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1 Introduction

Let us recall some definitions of various convex functions.
Definition 1 A function f: I C R = (-00,00) — R is said to be convex if
F(rax+ (L=1)y) <Af(x) + 1= 1)f () (1)
holds for all v,y € I and X € [0,1].
Definition 2 ([1]) Forf:[0,b] — R and m € (0,1], if
f(tx +m(l - t)y) <tf(x) + m(l-t)f(y) (2)

is valid for all x,y € [0,5] and ¢ € [0,1], then we say that f(x) is an m-convex function on
[0,D].

Definition 3 ([2]) For f:[0,5] — R and (o, m) € (0,1] x (0,1], if
f(tx+m(1—t)y) <tf(x) +m(1—t°‘)f(y) (3)

is valid for all x, ¥ € [0, 5] and ¢ € [0,1], then we say that f(x) is an (o, m)-convex function
on [0, b].

Definition 4 ([3-5]) AsetS C R”issaid tobeinvex with respecttothemapn:Sx S — R”
if for every x,y € Sand ¢t € [0,1]

y+inx,y) €S. (4)
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Definition 5 ([6]) Let S € R” be an invex set with respect to n: S x § — R”. For every
x,y € S, the n-path Py, joining the points x and v = x + 1(y, %) is defined by

PxV:{z|z:x+tn(y,x),te[0,l]}. (5)

Definition 6 ([4]) Let S C R” be an invex set with respect to n: S x S — R”. A function
f:S— Ris said to be preinvex with respect to 7, if for every x,y € Sand ¢ € [0,1],

f+tnxy) <tfx) + 1 -)f (). (6)

Let us reformulate some inequalities of Hermite-Hadamard type for the above men-

tioned convex functions.

Theorem 1 ([7, Theorem 2.2]) Letf :I° C R — R bea differentiable mappingand a, b € I°
with a < b. If |f'| is convex on [a, D], then

fla)+fb) 1 [*
‘ 5 _b—a/a fx)dx

b_
< Tﬂ(lf’(a)l +f®)). (7)

Theorem 2 ([8,9]) Letf : Ry = [0,00) — R be m-convex and m € (0,1]. If f € L([a, b]) for
0<a<b<oo,then

(8)

P / bf (x) dx < min {f (@) + mf (blm) mf (alm) +f () }
B 2 ’ 5 )

Theorem 3 ([10, Theorem 3.1]) Let I D Ry be an open real interval and let f : I — R be a
differentiable function on I such that f' € L([a, b)) for 0 < a < b < oco. If|f'|1 is (o, m)-convex
on [a, b] for some given numbers m,a € (0,1] and q > 1, then

’f (a) ;rf () f ) da

R
T

qlq
} ,

where

~ 1 1 i ~ 1 ra+2 1
_(a+1)(a+2)<a+2_"‘) an VZ_(a+1)(oz+2)( 2 _2_"‘>

Theorem 4 ([4, Theorem 2.1]) Let A C R be an open invex subset with respect to 6 : A x
A — Randletf :A— R be a differentiable function. If |f'| is preinvex on A, then for every
a,b € A with 6(a,b) #0 we have

B +f(b+6(@b) 1 oD @b, /
UGk T —Q(a,b)/b f(x)dx‘s @l rel©

V1
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For more information on Hermite-Hadamard type inequalities for various convex func-
tions, please refer to recently published articles [11-21] and closely related references
therein.

In this article, we will introduce a new notion ‘a-preinvex function, establish an inte-
gral identity for such a kind of functions, and find some Hermite-Hadamard type integral
inequalities for a function that the power of the absolute value of its first derivative is

o-preinvex.

2 A new definition and alemma
The so-called ‘a-preinvex function’ may be introduced as follows.

Definition7 Let S C R” be an invex set with respectton: S x S — R”. A functionf : § —
R is said to be a-preinvex with respect to 1 for & € (0,1], if for every x,y € Sand ¢ € [0,1],

f+ ) < tf (@) + (1-£7)f ). (10)
Remark 1 If « =1 and f(x) is an «-preinvex function, then f(x) is a preinvex function.

For establishing our new integral inequalities of Hermite-Hadamard type for a-preinvex
functions, we need the following integral identity.

Lemmal Let A C R be an open invex subset with respectto 6 : A X A — Rand leta,b € A
with 6(a,b) #0.If f : A — R is a differentiable function and ' is integrable on the 0-path
Py.:c=b+0(a,b), then

1[f()+f(b+6(ab) .(2b+6(ab) 1 [
S — () wam e

L 01(% —t) [f(b + %e(a,b)) +f’<b 2l b))] d.

Proof Since a,b € A and A is an invex set with respect to 9, for every ¢ € [0,1], we have

b+ t0(a,b) € A. Integrating by parts gives

[ oo
9(;“ [ % - t)/(b . %9(%]9)) : v /01f<b " %e(ﬂ,b)) dt
+ (% - t)f(b + ?G(a,b)) ; . /Olf(b 2 tota, b)) dt}
o[ (D) (bt ) ]
* e(ib)[ f(zb%(a)) %f(b+9(ﬂ b)) - /Olf(b+ %e(a,b)) dt]
(b)

_ 2 s +f(b+9 a,b 2b + 6(a, b) 4 b+6(a,b)
_ 9(”’“[ +f< ):|_¢92(a,b)/l; S d

The proof of Lemma 1 is completed. O
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3 Some new integral inequalities of Hermite-Hadamard type
We are now in a position to establish some Hermite-Hadamard type integral inequalities

for a function that the power of the absolute value of its first derivative is «-preinvex.

Theorem 5 Let A C R be an invex subset with respect to 6 : A x A — R and a,b € A with
O(a,b) # 0. Suppose that f : A — R is a differentiable function, f' is integrable on the 0 -path
Py:c=b+0(a,b),and a € (0,1]. If |[f'|1 is a-preinvex on A for q > 1, then

l fb)+f(b+6(a,b)) (219 +6(a, b)>i| ~ 1 b+6(a.b)
‘2[ of ) ]b Fl)dx

2 2 0(a,b

16(a,b)| 1 v o
ST [(a+1>(a+2>22“} {201 +e2?)|f @]"

+ (2% —2 4 a3 x 2% —2)2% + o?2%) |f (b)| ]
+ [( (2a+1 )2a+1 +2 % 301+2 _ (2a + 1)2a+3) lf/(a)|q
(

@222 4 ((1-2971) + 4+ 5 x 2)2%*1 —2 % 3%°2)|f'(b)| "]}

+

Proof Since b + t6(a,b) € A for every t € [0,1], by Lemma 1 and Hoélder’s inequality, we

have

b+6(a,b)
‘ [f(b)+f(b+0(a b)) of 2b+9(zz b)ﬂ_@(;b)/ o) dn
’ b

|9(“’ —— tm/’(b + —G(a b)) L//<b+ ?9(% b))u dt
1-1/ Y
B S T A O
1 , 9_¢ q 1/q
*[ﬁ s~ (o0 25 0an) ] 7} "

Using the o-preinvexity of |[f'|7, we have

[13-A o omo)
<[5 o (-5 o]

1 o !
T (@ + 1)(a +2)220D [2(1+e2%)|f (@)

+ (22 =2+ (3 x 2% = 2)27 + 2% /()| "]

de

and

1 %—tHj/<b+ ?G(a,b)) !
0

11 2-t\%,,, 2-\%\,,,
<[ la-l(5) vear (- (557) Yoo
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1
(a + 1)(a + 2)22(D)

x |f'@|" + (2% + (a(1-27") + 4 +5 x 2%)27" -2 % 3*°2)|f' ()| ]

[(a(2d+l _ 1)2a+1 +2 % 30[+2 _ (20( + 1)2(¥+3)

Substituting the above two inequalities into (11) yields

’1 |:f(b) +f(b+06(a,b)) <2b+9(a,b)>:| 1 /‘h"@(“’b)
- +f - fx)dx
0(a,b) J,

2 2 2
1 1-£\%,
() rer

(o) (L
(= (5) Jror)«]”

(5 -2 )]

_19(a,b) ( 1 )”’q[ ! ]Uq{[z(1+oz2°’)Lf’(a)|q

IAE
+
0
4 4 (o + 1)(or + 2)22(+D)

—
2

+ (2%~ 2+ (3 x 2% - 2)2% + &?2%) |f' (b)| ]
+ [(a(zaﬂ _ 1)2a+1 +2 % 3a+2 _ (2a + 1)2a+3) lf/(a)|q
+ (@222 + (@(1-2971) + 4+ 5 x 29)2 =2 % 3%42) |F/()| 1] 1),

The proof of Theorem 5 is completed. O

Corollary 1 Under the conditions of Theorem 5, if « = 1, we have
1[f(b) +f(b +6(a, b)) 2b +0(a, b) 1 /MW)
- - d
'2[ 2 +f 2 san ), SO

. @b Hlf’(a)lq +swb>|q]”" , [3lf’(a)|q : lf’(b)l‘f]”q}
- 16 4 4 .

Theorem 6 Let A C R be an invex subset with respect to 6 : A x A — R and a,b € A with
0(a,b) #0.Suppose that f : A — R is a differentiable function, f' is integrable on the 0-path
Py:c=b+0(a,b),and a € (0,1]. If |f'|? is a-preinvex on A for q > 1, then

1[f(b) +f(b +6(a, b)) 2b + 6(a, b) 1 bd(ab)
H 2 +f< 2 )}‘em,w/h f@dx

b 1N\ 1-lUg 1/q
CCOIN) | @l (e el

[ =D @]+ (1= (1-0)2%)|F )] "]").

Proof Since b + t0(a,b) € A for every t € [0,1], by Lemma 1, Holder’s inequality, and the

a-preinvexity of |[f'|, we have

‘ 1 [f (b) +/(b+6(a,b)) <2b +0(a, b))} 1 /bw(u,b)
2 +f - Sfx)dw
0(a0b) J,

2 2 2
1
- |0(52 b)| /0 + V(lﬂ ?e(a, b))H de

% _ t’H/(b ; %e(a, b))
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|9(a b) </ " >1 Uq”/ P(m -ty b))
[ P(b+—9(ab)> ] }
B 4 ( 01 dt>11/q
{[/o ((%) @]+ (1_ (%)) V’(b>|q) dth
L@ oGl

1-1/q g
|9(‘l ( ) |: : ] {[lf/(ﬂ)’q + ((a +1)2% — 1) V/(b)‘q]llq

(o +1)2
[2““ D@+ (1- 1 -0)27)|f'5)|]"}.

o

Ly
2

The proof of Theorem 6 is complete. O

Corollary 2 Under the conditions of Theorem 6, if « = 1, we have

L[ f(b) +f(b +6(a,b)) 2b + 0(a, b) 1 bro(ab)
H 2 +f( 2 ﬂ’ew,w/b frar

_ 6@l q-1 NI @431/ BT 3 @I+ 1)1
N (2q—1) {[ 4 ] +[ 4 }}

Theorem 7 Let A C R be an invex subset with respect to 6 : A x A — R and a,b € A
with 6(a, b) # 0. Suppose that f : A — R is a differentiable function, f' is integrable on the
O-path Py: ¢ = b +0(a,b), and a € (0,1]. If |f'|1 is a-preinvex on A for g >1 and q > r > 0,
then

2 2 a,b

_lo@b)l( g-1 1-1/g 1 (g-n)lq
= 4 (Zq_r_l> <2>
1 1 ] ) Vg
* {[<(27+1)22”1 * (2a+1)22w+1)lf a)*+ 1)2r+2 If'(b)| ]

1 22a+1 -1 g 1/q
' [( 2r+ 1)22H1 (2a +1)22+1 > lf (a )| 1)2r+2 lf (& )| ] } (12)

Proof Since b + t6(a, b) € A for every ¢t € [0,1], by Lemma 1, Holder’s inequality, and the

b b b b b b+0(a,b)
Hf( ) +£(b+6(a,b) +f(2 +0(a N_e(l )/b ) dx

a-preinvexity of |[f'|, we have

1[f(D) +f(b+6(a,b)) 2b + 6(a, b) 1 b+d(ab)
‘[ 2 +f( )]’ew,wfb Sl ds

‘2 2
1

1 t’H/(b LT b)) ; L/’(m 2ot b))H dt
012 2 2
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< |¢9(6£ZL ,b)| </0 ; (g-)/(g-1) dt)l—l/q{ [/01
+ [/01 St r}/’(m ?O(a,b)) th}uq}

< |'9(‘; b)| (2qq_—rl_1)1”‘1<%>(qr)/q

L o - (5 o)

[ )T

Since x'y* < *— and z < 2 for x,y = 0 and 0 < z < 1, we obtain

[( ) If' @]+ < (%)3 [f/(b)|q} dt

Ty (o

1
——t
2

2

r 1/
P’(b+ %9@,@) th] !

——t

1 1

2

+

0

——t

q} dt

1 1 / q 3 /
|:(2V+ 1)22r+1 (201 + 1)2201+1i|tf (61 ’ + (V+ 1)2r+2 v (b ’ (14)
and
1 r _ o _ o
L[5 ver(-(5F) Jrorja

1 1 l 2r 2_t 2a , p t 1 p
<[ +(55) Jrw *5\5* Jes
|: 1 22a+1 1

q q
(2r+ 1)22”rl (200 +1)22er+1 ] @l + 1)2r+2 F®)l*. (15)

Substituting (14) and (15) into (13) results in (12). The proof of Theorem 7 is complete.
O

Corollary 3 Under the conditions of Theorem 7, if « = 1, we have

L[f(b) +f(b+6(a,b)) ,(2b+6(a,b) 1 bbb
H 2 +f( 5 )}"9(6;,19)/[, f(x)dx
- |6(a, b)| g-1 1-1/g 1\ (¢-")lq
-4 (2q—r—1> (E)
1 1 g 3 ) ql/q
N (@i )@l gragmrof |
1 7N\ g, @1 71
+[(W+ﬂ>v(“)| *W} }

Theorem 8 Let A C R be an invex subset with respect to 0 :A X A — R and a,b € A with
0(a,b) # 0. Suppose that f : A — R is a differentiable function and f' is integrable on the
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O-path Py: c=b+60(a,b). If |f'|1 is preinvex on A for g >1 and q > r > 0, then

1[f(D) +f(b+6(a,b)) 2b +6(a,b) 1 b+6(a.b)
'5[ 2 +f( 2 )]’ew,b)fb Sl d

@bl g-1 \7 1\
- 8 2g-r-1 r+1

x H:lf/(a)w +3Lf/(b)|q]1/q . |:3lf/(ﬂ)|q + V/(b)|q]l/q}

4 4

Proof Since b + t0(a,b) € A for every t € [0,1], by Lemma 1, Holder’s inequality, and the
preinvexity of |f'|7, we have

f(b) + f(b+9(a,b)) 2b +0(a,b) 1 b+6(ab)
‘2[ f( 2 )]’ew,w/b S dx

-l 5w | (o 25 )
(@-nlg-1) \1-1/
%_tq ' dt) !
rL//(b"’ %9(a,b)>
rp/<b + ?9(5, b))
_10@b)( q-1 1-lg /1 (@-n)/a
-4 (2Q—r—1> (5)
' 1/q
X{[/o 3 < U@l + - lf(b\) ]
' Y
+[/0 %—t <2 t[f (@)|" + lf/(b)|q>dt] q}
10@b)( g1\
= 4 <2q_r_1> <§)
! / q 3 , p 1/q
X{[WV(“” +Wv«»|}

1 / q v
+|:(r+12r+2v( | Wv(b”} }

The proof of Theorem 8 is complete. d

e
-
1

q 1/q
dt]

q 1/q
dt} }

—_

Corollary 4 Under the conditions of Theorem 8, if r = q, we have

L[f()+f(b+6(ab) .[2b+6(ab) 1 [
H 2 +f< 2 )}‘em,m/b i) d

_ 6@, b) @)+ 31 ®)1]" | [31f @I + I ()]
() ([ P
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Theorem 9 Let A C R be an invex subset with respect to 6 : A x A — R and a,b € A with
0(a,b) #0. Suppose that f : A — R is a differentiable function, f' is integrable on the 0-path
Py:c=b+06(a,b),and a € (0,1]. If f is a-preinvex on A, then

b+6(a,b)
1 / f(x)dx < min {f(a) +of(b) of (@ +/(B) } (16)
b

0(a, b) o+l 7 a+l

Proof Since b+ tB(a,b) € A for 0 <t <1, lettingx = (1 —t)b + t(b + 6(a, b)) = b + t0(a, b)
for 0 <t <1 and using the a-preinvexity of f, we have

b+6(a,b) 1
9(; D) /; flx)dx = /0 f(b+ tQ(a,b)) de
L . _fl@) +af(b)
5/0 [t/ (@) + (1 )/ @)) e = TE
The proof of Theorem 9 is complete. d

Corollary 5 Under the conditions of Theorem 9, if o = 1, we have

I f(a) +£(b)
G(a,b)/b JE)dx ===
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