z) e Py(r) implies f(z) € S*.
Mocanu [2] has shown that:
Theorem A ([2]) If

1
n(n+1) (neN),
2n+1

then P,()) C S*.

Ponnusamy and Singh [3] proved the following results.

Theorem B Let

M (}’1 IS N).

Ay =
n+1)2+1

If 0 < 1 £ Ay, then P,(A) C S*(B), where

(n+1)(n—»A) . n(n+1)
13 _ ,3 ()\) _ n(n+1)+1 ’ lfO <A § n+2 ’
= Pn = 2012 — (G212 + 132 . 1
: (};;n)z(ngr(ln);—))»;) g ’ lfnitn++2) SA=hn

Theorem C Let 0 < B8 <1 and

1)sin 22
N n(n +1)sin = (neN).

! =
\/1+(n+1)2+2(n+1)cos%

If0 < 1 < AL, then P,(1) C S*(B).
It is easy to verify that Theorem B and Theorem C are better than Theorem A in two

different ways.
In this paper we generalize and refine the above theorems. Furthermore we find A such

that f(z) € P,(1) implies f(z) € C(«) (« < 1). These results are sharp.
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2 Main results
To derive our first result, we need the following lemma due to Hallenbeck and Ruscheweyh
[4].

Lemma Let g(z) be analytic and convex univalent in U and f (z) = g(0) + Y 52, aiz* (neN)
be analytic in U. If f(z) < g(2), then

z 1 [4 z [4
z¢ / (@) dt < ;z‘ﬁ / tnlg(t)dt,
0

0
where Re(c) 2 0 and ¢ #0.

Now, we derive the following.

Theorem 1 Let0<Xi<n(n+1) (neN).Iff(z) € P,()), then

(zel). (2.1)

zf'(2) 1’ n
@ | s -a

The bound ﬁ in (2.1) is sharp.

Proof Let

f(z):z+2akzke”P,,(k) and O<A<n(n+1) (meN).

k=n+1

Then we have
2f"(2) = n(n+ Vap 2" +--- < Az (2.2)

Applying the lemma with ¢ = 1, it follows from (2.2) that

1 [* A z
—/ " () dt < —z‘%/ £ dt,
0 0

z n
which yields
o f@) Az
f(Z)—7<n+1, (2.3)
and hence
‘//(z) S P (ze ). (2.4)
z n+1l

By (2.3) we can write

@) @)

z n+1’ 25)

f'2)
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where w(z) is analytic in U with w(0) = 0 and |w(z)| < 1 (z € U). Since

f(2)

f/(Z)—7=Vl6ln+1Z"+"',

the function w(z) in (2.5) satisfies |[w(z)| < |z|" (z € U) by the Schwarz lemma. Also (2.5)

leads to

fO @),k [Tw0
[(52-E2)a- 2 [P 26)

In view of (2.6), we deduce that

! wluz) | W)
/0 u ‘ = n+1 /

Alzl” 1
< 12 /u”_ldu<
n+1J, n(n+1)

|2

z n+1

and so

f(2)

z

>0 (zel). (2.7)

B n(n+1)

Now, by using (2.4) and (2.7), we find that

P( f(z
n+l

-
) n(n+1)—k

zf'(2) ’
f@)

for z € U, which shows (2.1).
For sharpness, we consider the function

fl)=z+ n(nt I)Z”” (zeU) (2.8)

for 0 < A < n(n +1). Obviously f(z) € P,(1). Furthermore we have

Zf/(Z) ‘ ‘ n+1 aiZ ni
-1| = —
f(2) 1+ lerl)z” nn+1) -\
asz— e’ . This completes the proof of Theorem 1. O

Next, we prove the following.

Theorem 2 Let0 <A <n(n+1) (neN). Then

Pu(r) C S*(a),

Page 4 of 9
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where

_(m+1)(n-2)

a=a,A)= PP (2.9)

The result is sharp, that is, the order a is best possible.
Proof If f(z) € P,(%) and 0 < A < n(n + 1) (n € N), then an application of Theorem 1 yields

zf'(2) na

1-Re f(2) <n(n+1)—k

(ze ).

Hence f(z) € $*(«) where @ = o, (1) is given by (2.9).
For the function f(z) € P,(1) defined by (2.8), we have

of'(2) 1+2z n+1)(m-2)
Ref(Z) —Re{1+ 2 z”}_) nn+1)—A

n(n+1)
asz — e Therefore the order o cannot be increased. O
Remark 1 Let us compare Theorem 2 with Theorem B. Clearly

nn+1)>x, and a,(})> B.(1) <O<)\§@).

+2
Also, for % <X <A, we have

m+1)(m-21) rm+1)?=((n+1)> +1)A2
nn+l)—r  22(m+1)2 =22

2+ D) (m=2)mm+1) + 1) = (P (m+1)% = (n+1)* + 1)A?)
- 22 (n +1)2 - A2)

O‘n()‘) - ,Bn()“) =

n?(n+1-A1)>?

- 2(n2(n + 1) — A2) >0-

Thus we conclude that Theorem 2 extends and improves Theorem B by Ponnusamy and
Singh [3].

Taking

n 1
= (2 +1) and A =gn,
2n+1

Theorem 2 reduces to the following.

Corollary 1 Forn € N we have

n(n+1)
P”( 21 +1

>CS*<%> and P,(n) CS*. (2.10)

The results are sharp.
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Further, applying Theorem 1, we derive the following.
Theorem 3 Let 0 < B <1and

~ nn+1)sin™

by = ————2 (neN). (2.11)
7+ Sin >

Ifo<L < oy then Py(A) C g*(ﬂ) and the bound x, cannot be increased.
Proof Let

0<B<1, f(2)eP,(n) and 0<Ar <Ay,

where %, is given by (2.11). Then *n < n and it follows from Theorem 1 that

1 Xn
zf(z)_ ’<}’17~:sinﬁ (zeU).
f(z) nn+1)— A, 2
This implies that
zf'(2)| =B
ar. <— (zel).
‘ e 2
Hence f(z) € g*(ﬂ).
Furthermore, for the function f € P,(1) defined by (2.8) and Do <A< n(n + 1), we have
zf'(2) ‘ ni . .7
— — > ~— = SIn ——
f(z) nn+l)—x2 nm+1)-Ai, 2

asz — e’ . This shows that f ¢ $*(B) and so the proof of Theorem 3 is completed. O

Remark 2 Since A, > A, (cf Theorem C) we see that Theorem 3 is better than Theorem C

by Ponnusamy and Singh [3].
Finally we discuss the following.

Theorem 4 Let0<Ai<n(neN)and0<o Z1.Iff(z) € P,(A), then

zf"(2) zf'(2)
Re{a(l + 10 ) +(1-0) e } >a (zel), (2.12)
where
n—m+1)A (m+1)(m—-2)
a:an(a,)»):aﬁ+(l—o)m. (213)

The result is sharp, that is, the bound o,(o,)) cannot be increased.

Proof Letf(z) € P,(A) and 0 < A < n. Then, by (2.2) (used in the proof of Theorem 1) and
the Schwarz lemma, we can write

zf"(z) = aw(z) (zeU), (2.14)
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where w(z) is analytic in U and |w(z)| < |z|" (z € U). Further, we deduce from (2.14) that

z z 1
f/(z)—1=f0f”(t)dt=kfo @dt:k/o w2

u

which leads to

1
[f/(z)| 21—)»/ M&lu
0

u

1
>1—)»|z|"/ W du
0
A
>1-—->0 (zelU). (2.15)
n

Also, by Theorem 2, we have

zf'(z) (mm+1)(n-21)

ReZ® ™ nnr 1=

(ze ). (2.16)

Let us define the function g(z) by

(2.17)

g(2) =o<1 + zf”(z)) +(1- )zf’(z) _

(@) 7 T

where 0 <0 <1 and « is given by (2.13). Then g(z) is analytic in U and

n—m+1)A (m+1)(n—A)

g(O):l—a:l—aT—(l—a)m
__n 1-0) ni 0
Touoa Ve n(n+1)—)\> '

We claim that Re g(z) > 0 for z € U. Otherwise there exists a point zg € U such that
Reg(z) >0 (|z| < |z0|) and Reg(zp) =0. (2.18)

Thus, in view of (2.15)-(2.18) and (2.13), we find that

zof"(20)
f(20)

U|Zof”(20)| = Lf’(Zo)|

g(zo)+a—o-(1-0)

S g zof"(20)
2 |f'(z0)] o)

N (m+1)(m—-A)
>(1_;)(U_a+(1_0)7n(n+1)—)» )

=oA>0.

Reg(zg) +a—o—-(1-0)Re

This contradicts the expression (2.14). Hence, we say that Reg(z) > 0 (z € U) and (2.12) is
proved.
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For the function f(z) € P,(1) (0 < A < n) defined by (2.8), we get

zf"(2) zf'(2)
Re{a(1+ @ )+(1—a)f(z) }

1" 1+ 22"
=o(1+Re - +(l-o)Rey ———
1+ 22" 1+ —2=27"

n(n+1)

n—m+1)A n+1)(n-21)
c———+(l-0)———" =«
n—»A nn+1)-A

asz — e’ . Therefore the bound « is best possible. O

Making o =1 in Theorem 4, we have the following.

Corollary 2 Let0 <A <n(neN). Then

(2.19)

P (Mcc(w)

n—»XA

The result is sharp. In particular, for n € N, we have

n 1 n
Pn(2n+l>cc(§)’ 7)”(”+1)CC, (2.20)

and the results are sharp.

Taking o = % in Theorem 4, we obtain the following.

Corollary 3 Let 0 <A <n (neN).Iff(z) € P,(X), then

zf"(z) zf'(2) n-m+DAr (m+1)(m-A)
Re{1+f/(z) +f(z) }> — + PPy (zeU). (2.21)
The result is sharp.
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