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Abstract

Pap and Stajner (Fuzzy Sets Syst. 102:393-415, 1999) investigated a generalized
pseudo-convolution of functions based on pseudo-operations. Jang (Fuzzy Sets Syst.
222:45-57,2013) studied the interval-valued generalized fuzzy integral by using an
interval-representable pseudo-multiplication.

In this paper, by using the concepts of interval-representable pseudo-multiplication
and g-integral, we define the interval-valued g-integral represented by its
interval-valued generator g and a standard interval-valued g-convolution by means of
the corresponding interval-valued g-integral. We also investigate some
characterizations of the interval-valued g-integral and a standard interval-valued
g-convolution.
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1 Introduction

Benvenuti and Mesiar [1], Daraby [2], Deschrijver [3], Grbic et al. [4], Klement et al. [5],
Mesiar et al. [6], Stajner-Papuga et al. [7], Sugeno [8], Sugeno and Murofushi [9], Wu
et al. [10, 11] have been studying pseudo-multiplications and various pseudo-integrals of
measurable functions. Markova and Stupnanova [12], Maslov and Samborskij [13], and
Pap and Stajner [14] introduced a general notion of pseudo-convolution of functions based
on pseudo-mathematical operations and investigated the idempotent with respect to a
pseudo-convolution.

Many researchers [3, 4, 15-29] have studied the pseudo-integral of measurable multi-
valued function, for example, the Aumann integral, the fuzzy integral, and the Choquet
integral of measurable interval-valued functions, in many different mathematical theories
and their applications.

Recently, Jang [26] defined the interval-valued generalized fuzzy integral by using
an interval-representable pseudo-multiplication and investigated their characterizations.
The purpose of this study is to define the interval-valued g-integral represented by its
interval-valued generator g and a standard interval-valued g-convolution by means of the
corresponding interval-valued g-integral, and to investigate an interval-valued idempo-
tent function with respect to a standard interval-valued g-convolution.
©2014 Jang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
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This paper is organized in five sections. In Section 2, we list definitions and some prop-
erties of a pseudo-addition, a pseudo-multiplication, a g-integral, and a g-convolution
of functions by means of the corresponding g-integral. In Section 3, we define an
interval-representable pseudo-addition, an interval-representable pseudo-multiplication,
the interval-valued g-integral represented by its interval-valued generator g, and inves-
tigate some characterizations of the interval-valued g-integral. In Section 4, we define a
standard interval-valued g-convolution by means of the corresponding interval-valued g-
integral and investigate some basic characterizations of them. In Section 5, we give a brief

summary of results and some conclusions.

2 Definitions and preliminaries

Let X be a set, A be a o-algebra of X, and F(X) be a set of all measurable functions f :
X — [0,00). We introduce a pseudo-addition and a pseudo-multiplication (see [1-4, 6,
7,12, 14, 26, 30]).

Definition 2.1 ([12]) (1) A binary operation @ : [0,00]?> — [0,00] is called a pseudo-
addition if it satisfies the following axioms:
(i) x®y=y®xforallx,ye[0,00],
(i) x<y=axdz=<ydzforallxy,ze[0,o0],
(i) xDy)Bz=0xD (ydz) forallx,y,z € [0,00],
(iv) 30 € [0, 00] such that x & 0 = x for all x € [0, o¢],
V) % — %9 —> V=%, By — xDY.
(2) A binary operation © : [0, 00]> —> [0, 00] is called a pseudo-multiplication with re-
spect to @ if it satisfies the following axioms:
(i) x©@y=youx«forallx,ye[0,00],
(i) xO(y©2) =20 (yO z) for all x,y,z € [0, 00],
(iii) 31 € [0, 00] such thatx ©® 1 = « for all x € [0, 00],
(iv) 0 Dz=(x0y) D *xOz) forallx,y,ze[0,o0],
(v) x®0 =0 for all x € [0, 00],
(Vi) x<y=x0z<yOzforalxy,ze[0,00].

Remark 2.1 ([6, 12, 14]) If g: [0,00] —> [0, 00] is a generating function for a semigroup
([0, 00], ®, ®), then the pseudo-operations are of the following forms:

x®y=g"(gkx) +g1) Q)

and

x0y=g"(gx)g»). @)

Definition 2.2 ([6]) A setfunction i : A —> [0, 00] is called a o — @-measure if it satisfies
the following axioms:

(i) @) =0,

(ii) u(UZ A)i = B, 1(A;) for any sequence {A;} of pairwise disjoint sets from A,

oo : n
where @7, x; = lim,, oo D)., %i.
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Let F(X) be the set of all measurable functions f : X — [0, 00). We introduce the g-
integral with respect to a fuzzy measure induced by a pseudo-addition & and a pseudo-
multiplication © in Remark 2.1.

Definition 2.3 ([6]) (1) Let g: [0,00] — [0, 00] be a continuous strictly monotone in-
creasing surjection function such that g(0) = 0 and f € §(X). The g-integral of f on A is
defined by

@
/ fodu=-g" / o(f@) dx, 3)
A A

where dx is related to the Lebesgue measure and the integral on the right-hand side is the
Lebesgue integral.
(2) f is said to be integrable if fAGBf Odu € [0,00).

Let §*(X) be the set of all integrable functions. Then we obtain some basic properties of
the g-integral with respect to a fuzzy measure.

Theorem 2.2 (1) IfA € A, f,h € §*(X) and f < h, then we have

® ®
/ f@duff hodu. (4)
A A
(2) Let g : [0,00] —> [0, 00] be a continuous strictly monotone increasing surjection func-

tion such that g(0) = 0, ®, © are the same pseudo-operations as in Remark 2.1. If A € A,
f,h € F5(X), then we have

® ® @

f (fEBh)Qdu:/ f@dueaf hodp. 5)
A A A

(3) Let g : [0,00] —> [0,00] be a continuous strictly monotone increasing surjection

function such that g(0) = 0, @, © are the same pseudo-operations as in Remark 2.1, and
u®v=gg(u)g(v)) for u,v € [0,00). If A € A, c € [0,00), h € F*(X), then we have

® ®
/ (c®h)®du=c®/ hodu. (6)
A A

Proof (1) Note that if f, h € §*(X) and f < &, then
g(f@) <g(h(x)) and g (f(x) =g (h)). (7)
By Definition 2.3(1), (7), and the monotonicity of the Lebesgue integral,
®
| rodi-gt [ grw)as
A A
Eg’I/g(h(x)) dx
A

52
:/ ho dp. ®)
A
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(2) By Definition 2.3(1) and the additivity of the Lebesgue integral,

/; ea(f ®hodu=g" fA 2(g M (g(f®) +g(h(x)))) dx
~¢ [ (elre) + loc0)
—¢” [ fA g(f@) dx + //; ¢(hx) dx}

=g_lgg"1/g(f(x)) dx+gg‘1/g(h(x)) dx
A A

® @
=g1(gf f®du+gf h®du)
A A

=/A®f®du@/jh®du. )

(3) By Definition 2.3(1) and the linearity of the Lebesgue integral,

(&3]
f (c®h) Odu=g" f g(g 7 (glo)g(h))) dax
A A

¢! ( /A 2(e(h) dx>

=g h)d
gg(c)/Ag()x

~ ¢ g0z hd)
¢ e(0)eg (/Agu .

(&)
=g! hod
g g(C)g(/A ©) M)

®
:c®/ hodu. (10)
A

By using the g-integral, we define the g-convolution of functions by means of the corre-
sponding g-integral (see [2, 12-14]). O

Definition 2.4 ([14]) Let g be the same function as in Theorem 2.2, let @, © be the same
pseudo-operations as in Remark 2.1, u®v = g1 (g(u)g(v)) for u, v € [0, 00), and f, h € F*(X).
The g-convolution of f and 4 by means of the g-integral is defined by

®

(Fm©= [ [fe-1)@ )] o dutw) (1)

(0,2]

for all £ € [0, 00).
Finally, we introduce the following basic characterizations of the g-convolution in [14].

Theorem 2.3 ([14]) Ifg is the same function as in Theorem 2.2, ®, © are the same pseudo-
operations as in Remark 2.1, u ® v = g1 (g(u)g(v)) for u,v € [0,00), and f,h € F*(X), then

Page 4 of 13
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we have
(O =¢" [ elfte-w)g(hm) du (12)

forallt e [0,00).

Theorem 2.4 ([14]) Ifg is the same function as in Theorem 2.2, ®, © are the same pseudo-
operations as in Remark 2.1, u ® v = g7 (g(u)g(v)) for u,v € [0, 00), and f, h, k € F*(X), then

we have

fxh=hxf (13)
and

(f 5 ) sk = f % (k). (14)

3 The interval-valued g-integrals

In this section, we consider the intervals, a standard interval-valued pseudo-addition, and
a standard interval-valued pseudo-multiplication. Let I(Y) be the set of all closed intervals
(for short, intervals) in Y as follows:

I(Y)={a=aya]|a,a, €Y and a; < a,}, (15)

where Y is [0, 00) or [0, 00]. For any a € Y, we define a = [a, a]. Obviously, a € I(Y) (see [1,
21-29]).

Definition 3.1 ([26]) If Z = [as, a,],b = [b, b,], @y = [@nis Gnr), Ga = [Gap aar] € 1(Y) for all
n e Nand o € [0,00), and k € [0,00), then we define arithmetic, maximum, minimum,
order, inclusion, superior, and inferior operations as follows:
1) a+b=[a;+bya,+b,],
(2) ka = [kay, ka,],
(3) ab = aby, a.b,],
(4) avb=[aV bya, Vb,
(5) anb= la; A by, a, N by,
(6) a<bifand only if a; < b; and a, < b,,
(7) a<bifand only if a; < b;and a; # by,
(8) acbifand only if b; < a; and a, <b,,
(9) sup,ay = [sup, au,sup, an),
(10) inf, @, = [inf, a,;, inf, a,,],
(11) sup, @y = [sup, aqi, SUpP, der), and
(12) inf, a, = [inf, agy, infy, ag,).

Definition 3.2 ([26]) (1) A binary operation @ : I([0, 00])?> —> I([0, 00]) is called a stan-
dard interval-valued pseudo-addition if there exist pseudo-additions &; and @, such that
x®y <x @,y forall x,y € [0,00], and such that for all Z = [a;,a,],b = [b;, b,] € I([0, 00)),

a@b=la®bra @ b (16)

Then @, and @, are called the representants of €p.
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(2) A binary operation () : I([0, 00])?> —> I([0, 0c]) is called a standard interval-valued
pseudo-multiplication if there exist pseudo-multiplications ®; and ®, such that x ©;y <
x O,y for all x,y € [0, 00], and such that for all @ = [a;, a,], b = [b;, b,] € I([0, 00)),

a O b=la;O1b,a,©, b, 17)
Then ©; and ©, are called the representants of ().

Theorem 3.1 Iftwo pseudo-additions ®; and @, are representants of a standard interval-
valued pseudo-addition @, two pseudo-multiplications ©; and ©, are representants of a
standard interval-valued pseudo-multiplication (), then we have

(1) x@Py=y P xforallx,ycI([0,00]),

2 BN Dz=xDB G D2 forallxyzel(0,)),

(3) ¥ ©7=5 Q& forall %5 € ([0, 00]),

4 GO Oz=xOF O 2 forall%5,z € 1([0,00]),

5) QDD =EFOF DEQO 2 forall %5,z € 1(0,00)).

Proof (1) By the commutativity of @; and &,, for any ¥,y € I([0, oc]), we have

P 7= ®yx & 9]
= [yl 691 XL Yr @r xr]

=yP= (18)

(2) By the associativity of &; and &®,, for any x,%,z € I([0, 00]), we have

&Py Pz=lxoya o Plazl

= [(xl SH)} yl) @D z;, (xr SP yr) S Zr]
= [xl @1 (1 @1 21), % ©r (¥ O Zr)]
= [xl’xr] @ b’l Dy X Yr Dy xr]

-2 PP s)

(3) By the commutativity of ©; and ©,, for any %,y € I([0, 00]), we have

% Q ¥ = [x1 O y1, % Oy ¥
= b/l O)] X0 Vr Or xr]

=y() % (20)

(4) By the associativity of ®; and ©, in Definition 2.1(2)(ii), for any ¥, ,z € I([0, co]), we

have

O O z=m o051 ()laz]

= [(xl ©)} yl) Oz, (xr (ON yr) Or Zr]

Page 6 of 13
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= [% ©1 (1 ©121), % O (9, O 2,)]
= [xl’xr] OI [yl O)] XL Yr Or xr]

=2 (2. (21)

(5) By the distributivity of @, and ©; for s = /,r in Definition 2.1(2)(iv), for any x,%,z €
I([0, 00]), we have

OGP =bwxd Obidizny @zl
=[x @1 (11 ®1 2, % ©F (9, B, 2)]
=[5 @1 31) &1 (0 ©1 20), (% Oy 31) By (%7 O 2) ]
= % ©1y1% ©r ] D %1 @1 21,%, ©, 2]

O P2 (22)

By using a standard interval-valued pseudo-addition and a standard interval-valued
pseudo-multiplication, we define the interval-valued g-integral represented by its interval-
valued generator g. O

Definition 3.3 Let X be a set, two pseudo-additions @; and @, be representants of a
standard interval-valued pseudo-addition ), and two pseudo-multiplications ©; and ©,
be representants of a standard interval-valued pseudo-multiplication ().

(1) An interval-valued function f : X — I([0, 00)) \ {#}} is said to be measurable if for any
open set O C [0, 00),

FlO)={xeX|fx)N0#0) € A (23)

(2) Let g; be a continuous strictly increasing surjective function for s = /,r such that
9 <22 =128, and g(0) = 0 for s = ,r. The interval-valued g-integral with respect to a
fuzzy measure 1 of a measurable interval-valued function f = [f,,f,] is defined by

ey N eovdn [ fod 2
/Af@ M_Lﬁez W fr O u} (24)

forall A € A.
(3) f is said to be integrable on A € A if

b _
_[4 f Q dp €1([0,00]). (25)

Let JF(X) be the set of all measurable interval-valued functions and JF*(X) be the set
of all integrable interval-valued functions. Then, by Definition 3.3, we directly obtain the
following theorem.

Theorem 3.2 Ifg; is a continuous strictly increasing surjective function for s = I, r such that
g <g-2=1g,4] and g(0) = 0 for s = [, r, two pseudo-additions &, and ®, are represen-
tants of a standard interval-valued pseudo-addition @, and two pseudo-multiplications
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O and ©, are representants of a standard interval-valued pseudo-multiplication (), then
we have

D _
fA FOdu= [gll fA a(fix)) dx, g fA & (/) dx]. (26)

Proof By Definition 2.3(1),

Ds
ﬁeﬂm:gﬁfg@u»m (27)
A A

for s = ,r. By (27) and Definition 3.3, we have

@D _ & ®r
A A A

= [g,lngl(ﬁ(x)) dx,gf/Agr(fr(x)) dx]. (28)

By the definition of the interval-valued g-integral, we directly obtain the following basic

properties. 0

Theorem 3.3 Let g; be a continuous strictly increasing surjective function for s = I, r such
that g < g, 2 = [g1,8), and g,(0) = 0 for s = [, r, two pseudo-additions ©; and @, be repre-
sentants of a standard interval-valued pseudo-addition @, two pseudo-multiplications ©,
and O, be representants of a standard interval-valued pseudo-multiplication (), and two
pseudo-multiplications ®; and Q, be representants of a standard interval-valued pseudo-
multiplication Q).

) IfAe Aandf,heIF(X)andf <h, then we have

@ _ b _
/A f@dung h()dp. (29)
(2) IfA € Aandf,h e IF*(X), then we have
D _ _ D _ D _
/A (fEBh)QduzfA f@du@fA h()du. (30)
(3) IfAe Aandc=[c;,cr] € I([0,00)), h e IF(X), then we have
@ _ b _
A@@@@m%@AhQW. (31)
Proof (1) Note that if f,# € 3F*(X) and f < &, then

Js < hg (32)

for s =, 7. Since g; and g, are strictly monotone increasing,

s Of; EgsOhs (33)
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for s = ,r. By (33) and Theorem 2.2(1),

Ds D5
fs Osdu < / hs Osdu (34)
A A

for s =,7. By (34) and Theorem 3.2,
@ _ 224 Dr
/ f@du=[/ fiovdp, ﬁGrdu]
A A A
®; ©&r @ _
<[ [ movan [ hoa]- [TEQan (35)
A A A

(2) Note that if f, 1 € 3F*(X), then

FEP h=fi® h.f, & hl. (36)
By Theorem 2.2(2),
®s Ds Ds
(fs ®; ) Ogdp = fs Os dp s / hs Os dp (37)
A A A

for s =/, r. By (37) and Theorem 3.2,

[F6@n O

7]
= (fi @1 i) O dpe,

LJA A

&
(fr & hy) O, du}

Dy Dy Dr
= fiOdu @, h ©rdp, 1 Ordu @,
A A A

r ro; Dr Dy D
=_/A fl@ldﬂ:A erVdM}@I[/A hz@zdu,/A hrOrdu}
D _ D _
[FQw® [ #Odn. (38)

(3) Note that if f € 3F*(X) and ¢ € I([0, 00)), then

Or

h, O d,u:|

c ®J7 = [c; Q@ f1, ¢ Qr fr]- (39)
By Theorem 2.2(3),
&5 &
(cs ®:f) Osdu=c® [ f,05dp (40)
A

for s = [,r. By (40) and Definition 3.3(2),

[e®@nOu

@[ ©Or
- [ (e @) @1y / @ f) O du}
A A

Page9of 13
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524 Dr
= |:Cz ®i fioidu, e ®, £ O d,u:|
A A
— ®_
@ [ 7 Qdn (a1)
A

4 An interval-valued g-convolution
In this section, by using the interval-valued g-integral, we define the interval-valued g-
convolution of interval-valued functions in JF*(X).

Definition 4.1 If g, @, (O, and ) satisfy the hypotheses of Theorem 3.2, then the
interval-valued g-convolution is defined by

S

Fho= | " [Fie-0 @] O dutw (42)

[o.

for all £ € [0, 00).

From Definition 4.1, we directly obtain some characterization of an interval-valued g-
convolution by means of the interval-valued g-integrals.

Theorem 4.1 Ifg, @, O, and ) satisfy the hypotheses of Theorem 3.2, then we have
]_C*E: [ﬂ*l hl; r *r hr]; (43)
where (f; *s hs)(£) = [?ii]fs(t —u)Osdu fors=1,r.

Proof By Definition 2.4, we have
®s
(fs *s hs)(2) = : ]fs(t — u) ®s hs(u) Os dp(u) (44)
0.t

for s = ,7. By Theorem 3.2 and (44),

S>)
Fam@) = | (Fle-u) @ hw) ) dulw)
[0,¢]
S>)
= /[O ][fz(t — 1) ® (), filt — 1) @, ()] () dpa(ue)

@) Dr
= |: [ ﬁ(t - u) ®l hl(u) Gl d/.L, 0 ]fr(t - M) ®r hr(u) @r d,u':|

0,t]

= [(fi % )(@®), (f; %, B)(©D)]- (45)
g

From Theorem 4.1, we investigate the commutativity and the associativity of a standard
interval-valued g-convolution.

Theorem 4.2 Ifg, @, O, and Q) satisfy the hypotheses of Theorem 3.2 and f, h, and
k € 3F"(X), then we have

Q) fxh=hxf,

2) (Fxh)xk=fx(h*k).

Page 10 0of 13
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Proof Letf = [ﬂ’ﬁ], E = [hl, hr]; E = [k[, kr] S jg*(X) By (16), we have
fixthi=hxfi and  f, %, hy = by %, f,.
By Theorem 4.1 and (46), we have

Fxh=fi s by frox by
= [hl *lfl; hr *rfr]
=Tixf.

By (17), we have

(fl *] hl) *] kl zfl *] (hl *] kl) and (ﬂ *y hr) *p kr =fr *p (hr *y kr)'

By Theorem 4.1 and (48),

(fxh)xk = [(ﬁ x; hy) * ky, (F %, 1) %, kr]
= [ﬁ x; (= kp), fy %, (By %, kr)]
=f*(hxk).

(46)

(47)

(49)
0

Finally, we illustrate the following examples which are related with the interval-valued

g-integral and the interval-valued g-convolution as follows.

Example 4.1 We give three examples of the interval-valued g-integral.

(1) If gi(x) = g-(x) = x for all x € [0,00] are the generators of ©;, ©,, ®;, and &,, and

fx) = [%, e™*] for all x € [0,00), and A = [0, ] for all £ € [0, 00), then we have

®_ t !
fA FQOdp-= _g[l /0 a(filx)) dx, g [0 &(f®) dx}

r t 1 t
= / —e ¥ dx, / e dx]
LJo 2 0

1

-[30-0.0-¢1)]

(50)

(2) If gy(x) = %x, gr(x) =x forall x € [0, 00] are the generators of ©;, ©,, and g;(x) = g,(x) =

x for all x € [0, 00] are the generators of ®;, ®,, andf(x) = [%,e‘x] for all x € [0, 00), and

A =[0,¢] for all £ € [0, 00), then we have

®_ t !
/; FQOdp-= _g[l /0 a(fix) dx, g " /0 &(f®) dx}

r t 1 t
=12 / —e ¥ dx, / e dx]
L Jo 4 0

-[30-e0.0-6)]

(51)

Page 11 0f 13


http://www.journalofinequalitiesandapplications.com/content/2014/1/88

Jang Journal of Inequalities and Applications 2014, 2014:88 Page 12 0f 13
http://www.journalofinequalitiesandapplications.com/content/2014/1/88

(3) If gi(x) = x%, g.(x) = 3x2 for all x € [0,00] are the generators of ©;, ®,, and g(x) =

2-(x) = xforall x € [0, 00] are the generators of @/, ®,, and f(x) = [%, e*] forallx € [0, 00),
and A = [0, ¢] for all £ € [0, 00), then we have

®_ ¢ !
/A f@d,uz g[I/O a(fitx)) dx,gr_lfo & (A ) dxi|

r t 1 1 t
= \/ / —e 2 dx,\/ - / 332"dx:|
LV Jo 2 3 Jo

-[Ya-em),50- e_t)i|. (52)

Example 4.2 We give an example of the interval-valued g-convolution.
If g/(x) = %2, g,(x) = 3% for all x € [0, 00] are the generators of ©;, ©,, and g;(x) = g.(x) = x

for all x € [0, o0] are the generators of @, ®,, ®;, ®,, and f(x) = [%, e*] for all x € [0, 00),
h(x) = [%x, x] for all x € [0,00), and A = [0, ¢] for all £ € [0, 0), then we have

I o _ _
om0 = [ [0 @ hw] O i)

1 [t |
— _ / e—2(t—u)e—2u du, 3/ _e—2(x—u)e—2u du
2 Jo )

t
_ _e—Zt’ %efzt ) (53)
4 2

5 Conclusions

In this paper, we have considered the g-integral represented by its generating g, the
pseudo-addition, the pseudo-multiplication (see Definition 2.3). This study was to de-
fine the g-convolution by means of the g-integral (see Definition 2.4) and to investigate
some characterizations of the g-integral and the commutativity and the associativity of
the g-convolution (see Theorems 2.2, 2.3, and 2.4).

We also defined the interval-valued g-integral represented by its interval-valued gener-
ator g. By using general notions of an interval-representable pseudo-multiplication (see
Definition 3.2), we defined an interval-valued g-integral (see Definition 3.3) and investi-
gated some basic characterizations of them (see Theorems 3.2, 3.3).

From Definitions 2.3, 2.4, and Theorems 2.2, 2.3, we defined a standard interval-valued
g-convolution (see Definition 4.1). We also investigated some characterizations of a stan-
dard interval-valued g-convolution of interval-valued functions by means of the interval-
valued g-integral including commutativity and associativity of an interval-representable
convolution (see Theorems 4.1, 4.2).

In the future, we can study various inequalities of the interval-valued g-integral and
expect that the standard interval-valued g-convolutions are used (i) to generalize the g-
Laplace transform, Hamilton-Jacobi equation on the space of functions, such as in nonlin-
earity and optimization and such as in information theory (see [1, 14, 29]); (ii) to generalize
the Stolasky-type inequality for the pseudo-integral of functions such as in economics, fi-
nance, decision making (see [2, 30]), etc.
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