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1 Introduction

Let A denote the class of functions which are analytic in D = D(0,1), where
D(a,r) = {z: |z —al < r}

and let A, denote the class of functions f € A of the form

f@) =2+ Z a,2" (z2€D;peNy={0,1,2,...}). @)

n=p+1

A function f € A, is said to be starlike of order o in D(r) := D(0,r) if

Re(i&i?) >a (zeD(r);0<a<p).

A function f € A, is said to be convex of order o in D if

Re(1+ ?g?) >sa (zeD;0<a<l).

We denote by S¢(«) the class of all functions f € A, which are convex of order « in D and
by S; () we denote the class of all functions f € A, which are starlike of order « in D.
We also set S*(a) = 57 (0).

Let H be a subclass of the class .A,. We define the radius of starlikeness of the class H by

R*(H) :fin?g(sup{r € (0,1] : f is starlike of order 0 in D(r)}).
€
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We denote by P(B), 0 < B <1, the class of functions / € A such that #(0) =1 and
(D) C Ty := {we C\ {0} : | Argw| <ﬁ%},

where Argw denote the principal argument of the complex number w (i.e. from the inter-
val (-7, ]). The class P := P(1) is the well-known class of Carathéodory functions.

We say that a function f € A belongs to the class CS,(a, B) if there exists a function
ge S; (o) such that

Lepep).
g

In particular, we denote
CS,(a) =CS (e, 1), CS*(a) =CST (), CS* =CS*(0).

The class CS™ is the well-known class of close-to-star functions with argument 0.

Silverman [1] introduced the class of functions F given by the formula

Fm=41@§)11@@w (f € S*@)hg € SB) G=1.2,....m),

Jj=1 Jj=1

where a;, b; (j=1,2,..., n) are positive real numbers satisfying the following conditions:

i tl}' =a, i bj = b
j=1 =1

Dimbkov [2] studied the class of functions F given by the formula

F(z) :zl_[<f’(7z)) ] (fi € S*(),j=1,2,...,n),

j=1

where a; (j=1,2,..., n) are complex numbers satisfying the condition

Y (-a)gl<a

j=1

Let p, n be positive integer and let a, m, M, N be positive real numbers, b € [-m, m].
Moreover, let

a:(alrﬂZ’--wdn)’ O{Z(Oll,dz,...,(){n), ﬂ:(ﬁl;ﬁbu'rﬁn)
be fixed vectors, with

a; € R, 0<eaj<p, 0<B<1 (j=12,...,n).
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We denote by H})(a, @, B) the class of functions F given by the formula
(5@ . ,
F(Z):zpl_[(ﬁ?) (ﬁeCSp(aj,ﬂj),]:l,...,n). (2)
j=1

By g;’(m, b, c) we denote union of all classes HZ(a, o, B) for which

Z(p—a/)lajl =m, Z(p—aj)Reaj:b, Z,leajl =c (3)
j=1

j=1 j=1

Finally, let us denote

gwmN):= ) U Gimb,o. (4)
c€[0,N] be[-m,m]
me[0,M]

It is clear that the class G}(M, N) contains functions F given by the formula (2) for which
Z(P—Oljﬂﬂjl <M, Zﬂ/lﬂ;‘l <N.
j=1 j=1

Aleksandrov [3] stated and solved the following problem.

Problem 1 Let H be the class of functions f € A that are univalent in D and let A C D
be a domain starlike with respect to an inner point @ with smooth boundary given by the
formula

z2(t) =w + r()e® (0 <t<2m).

Find conditions for the function r(£) such that for each f € H the image domain f(A) is
starlike with respect to f ().

Switoniak and Stankiewicz [4, 5], Dimkov and Dziok [6] (see also [7]) have investigated

a similar problem of generalized starlikeness.
Problem 2 Let H C A. Determine the set B*(H) of all pairs (a,r) € D x R, such that
la| <r <1-]al, (5)

and every function f € H maps the disk D(a, 7) onto a domain starlike with respect to the
origin. The set B*(#) is called the set of generalized starlikeness of the class H.

We note that
R'(H) = sup{r: 0,r) e B*(’H)}. (6)

In this paper we determine the sets B*(?—[;’(a,oc,ﬁ)), B*(gg(m, b,c)) and B*(g;‘(M,N)).
The sets of generalized starlikeness for some subclasses of the defined classes are also
considered. Moreover, we obtain the radii of starlikeness of these classes of functions.
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2 Main results
We start from listing some lemmas which will be useful later on.

Lemma 1 [5] A function f € A maps the disk D(a,r), la| <r <1 - |a|, onto a domain

starlike with respect to the origin if and only if

ef'(a + re?)

For a function f € S;(«) it is easy to verify that

zf'(z) 1+ |22
o PO

_ -]

- 1-z)2

(zeD).

Thus, after some calculations we get the following lemma.

Lemma?2 Letf € S;(a), a,0 eR,z€Dy:=D\{0}. Then

e ()]

Lemma 3 [8] Ifh € P(B), then

S 1 p (ze D).

‘ H(2)
h(z)

Theorem 1 Let m, b, c be defined by (3) and set

0<r=<nrylal<r,
B =3(a,r)eCxR:{r<r<r,lal <o), , (8)

rp<r<qlal<q-r

B'={(a,r)eCxR:lal<r<gq-|al}, 9)
where

"= %, (10)

2 nrer ¢(fn(Tc+);)— 20p + P w

q=m+c+\/(mfc)2—2bp+p2’ 12

o= e U2 w

Moreover, set

B B forb>pl2, (14)
B"  forb <p/2.
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If (a,r) € B, then a function F € HZ(a,oc,ﬁ) maps the disk D(a,r) onto a domain starlike
with respect to the origin. The result is sharp for b < p/2 and for b > p/2 the set B cannot
be larger than B". It means that

B cB* ('HZ (a0, ﬂ)) cB’ (b>pl2), (15)
B (Hy(a,a,B))=B" (b<p/2). (16)

Proof Let F belong to the class H;(a, o, B) andlet z = a+re € D satisfy (5). The functions
gs(2) =ef(é"z) (zeD;j=1,2,...,n,s€R)

belong to the class CS; (aj, B) together with the functions fj(z). Thus, by (2) the functions
Gs(z) =€e“F(e"z) (zeD;seR)

belong to the class ’HZ(a, a, B) together with the function F(z). In consequence, we have
(a,r) e B (Hy(a,a, ) <= (lal,r) e B (H)(a,a,B)) (a€D,r=0). (17)

Therefore, without loss of generality we may assume that a is nonnegative real number.
Since f; € CS;(a,», B)), there exist functions g; € S;;(aj) and /; € P(B;) such that

M =hi(z) (zeD)

8@
or equivalently
fi(2) = g(2)hj(z) (z€ D). (18)

After logarithmic differentiation of the equality (2) we obtain

/

@) p
F@) Z+; (%_Z) e

Thus, using (18) we have

ei(-? F ( Z) P

Re @)

 Re{or
(s

By Lemma 2 and Lemma 3 we obtain

(5 -2) 2l i)

A58-0)-Eo

h/,(z)

0 pr it
eF(z()Z) > Repi |z|2 Z(p aj)a;Re(ze")

Re

2 < R
T Ll - 5> lajlpy
|21 <5 l2I* <3
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Setting z = a + re’” and using (3) the above inequality yields

e’ F'(a + re) pe’? Re(r+ ae™™®b—m—c

—~ >Re . ,
F(a + re?) a +re? 1—|a+re?|?

By Lemma 1 it is sufficient to show that the right-hand side of the last inequality is non-
negative, that is,

Re(r+ae™™)b—m—c
Re— P, R )b- >0. (19)
r+ae® 1-|r+ae|?
If we put
r+ae’” =x+vyi,

then we obtain

px bx—-m-c

+ >0.
x2+y2 1-xt-yr T

Thus, using the equality
-1 +y*=d’ (20)
we obtain

w(x) = 2r(2b — p)x® - (2b - p)(r* - a®) + 4r(m + c) - p)x

+2(m +c)(r* —a®) > 0. (21)
The discriminant A of w(x) is given by

A= (2b-p)(r* -a®) +4r(m +c) —p)2

—16r(2b - p)(m + ¢)(r* — a®) = A1 Ay, (22)
where
A= (p-2b)(r* —a®) +p+4r(m +c) + 4y/rp(m + ¢), (23)
Ay = (p=2b)(r* = @) + p + dr(m + ) — 4/rp(m + c). (24)
Let
D={(ar)eR*:0<a<r<l-a}. (25)

First, we discuss the case b > p/2. Thus, the inequality (21) is satisfied for every x € [r —
a,r + a] if one of the following conditions is fulfilled:

1° A <0,

2° A>0,w(r—a)>0andxg <r-—a,

3° A>0,w(r+a)>0andxg >r+a,
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where

_(2b-p)(* —a®)+4r(m+c)-p

4(2b - p)r (26)

X0

Ad 1°. Since A; > 0, by (22), the condition A < 0 is equivalent to the inequality A; < 0.
Then

By = {(a,r) eD:A< 0} = {(a,r) eD:A, < O} = {(a,r) €D:a< (p(r)},

where ¢ is defined by (13). Let
y = {(a,r) eD:a= (p(r)}.

Then y is the curve which is tangent to the straight lines @ = r and a = g — r at the points
Si=(r,n) and Sy =(q-r2,1), (27)

where r1, rp, q are defined by (10), (11), (12), respectively.
Moreover, y cuts the straight line a = 0 at the points

73 :p(\/m +c++/p2b-p) + m)_z’
74 =p(\/m +c—+/p2b-p)+Vm +c)72.

Since
O<r3<ri<ry<ri<q,
we have
y={@r eR:irs<r<r,a=9¢)}
and consequently
Blz{(zz,r)e]RZ:rg§r§r4,0§a§<p(r)}, (28)

where ¢ is defined by (13) (see Figure 1).
Ad 2°. Let

B, = {(a,r) e€D:A>0AW(r—a)>0Ax §r—a}.
It is easy to verify that

w(r—a) = (r—a)((2b ~Dr-a)?-2m+c)(r-a)+ 1)

=@b-D(r-a)(r-a—q)r-a-q),
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Figure 1 The set ;.

where g is defined by (12) and

-1

q =p(m+c—+/(m+c)*—2bp +p?) (29)
Since

0<g<l<q (p/2<b§m,(a,r)eD), (30)
we see that

(r—-a)(r-a-4)<0 ((ar)eD).

Thus, the inequality w(r — a) > 0 is true if a > r — g. The inequality xy < r — a may be

written in the form
2b —p)a2 +3(2b —p)r2 —4(m+c)r—4Q2b—-p)ar+p > 0. (31)

The hyperbola #;, which is the boundary of the set of all pairs (a,7) € R? satisfying (31),
cuts the boundary of the set D at the point S; defined by (27) and at the point (15, 0), where

rs=p(2(m+c)+ Va(m +c)? = 3p(2b —p))_l. (32)
It is easy to verify that
r3 <15 <rs<(g.

Thus we determine the set

32:!(a,r)em%{of’”f“’of““’ ” (33)

r3<r<r,p(r)<a<r

where ¢ is defined by (13) (see Figure 2).
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Figure 2 The sets 1B; and B;s.

Ad 3°. Let
B3 = {(a,r) €D A>0AwW(r+a)>0Ax zr+a}
and let g and ¢’ be defined by (12) and (29), respectively. Then

w(a+r)=(r+ a)[(2b —p)r+a) =2(m+c)r+a) +p]

=@b-p)r+a)(r+a-q)(r+a-q).
Moreover, by (30) we have
(r+a)(r+a-q)<0 ((ar)eD).

Thus, we conclude that the inequality w(r + a) > 0 is true if a < g — r. The inequality

X0 > r + a may be written in the form
(2b - p)a* + 3(2b — p)r* — 4(m + c)r + 4(2b — p)ar + p < 0. (34)

The hyperbola /4, which is the boundary of the set of all pairs (a,r) € R? satisfying (34),
cuts the boundary of the set D at the point S, defined by (27) and at the point (r5,0), where
r5 is defined by (32). Thus, we describe the set

Bgz{(a,r)eRzz{r2<r<r4,<p(r)<a§q—r,}}’ (35)

ra<r<q,0<a<q-r

where ¢ is defined by (13) (see Figure 2). The union of the sets B;, BB, B3 defined by (28),
(33), and (35) gives the set

0<r<n,0<acxr,
B={(@reR?:{rn<r<r,0<a<o(),

rp<r<q,0<a<q-r
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Thus, by (17) we have
B c B (Hy(a,a, B)) (b>pl2), (36)

where 5’ is defined by (8).
Now, let b < p/2. Then the inequality (21) is satisfied for every x € [r — a,r + a] if

w(r—a)>0 and w(r+a)>0. (37)
We see that

w(a+r)=Qb-p)r+a)(r+a-q)(r+a-q),

w(r—a)=Q2b-p)r-a)(r-a-q)(r-a-gq),
where g and ¢’ are defined by (12) and (29), respectively. Since
qd<0<q<1 (b<pl2),
the condition (37) is satisfied if (a,7) € D and
a<q-r. (38)
Let b =1/2. Then by (21) we obtain
(p—4r(m+0))x+2(m + o)(r* - a®) = 0.
The above inequality holds for every x € [r —a,r + a] if (a,r) € D and

r—a<
~ 2(m+c)

or equivalently (38). Thus, by (17) we have
B'C B'(Hi@aB) (b=<pl2), (39)

where B” is defined by (9). Because the function

) n 1 1-2 ﬁjsgn(aj) aj

belongs to the class ) (a,&, B), and forz=a +r,60 =0, a + r > g we have

e’F'(z) p-2m+c)a+r)+(2b-p)a+r)’

Re—Zo = @+nl—(a+r?)

<0.

Lemma 1 yields

B* ('HZ(a,oc,ﬁ)) c B (41)
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From (36) and (41) we have (15), while (39) and (41) give (16), which completes the
proof. O

Since the set BB defined by (14) is dependent only of m, b, ¢, the following result is an
immediate consequence of Theorem 1.

Theorem 2 Let 3 be defined by (14). If (a,r) € B, then a function F € QI’Z (m, b, c) maps the
disk D(a,r) onto a domain starlike with respect to the origin. The obtained result is sharp
for b < p/2 and for b > p/2 the set B cannot be larger than B", where B" is defined by (8). It
means that

B cC B* (Q;’(m, b, c)) cB’ (b>pl2),

B* (Q;‘(m, b,c))=B (b=<pl2).

The functions described by (40), with (3) are the extremal functions.

Theorem 3
B*(g”(M,N))={(a,r)e(Cx]R:|a|<r§q1—|zz|}, (42)
where
'4
b1

_M+N+\/(M+N)2+2Mp+p2'

The equality in (42) is realized by the function F of the form

(1 _ Z)2M+N

F(Z):ZPW

(ze D). (43)

Proof Let M, N be positive real numbers and let 5’ = B'(m, b,c), B” = B"(m,b,¢), q =
q(m, b,c) and ¢(r) = ¢(r; m, b, ¢) be defined by (8), (9), (12), and (13), respectively.
It is easy to verify that

@(r;m,b,c) = q(m,p/2,c) —r (1/(2q(m,p/2,0)) <r < q(m,p/2,c),p/2 < b < m).

Moreover, the function g = g(m, b, c) is decreasing with respect to m and ¢, and increasing
with respect to b. Thus, from Theorems 1 and 2 we have (see Figure 3)

B*(G"(m,p/2,¢)) = B"(m, p/2,¢) C B'(m, b,c) C B(G"(m,b,c))

(m € [0,M],ce[0,N],b e (p/2,m])
and

B*(G"(M,~M,N)) C B*(G"(m,b,c)) C B*(G"(m,p/2,c))

(m e [0,M],c€[0,N],b € [-m,p/2]).
Therefore, by (4) we obtain

B*(G"(M,N)) = B*(G"(M,-M,N)) (44)
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B'(m, 1/2,¢)

1/2g(m,1/2,¢) g(m, 1/2,¢) q(m,b,c)

Figure 3 The sets B’ and B”.

and by Theorem 2 we get (42). Putting m = M, b = —M in (3) we see that a4y, 43, ...,a, are
negative real numbers. Thus, the extremal function (40) has the form

n BiN %
F(z):zpn((l_z;(la}_)(iii)> (e D)

j=1

or equivalently

pod 142\ Zmhlal
F(z) = D).
“ u—z)2zﬁﬂlwﬂf<1—2> FeP)
Consequently, using (3) we obtain
z 1+z\™N
F(z2)= ————| — eD),
@ = (1 —z> (zeD)
that is, we have the function (43) and the proof is completed. O

Since 7—[;((1), (@), (B)) = CS; (o, B), by Theorem 1 we obtain the following theorem.
Theorem 4 Let0 <a<p,0<pB <1,and

0<r<mn,lal<r,
B =13(a,r)eCxR:{r<r<r,lal <o), )

rn<r<qlal<q-r

B”:{(a,r)erR:|a|<r§q—|“|})

where
1
I
" a(B-a+p)
p(B+p-a)
r

T (Brp-a+(B-a)l+2Bp?
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p

T s ip—arJP-ar+2pp
o(r) = \'/r2 B 1-2/r(B—a+p))?

2p—2a -1

Moreover, let us put

B B fora<pl2,
| B’ fora=>p/2.

If (|al,r) € B, then the function f € C’S;(a, B) maps the disk D(a, r) onto a domain starlike
with respect to the origin. The obtained result is sharp for « > p/2 and for o < p/2 the set B
cannot be larger then B". It means that

Bc B* (CS;(ot)) cB’ (x<pl2),

B* (CS;(a)) =B (a=>p/2).

The function F of the form

(1+2)?

—
F(Z) =z (1 _ Z)Zp—2a+ﬁ

(zeD)

is the extremal function.

Using (6) and Theorems 1-4, we obtain the radii of starlikeness for the classes ’H;‘(a, o, B),

g;l(mr bv C)r g;;(M;N); CS;((X, ,3)
Corollary 1 The radius of starlikeness of the classes G, (m, b, c) and Hy(a, «, B) is given by

p

R*(Gy(m,b,c)) = R*(H,(a e, B)) = m+c+/(m+c)>—2bp+p>

Corollary 2 The radius of starlikeness of the class G,/ (M, N) is given by

p
M+N+/(M+N)*+2Mp +p*

R*(GI(M,N)) =

Corollary 3 The radius of starlikeness of the class CS,(a, B) is given by

p

Brp-a+(B-a)+2p

Remark 1 Putting 8 =1 in Corollary 3 we get the radius of starlikeness of the class
CS;(ot) = CS;(oe, 1) obtained by Dziok [7]. Putting p = B = 1 we get the radius of starlike-
ness of the class CS§*(«) = CS7(«, 1) obtained by Ratti [9]. Putting, moreover, & = 0 we get
the radius of starlikeness of the class CS* = CS}(0,1) obtained by MacGregor [10].
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