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1 Introduction

In 2007, Karsli [1] introduced a kind of new Gamma type operators defined as

(2m + 3)™*3 [ "
Lo(fix) = |
0

nl(n +2)! (x + t)2n+4»f(t) dz, x>0. 1)

He also estimated the rate of convergence of the operators (1) for functions with derivatives
of bounded variation on (0, 00).

In 2009, Karsli et al. [2] gave an estimate of the rate of pointwise convergence of the
operators (1) on a Lebesgue point of a bounded variation function f defined on the interval
(0, 00).

In recent years Kim used g calculus to study several results on number theory and the
related areas [3, 4]. Now we mention certain definitions based on g-integers, details can
be found in [5-7]. For any fixed real number g > 0 and each nonnegative integer n, we
denote g-integers by [#],, where

Lo ifg#1;
[n]q = { = . (2)
n, ifg=1.

Also g-factorial and g-binomial coefficients are defined as follows:

[n],! = [l]q[z]q"'[n]q, ifn=1,2,...;
B B if 1 =0;

ni [n],! ~
|:k:|q_7[n—k]q![k]q!’ k=0,1,...,n.
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It is obvious that g-binomial coefficients will reduce to the ordinary case when g = 1. The
q-improper integrals are defined as (see [8, 9])

[e¢}

f f@dx=0-qa) f(aq")q", acR
n=0
and
oo/A 0 qn qn
f(x)dqx=(1—q)2f<z>z, A>0, 3)

provided the sums converge absolutely.
The g-Beta integral is defined as

oo/A t

B,(t:5) = K(4;1) / (4)
where K(x;£) = /(1 + i)g(l +x);7" and (a + b);, = ]_[;:(l)(a +q'b),seZ".
In particular, for any positive integers m, n
n(n-1) Fq(m)rq(n)

Kwn)=q 2z , K(x;0)=1 and B,(m;n)= Tym ) ,

where I7;(¢) is the g-Gamma function.
For m > 0, the g-Gamma function is defined by

L

Iym) = /0 T E (—qw) dy, ©6)

where E;(x) =Y 2, qn(nz . [n]n -. Obviously, it satisfies the following functional equations:

It +1) = [t],1,(1), r,(1)=

More details of the g-Gamma function and the g-Beta function can be found in [10].
Very recently, Cai and Zeng [11] proposed a kind of g-generalization of Gamma opera-
tors and studied their approximation properties. These operators are defined as follows:

21 + 3]q!(qn+%x)n+ q (”2+1) 00/A "

(]! + 21! 0 (g Fa g2

Gn,q(f; x) =

(B)dgt, x>0. (7)

In approximation theory the Stancu type modification of operators is an interesting re-
search topic. In this paper, we propose a kind of g-Gamma-Stancu operators fo,‘f (f;x) as
follows.

Definition 1 For f € C(0,00), g € (0,1), 0 <« < B and #n € N, we can define g-Gamma-
Stancu operators Gf,‘,’f (f;x) as

(27 + 3],(q" )3 "5

o0/A " (]t +a )
Gaﬁ - 1 d,t. 8
(f ) [Vl]q'[l’l + Z]ql A (qn+%x + t)2n+4f< [n]q + ,3 qt ( )
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The rest of the paper is organized as follows. In Section 2 we present the moments of the
operators Gf,‘,’g (f; ). In Section 3 we present two direct and local approximation results for
the operators Gﬁ,‘jg (f;x) by means of the first- and second-order modulus of continuity and
the second-order central moment of the operators. In Section 4 we study the rate of con-
vergence of the operators Gﬁ,’g (f;x). In Section 5 we discuss the weighted approximation

theorem and Voronovskaya type asymptotic formula of the operators.

2 Moment estimates
In order to obtain the approximation properties of the operators szf (f;x), we need the

following lemmas.

Lemmal ([11]) Foranyk e N,k <n+2 and q € (0,1), we have

(m+ k) n—k+2],! 2uw?
Gn tk; _ q q 5 k. 9
a(t5%) i m+2, 107 ©)

Lemma 2 If we define the moments as

Ton(0) = Gt (¢ %)

(2 + 3)Uq" )" 3¢ "5

! oolA " [nl t + a>m
d,t, 10
[n]g![n +2],! /0 (qm%x + B2t ( (n],+ B a 10)

then we have
) T::g’ (x) = Gof (%) =

o B f[n] [n+1]
(i) T (x) = Gl (t;) = [n]q+§ X+ g Jor n>2,

(iii) T;jf(x) = G (t52) = (i) + i+ (Grp) for n > 3.
Proof From Lemma 1, we have 7, ,éi () = Gﬁ,’f; (1;) =1. Thus
2 3] 1 n+% ”(";1) oo/A n t
Tot,ﬂ(x) . (27 + ]q(q x) q L (["]q + Ol)
ml [n]g![m +2],! 0 (q”*%x + t);n+4 [nl,+ B
[n]q o
= Gq(t; G q(L;
il + o) * g g Gna)
~ Jalnlgln +1], . o
(g + Bm+2l,  [nlg+ B
Finally,
n(n+1)
TP (x) = 21 +3] - ¢! (q"+zx)”*3 /‘OO/A t" ([n]qt + a>2 it
"2 [n]4!ln +2],! 0 (qn+%x n t);n+4- (nly+ B 1

_ (n]4 >2G ) 2[n]qa ' ( o >2G y
_([n]q‘rﬂ na(5%) 4 0 g Crai®) + \ 55 ) Grahiv)

anr )22 2a./qln),ln +1], ( o )2
_([l’l]q+,3 U, primr 2, N\, e B) O
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Remark 1 If we put ¢ =1 and « = 8 = 0, we get the moments of the Gamma operators
(see [1]):

n+1
x,
n+2

L,,(tz;x) =x2, n>3.

Ln(t; x) =

n>2,

Remark 2 Let # > 2 be a given natural number. For every g € (0,1) we have

ﬂ[”]q[” + 1]q o

([, + Pln+ 2, ‘1}’” b, B’ oo

a,p — GuB . —
Al (%) = Gt - x5x) = {

Byh(x) = Go (¢ - %)% x)
~ (1], )22 20, /qn]yn +1], ( o )2
_<[n]q+ﬁ T, P21, [, + B
~ Jalnlgln +1], o } )
2x{({n]q+ﬁ)[n+21q“ v "

:{( (1], )2_ 2./qlnlyln +1], +1}x2
(], + B ([nlg + B)[n +2],

+2a{([ﬂ[n]q[n+1]q 1 }x+( « )2, 12)

nlg+BRn+2], [nl,+p [n], + B
Co (%) = Gyt (£ = 2)*;x)
_ { ([n)g)[n +3ly[n + 4], 4y/q([nl)*[n +3],
[n_l]q([n]q +ﬁ)4q4 qz([n]q +IB)3

6([n],)? B 4/qnlyln +1], } 4
Y+ B2 a2+ 8

L e {ﬂ([ﬂ]q)z[n +3],  3([n]y)? L 3/aln+1glnlg _1}x3
(g +B1 @ (nlg+BP  (nlg+B)?  [nly([nlg +B)

6a’ { - ([n]y)* 2./qlnlqln +1]4 . 1}x2

Ty + P2 (g + B2 [m+ 21,(n], + B)
403 { Valnlgln+1],

014
(], + B | [n+ 21,([n], + B) ‘1}’” ([, + B

+ ( (13)
3 Local approximation

In this section we establish two direct and the local approximation theorems of the oper-
ators G‘,,l,’g (f3x).

Let Cg[0, +00) denote the space of all real valued continuous bounded functions f de-
fined on the interval [0,+00). The norm || - || on the space Cg[0,+00) is given by ||f] =
sup{|f(x)| : x € [0, +00)}.

Further let us consider Peetre’s K-functional:

Ky(f;8) = inf {IIf - gll +3¢"[},
geWw:

where § >0 and W? = {g € Cp[0, +00) : g’,g" € C3[0, +00)}.

Page 4 of 13
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For f € Cp[0, +00), the modulus of continuity of second order is defined by

w2 (f;8) = sup sup |f(x+2h) = 2f(x+h) +f(%)].

0<h<8 x€[0,+00)

From [12, 13], there exists an absolute constant My > 0 such that
I<2(f;8) SMOwZ(f; «/g)y §>0. (14)
Also we set

o(f;8):= sup sup [f(x+h f@)].

0<h<8 x€[0,+00)

In order to prove the theorems of this section, we need the following lemma.

Lemma3 Let g€ (0,1), x € (0, +00), f € Cg[0, +00). Then, for all g € C3[0, +00), we have

G246 - 0] = (B0 + D3y o)

where
GLb(f32) = G (f0) + £ () — £ (T3f (), (15)
Du‘ﬂ x)=T (x) x.

Proof From (15) and Lemma 2, we have
Geh(t—xx) = 0.
For x € (0, +00) and g € C2[0, +00), using Taylor’s formula,
t
80 -g0) = (6= g )+ [ (¢ -wg )
we have
G“’S(gx G‘““((t x)g’ (x); % +G“ﬁ</ (t—u)g"( u)dux)

=g (x)Go‘ﬁ((t x); x G“ﬂ</ (t —u)g" (u) du; x>

Tt (%) b
—/ ( o (x)—u)g”(u)du
X
t Tt () s
-Gt ( / (t—u)g”(u)du;x)— [ e g wan
X X

On the other hand, from

= [¢"] = (-2’

t
/ |t — u|du

[ 1t ulg )] du

/ (= w0 du| <
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and

Tl )
[ @ e - wa = (1 -+ || - ) |

we conclude that

R t T )
|G @) - g()| = |Grg ( f (t—u)g“<u>du;x)— f (Tof () - u)g" (u) du
%) + (Df )¢’

= (Bl @) + (DZ,’!f @)l

<G"‘3(

This completes the proof. O

Theorem 1 Let g € (0,1), f € Cg[0, +00). Then, for every x € (0, +00), there exists a con-
stant My > 0 such that

|G‘1ﬁ(f x) = f ()] <M1a)2(f \/B () + ( j'qg(x)) ) + o(f; |D°‘ﬂ(x)|)
Proof By (15), we have
|GeE(f52)| < |GLE(f50)] + 201l < BIFI. (16)
Using Lemma 3, for every g € C3[0, +00), we obtain
|GLP(f50) ~ f(0)] < |G () — f )] + [f0) — (T2 )
< |G (f - gi0) — (f — )| + |f @) (T2 )]
+]G2E (g5x) - g()]
< 4llf - gl + [ ~f (T3 @) + (Bip o) + (D @) ) |
< 4lf —gll + o(f [ D5 )]) + (B ) + (D @) ) ¢

Now, by taking infimum on the right-hand side for all g € C3[0, 00) and using (14), we get
the following result:

|G (f;) f(x)| <4K2(f Bo‘ﬁ(x)+ (D"‘ﬁ(x)) )

)|)
< 4Myw, (f; \/B‘qu’g(x) + (DZ,'qﬂ(x)f) + o(f; \DZ,'g(x)D
:Mla)z(f;\/Bf;:qﬁ(x) + (D ) ) |)

This completes the proof. O

Theorem 2 Let 0 < y <1 and E be any bounded subset of the interval [0, +00). If f €
Cg[0, +00) N Lip,y, (), then we have

(G2 (fi) - f ()] < M {(B2E ) 7 +2(dxs B) ),

Page 6 of 13
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where M3 is a constant depending only on «, d(x; E) is the distance between x and E defined
as

d(x;E) = inf{lt—x| :teEandxe (0,+oo)}.

Proof From the properties of the infimum, there is at least one point £, in the closure of E
such that

d(x; E) = |ty — x|.
By the triangle inequality, we have

[F(O) —f@)| < (&) ~f(t0)] + | (to) —F ).
Thus
|GLE(f30) —f )] < GLE(|F(1) — £ ()]s %)
< GE(IF(6) —f(to)|s%) + Gt (If (ko) — f (%)

< Ms{G3b (1t —to]”;%) + 1o — x| |

;%)

< Ms{Gyf (1t — ;%) + 2lt0 - x]” }

holds. Now we choose p; = % and p; = % such that pil + -- =1, then by Holder inequality

1
P2
we have

G () ~F )| < Ma{[Gf (16~ x177150) |1 [ G2 (17)]7 + 21t 1

= Mg{GZ:,/;(lt —x|2;x)% + 2|t — xly}
= Ms{ (B ) +2(ds )}
This completes the proof. d

4 Rate of convergence

Let B,2[0, +00) be the set of all functions f defined on [0, +00) satisfying the condition
f(x)] < Me(1 + x%), where My is a constant depending only on f. Let C,2[0, +00) de-
note the subset of all continuous functions belonging to B,2[0,+00). If f € C,2[0, +00)
and lim,_, . % exists, we write f € C:Z [0, +00). The norm on C:Z [0, +00) is given by
f 12 = SUPreo,400) ll':(;‘)z‘ . The modulus of continuity of f on the closed interval [0, 4] is de-
fined by

w,(f;8) = sup sup [f(t)—f(x)‘.

|t—x|<8 x,t€[0,a]

We know that for a function f € C,2[0, +00), the modulus of continuity w,(f;3) tends to
zero as § — 0.

Now we give a rate of convergence theorem for the operators Gﬁ,’g (f;5x).
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Theorem 3 Letf € C,2[0,+00), g € (0,1) and let w,,1(f;8) be modulus of the continuity of
f on the finite interval [0,a + 1] C [0, +00), where a > 0. Then for n > 3,

|G2E(f50) — f(x)| < 5My(1+a?)BLE (%) + i (f38) (1 + E[Bg;g )] %) 17)

Proof Forx € (0,a] and t > a + 1, since t —x > 1, we have
If@) —fx)| < My (2 + % + %)
<M(2+x% + 62+ (25— 1))
§Mf(2+3x2 +2(x—t)2)

<5Ms(1+a%)(t-x)> (18)

For x € (0,a4] and ¢ < a + 1, we have

If() = f®)| < asi (3 1t —x]) < (1 + |t;x|>wa+1(f; |t —x]) (19)

with 6 > 0.
From (18) and (19) we get

|t —xl
8

If(6) —f(x)| < 5Mf (1 +a*)(t—x)* + (1 + )a)a+1(f; 8), (20)
for x € (0,a] and ¢ > 0. Thus

|G (fs0) = f ()| < Gt ([f(8) = f(W)];%)
< 5Mf(1 + aZ)szf ((t - x)z;x)

NI

* w“”(f“s)(l * %[Gﬁ (t-%)%x)]

)

1 1
< 5My (1 +a®)Byl (%) + wan (f39) (1 + E[qu‘;g ®)] 2).
The proof is completed. O

As is well known, if f is not uniformly continuous on the interval [0, o), then the usual
first modulus of continuity w(f; §) does not tend to zero as § — 0. For every f € C;‘Z [0, 00),
we would like to take a weighted modulus of continuity £2(f;§) which tends to zero as
§—0.

Let

If G + 1) = f ()]

22(f;6) =
(f ) 0<h<8,x>0 1+ (x + h)2

, foreveryf e Cj;[0,00).

The weighted modulus of continuity $2(f;8) was defined by Yuksel and Ispir in [14]. It is
well known that $2(f;8) has the following properties.
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Lemma 4 ([14]) Letf € C},[0,00), then:
(i) $2(f;9) is a monotone increasing function of 8.
(i) Foreachf e Ch [0, 00), lim;_, o+ 2(f;3) = 0.
(iii) For each m € N\ {0}, 2(f; md) < m82(f; ).
(iv) Foreach A € R*, 2(f;18) < (1 + A)$2(f;9).
Theorem 4 Let f € C,[0,00) and q = q, € (0,1) such that q, — 1 and [n];, — 00 as

n

n — 00, then there exists a positive constant A such that the inequality

|G (%) = f ()] ( 1 )
Doman 38 7T p2( fy e — 21
re(onc) 1 +42)3 =Aels Vin+2], ey
holds.

Proof Fort>0,x € (0,00) and § > 0, by the definition of £2(f; ) and Lemma 4, we get

[f(t) —f(x)| < (1+ (x+ |x—t|))2.Q(f;|t—x|)

t—
<2(1+4%)(1+(£-%)*) (1 + bl ).Q(f;(S),
Since Gﬁ,‘jgn is linear and positive, we have
|Gt 32 —f ()
t—
< 2(1 +x2)9(f;8):1 + G‘;,‘:gn [(t —x)z;x] + G‘:,‘;fn [(1 + (t—x)z) l 5 il ;x] } (22)

From Remark 2, we have

2
Gub ((t-x)%5x) <Ay Lra

nqn

[7+2]g, ’ (23)

for some positive constant A;. To estimate the second term of (22), applying the Cauchy-
Schwartz inequality, we have

|t — x| (t-x)?*

x-S w) <263, (1 -t (1 (S5 ) 0

By Remark 2 and (23), there exist two positive constants A, A such that

1
(GZ:“;” (1+ (t—x)‘*;x))7 <Ay(1 +x2) (25)
and
(t-x)? 2 As | 1+a2
GoP x)) <=2 ———. (26)
An 52 5§\ [n+2],,
Now we take A =1 + 24; + 2A5A3 and § = L__ and combining the above estimates,

A/ [n+2]q,

we obtain the inequality (21). O
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5 Weighted approximation and Voronovskaya type asymptotic formula
In this section we will discuss the weighted approximation theorem and Voronovskaya
type asymptotic formula.

Theorem 5 Let the sequence q = {q,} satisfy 0 < q, <1, q, — 1 and [n],;, — 00 asn — oo.
Then for f € C, [0, 00), we have

Jim [ G2 () = f]],. = 0. (27)

Proof Using the Korovkin theorem in [15], we know that it is sufficient to verify the fol-
lowing three equations:

lim |Gy (£5x) -+, =0, k=0,1,2. (28)

n—00

Since Gﬁ,‘j,';n (1;%) = 1, (28) holds true for k = 0.
By Lemma 2, for n > 1, we have

||GZ:§n(t;x) —x”xz = sup H{ (M[n]q" b+ U, l}x

i lberd
- + X
1, + B)ln + 21, iy 48| 1+

x€[0,00)
SGulnlg, n+1
< qn[ ]qn[ ]qn 1 . + o sup .
([”l]qn +B)[n+ z]qn x€[0,00) l+x [Vl]qn +B x€[0,00) l+x
Vnnlg,[n+1],, o

IA

([, + Pln+2), ’ ", + B
@[n+1]qn_1’+ B duln + 1], . o

IA

[+ z]qn ([”]qn + ,3)[” + z]qn [Vl]qn +B
< 1 B 1‘ . 1 o+ ﬂﬂ

Jan Jann+ 2, | Ty + B

Thus
lim G2 (69) ] . = 0.

Similarly, for n > 2, we have

[ﬂ] n 2“@[’4]% [n+1]ﬂIn
@B (12..0) _ 42 _ 4 2
1G22, (%5) =<1, ‘xS[B'Eo)H([n]qnw) O, By 2,

( o 2 ) 1
! [nlqms) - X1+x2}

- B? N 28 N o? N 20 /qulnl g, [n+ 1]y,
([, + B [nlg, + B ([nlg, + B> ([nlg, + B)[n+2]y,
- a? + B2 +20e\/q_n+2ﬂ

T (g, +B? (Mg, +B

which implies that

lim |G, (£%5%) = #*] o = 0.

n—00

The proof is completed. d
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Finally, we give a Voronovskaya type asymptotic formula for Gﬁjfn (f;x) by means of the
second and the fourth central moments.

Theorem 6 Let f be a bounded and integrable function on the interval (0,00) and {g,}52,
be a sequence such that 0 < q, <1 and q,, — 1 as n — 00. Suppose that the second derivative
f"(x) exists at a point x € (0, 00), then we have

Tim [+ 2], (G2 () (@) = (o = (1+ Bx) (@) + 2" (x). (29)

Proof By the Taylor formula we have
fO) =f@) = (£ - x)f (%) + —f”( )t —x)* + r(t, %)( - %)°,

where r(¢,x) is bounded and lim,_, , r(¢,x) = 0. By applying the operator Gﬁf,’g (f;x) to the
above equation we obtain

1
Gyt () =) = £ @G, (¢ —x)%) + 2 ()G (¢~ %)
+ G‘j,‘:gn (r(t, x)(t - x)z;x)
= f'(x)A% {;ﬂ () + Zf”(x)B‘jf};n (x) + qu’gﬂ (r(t, x)(t — %)% x).
By direct calculation, we obtain

Vanlnlg,n+1]g, aln+2],,
((nl,, + B) ‘M+”%%+[m%+ﬂ

JanBln +1]g, }x+ aln+2],

[+ 2]an‘jl‘:5n (%) = {

{\/cﬁ[n+1]qn [n+2], } {

[n]qn + IB [n]qn + ﬂ
i J@nBln+1],, aln+2],,
-‘wﬁ‘q”W+1M”‘{l+ (], + P }x+[m%+ﬂ

_ \/q_,,(l_qzﬂ)x_ {1+ VanBln +1],, }x+ aln+2],,
1+\/q_” [n]qn +p [”]qn +p

—a-(1+B)x (n— 00).

Similarly,

[n]g, )2_ 2/qn1ng, 1]y, ]
W*”%[Qm%+ﬁ (il + A(n+2,)

wﬁm%m+ﬂ%_ﬂM+ﬂ%}
[n]CIn + /3 [n]q;q + /3

Wﬁ (n+1l,, Bln+2], }

=21[n+2],, -

=23[n+2ly, — /quln+1],, 1], + B - ]y, + B

VanBln+1],, ,3[”"'2]%}
+ p—
[”l]qn + IB [n]LIn + ,3

=211+ (gn — V@) n +1]g,

—2 (n— 00).
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That means
[m+ 2]an‘n’,‘5n (x) > 24> (n— 00). (30)

On the other hand, by simple calculation we obtain

[n+3]g,[n+4],,
[n+ 2], <—[”]qn -1, - 1) — 8 (n— 00), (31)
([n + 3], )
m+2],| ———-1)—>3 (m— o). (32)
(1lg,
Thus from Remark 2, we have
[n+2],, Gl ((t-%)%x) >0 (n— o0). (33)

Since r(¢, %) is bounded and lim,_,, r(¢,x) = 0, then for any given € > 0, there existsa § > 0
such that

M
!r(t, x)} <€+ 5—2(t —x)? (t,x € (0,00), M is a positive constant).
Thus

(1 +2],,|G2P (r(t,x)(t —x)% %)

ndqn

M
<eln+2], ‘n",’,‘;n ((t—x)z;x) + 8—2[11 + 2]qnGZf§,, ((t—x)4;x) -0 (n— ).

The proof is completed. O
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