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Abstract

The purpose of this paper is to introduce the following new general implicit iteration
scheme for approximating the common fixed points of a pair of nonexpansive
mappings in a uniformly convex Banach space: for any xo € C, the iterative process
{x,} defined by X, = dnXn-1 + 00 TV + CnSXn, Y = A Xno1 + Ol X0 + € SXno1 + ), Txn, where
{an}, {bn} {cn} L} {6}, {c}, {d)} are seven sequences of real numbers satisfying
an+bp+cy=1,a,+b,+c,+d,=1,and T,5:C— C are two nonexpansive
mappings. We approximate the common fixed points of these two mappings by
weak and strong convergence of the scheme.

Keywords: nonexpansive mapping; common fixed points; weak and strong
convergence; semicompact; condition (A’)

1 Introduction
Let C be a nonempty subset of a real Banach space E. A mapping 7 of C into itself is called
nonexpansive if || Tx — Ty|| < |lx — y|| holds for all x, y € C. We first recall the following two
iterative processes due to Ishikawa [1] and Mann [2], respectively.

(I) Let C be a nonempty convex subset of E and let T : C — C be a mapping. For any
given xy € C the sequence {x,} defined by

KXne1 = (L= a,)x, + an Ty,
Yn = (1-by)x, + b,Tx,, n=>0,

is called the Ishikawa iteration sequence, where {a,} and {b,} are two real sequences in
[0,1] satisfying some conditions. In particular, if b, = 0 for all # > 0, then {x,} defined by

x%€C, xpa=Q0-a)x,+a,Tx,, n=>0,

is called the Mann iteration sequence.

In [3], Liu introduced the concepts of Ishikawa and Mann iterative processes with errors
as follows.

(II) For a nonempty subset C of a Banach space E and a mapping T : C — C, the sequence
{x,} defined by

x0€C, xp1=Q0-ay)x, +a,Ty, +uy,,
Yn =1 =bp)xy + by Txy + vy, n>0,
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where {u,} and {v,} are two summable sequences in E. In particular, if b,, = 0, v, = 0, the
sequence {x,} is called the Mann iteration sequence with errors.

Unfortunately, the definitions of Liu, which depend on the convergence of the error
terms, are against the randomness of errors. Xu [4] studied the following new iteration
process.

(III) Let C be a nonempty convex subset of E and let T': C — C be a mapping. For any
given xy € C the sequence {x,} defined by

Xnp+l = ApXy + bn Tyn + Culhy,

Yn=dx, + b, Ty +Cv,, n>0,

is called the Ishikawa iteration sequence with errors. Here {u,} and {v,} are two bounded
sequences in C and {a,}, {b,}, {c,}, {4}, {],}, {c,} are six sequences in [0, 1] satisfying the
following conditions: a,, + b, + ¢, =1, a), + bj, + ¢;, = 1, n > 1. In particular, if b}, = 0, ¢, = 0,
the sequence {x,} is called the Mann iteration sequence with errors. Chidume and Moore
[5] studied the above schemes in 1999.

A generalization of Mann and Ishikawa iterative schemes was given by Das and Debata
[6] and Takahashi and Tamura [7]. This scheme dealt with two mappings: xo € C

Xn = ApXp-1 + (1 - an)Tyn—ly

Yn-1= bnxn—l + (1 - bn)an—b n>1.

Recently Khan and Fukhar [8] considered the above iterative process with bounded errors.

In the present paper, we consider the following scheme:

X0 € C,
Xy = ApXp_1 + by Ty, + €, Sxy, (1)

Yn = dxn-1 + by + €Sk +d, Ty, n>1,

where {a,}, {b,}, {c.}, {4}, {D,}, {c,}, {d,} are seven sequences of real numbers in [0, 1]
satisfying a, + b, +c, =1, a, + b, + ¢, +d, =1,and T,S : C — C are two nonexpansive
mappings. Recently, some authors discuss similar issues (for example, please refer to [9—
11]).

Approximating fixed points is an important subject in the theory of nonexpansive map-
pings and its applications in numerous applied areas. One is the convergence of iteration
schemes constructed through nonexpansive mappings. In this paper, we study the iterative
scheme given in (1) for weak and strong convergence for a pair of nonexpansive mappings
in a uniformly convex Banach space. Before our discussions, we first recall the following
definitions.

A Banach space E is said to satisfy Opial’s condition if whenever {x,} is a sequence in E
which converges weakly to x, then

liminf ||x, — x| < liminf ||x, —y|| forallyeE,y#x.
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It is well known that every Hilbert space satisfies the Opial condition (see for example
(12]).

A mapping T is said to be semicompact (see, e.g., [13]) if for any sequence {x,}°; in C
such that lim,,_  ||x, — Tx,|| = O, there exists a subsequence {%n, j°=°1 of {x,}:°; such that
{%4;}75 converges strongly to some u € C.

A mapping T with domain D(T) and range R(T) in E is said to be demiclosed at a point
p € E if whenever {x,} is as sequence in D(T) such that {x,} converges weakly to x € D(T)
and {T,} converges strongly to p, then Tx = p.

We shall make use of the following results.

Lemma 1.1 [14] Let {s,}, {t,} be two sequences of nonnegative real numbers satisfying
Sui1 <S8, +t, VYm>1.

(@) If Y 02, ty < 00, then lim,,_, o S, exists.

(b) If fo’:l t, < 00 and {s,} has a subsequence converging to zero, then lim,,_, o s, = 0.

Lemma 1.2 [15] Let E be a uniformly convex Banach space satisfying Opial’s condition
and let C be a nonempty closed convex subset of E. Let T be a nonexpansive mapping of C

into itself. Then I — T is demiclosed with respect to zero.

Lemma 1.3 [16] Suppose that E is a uniformly convex Banach spaceand 0 <p <t, <g<1
for all positive integers n. Also suppose that {x,} and {y,} are two sequences of E such that
limsup,_, o |x4]l <r, limsup,,_, . |yxll <randlimsup,_, o 6%, + (1 — tn)yull = r hold for

somer > 0. Then lim,_, » ||x, — y,|| = 0.

2 Main results
We first give the following key lemma.

Lemma 2.1 Let E be a real uniformly convex Banach space and C its nonempty convex
subset. Let T, S : C — C be nonexpansive mappings. Let {x,} be the sequence as defined in
(1) with the following conditions:

(1) ay— 0,a,— 0,b,— 0,as n— oc;

(2) by,cusC,yd,, €[8,1—8] for some § € (0,1);

(3) ¢, +d, <y forsomey e (0,1).
IfF:=F(T)NF(S) # 0, then we have

(i) limy— oo 1%, — p|l exists for all p € F and {x,}, {Ix,} and {Sx,} are all bounded,;

(11) lim,;—, e — Txn|l = 0 = lim,,_, o e — Sxull.
Proof For any p € F, we have

%2 = pll = || @n(@n1 = ) + bu(Tyn — p) + cu(Sxu — p) ||
< aul|x,-1 —pll + bn”Tyn -pl+ CallSx, -7l

< aullxy-1 - pll +bn||yn =pll +callxn = pll. (2)


http://www.journalofinequalitiesandapplications.com/content/2014/1/82

Hou and Du Journal of Inequalities and Applications 2014, 2014:82
http://www.journalofinequalitiesandapplications.com/content/2014/1/82

However, as the proof of the above inequality, it follows that

1y =2l = || @, (n1 = p) + B, (%0 = P) + €,(Sx1 = p) + A (Ts = ) |
< @, lxn-1 = pll + by ll%n = pll + €1 Sxn-1 = pll + &, | T — p|

< ayllxn1 —pl + b, %y~ pll + %01 = pll + d 1%, — pll. 3)
Thus from (2) and (3), it is easy to check
60 — pll < [an + bu(a, +¢,) 1601 — Pl + [cn + bu(D), + d,) |50 — P, (4)
which implies that
%, — pll < %1 = pl» (5)

and the limit lim,,_, », ||x, — p|| exists for all p € F. Furthermore {x,} is bounded and {Sx,,}
and {Tx,} are both bounded also. Now suppose lim,_,« [*, — p|| = ¢ for some ¢ > 0. By
the inequalities (3) and (5), we have

limsup [ly, —pll <c. (6)

n—0o0

From the iterative process (1), we have
llx. — pll = an[Tyn —p+ayx,1 - an)] +(1- bn)[an —p+ay(x,1 - an)] ” (7)
Since a, — 0, {x,,}, {Sx,} are both bounded and (6), it follows from Lemma 1.3 that
lim || Ty, — Sx, ] = 0. ®)
n—0oQ
Next, by the inequality (2) and (5), we have

%0 =PIl < @nllXn-1 = Il + bullyn — Il + cullxn = pll
< anllXp1 = Il + bullyn = Pl + CullXns - pll

= [lxn-1 = 2l + Ba(llyn =PIl = %51 = pII), ©)

which means

% =PIl = %1 — Pl
by

+ 1601 = pll < llyn =PIl

Taking liminf on both sides in the above inequality and by (6) and b, € [3,1 — §] for some
§ €(0,1), we have

¢ <liminf |y, - p|| <limsup |y, - pll <,
n—00 n—>00
which yields

Jim ly, —pl =c. (10)

Page 4 of 8
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It is easy to see that

Iy = Pl = || ¢, [Sno1 — p + @ (s — Tin) + B, (60 — Tx)]
+ (1= [Ton — p + @, (01 — Txn) + B, (% — Tx) ]| - (11)

Since a4, — 0, b,, = 0, {Sx,,} and {Tx,} are both bounded, then by Lemma 1.3 we have
lim [|Sx,_1 — Tx,|| = 0. 12)
n—00

Moreover, by the iterative process (1) again, we get
1 = Tynll < @anllXn-1 = Tyull + cullSxn — Tyull,

which, by a, — 0 as n — oo and (8), implies that
lim ||x, — Ty, = 0. 13)
n—0oQ

Hence from (8) and (13), we have
e = Sxll < % = Tyull + | Ty — Sxull — O (14)

as n — 00. Note that
Iy = %ull = || @y (Kn1 — %) + €,(Sxu1 — %) + iy (Tt — %) |
=< a/n”xn—l — Xl + C;,”S»xn—l = Tx,|l + C;,” Txy — xull + d:,” Txy — %ull; (15)

then it follows from the above inequality that

16 = Txull < N6 = Sxicll + 1% = Tyull + | Ty — Tl
< n = Sxull + 1Sx = Tyull + Ilyn — xxll

= n— n n n ;”xn—l _xn”
<% — Sxull + 1Sx — Tyull +a

+ 181 = Toull + €, 1| Ty = il + by | Toon — 5. (16)
That is to say,
% — Tl
= ﬁ{llxn = Sty | + 1182 = Tyull + @ l1%n1 = %l + €, 11S%s1 = T}, 17)

which, from (8), (12), (14), and 4, — 0, means that

lim ||x, — T, = 0. (18)
The proof of the lemma is completed. d

Now we give the weak convergence first.
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Theorem 2.2 Let E be a uniformly convex Banach space satisfying Opial’s condition and
C, S, T, and {x,} be as taken in Lemma 2.1. If F := F(T) N F(S) # ¥, then {x,} converges
weakly to a common fixed point of S and T .

Proof Let p € F. As the proof of Lemma 2.1, lim,,, o ||, — p|| exists. Since E is uniformly
convex, every bounded subset of E is weakly compact, so that there exists a subsequence
{%n,} of the bounded sequence {x,} such that {x,,} converges weakly to a point g € C.
Therefore, it follows from (ii) in Lemma 2.1 that

Lim || Tx,, — %, |l = 0.
k— o0

By Lemma 1.2, we know I — T is demiclosed, then it is easy to see that g € F(T). With a
similar proof, it follows that g € F(S) also. Next we prove uniqueness. Suppose that this is
not true, then there must exist a subsequence {2} C {n) such that {%4;} converges weakly
to another g* € C and g* # q. Then by the same method given above, we can also prove
q" € F(T)NFE(S).

Because we have proved that for any p € F, the limit lim,,_,  ||x, — p|| exists, we can let

lim ||x, —qll = dy, lim ||, — *|| = d>.
n—00 n—00
By the Opial condition of E, we have
dy =limsup [|x,, —qll < limsupHx,,k -q" || =d,
—00 k— 00

=lim sup||xn]. -q" || <limsup ||x,; — gl = d.
j—00 j—00

This is a contradiction, hence g = g*. This implies that {x,} converges weakly to a common
fixed point of S and T. d

Next we give several strong convergence results.

Theorem 2.3 Let E be a uniformly convex Banach space and C, {x,} be as taken in
Lemma 2.1. If one of the nonexpansive mappings T and S is semicompact and F := F(T) N
F(S) #9, then {x,} converges strongly to a common fixed point of S and T .

Proof Since one of T and S is semicompact and by (ii) in Lemma 2.1, then there exists
a subsequence {x,,}75; of the sequence {x,};2, such that {x, }> converges strongly to u.
Since C is closed, u € C. Continuity of S and T gives (S, — Sull — 0O and || Txy; — Tull — 0
as n; — 00. Then by Lemma 2.1,

S —ull =0 = || Tu — ul.

This yields u € F. By Lemma 2.1 again, lim,_, « ||x, — p|| exists for all p € F, therefore {x,}
must itself converge to u € F. This completes the proof. g

Recall that a mapping T : C — C, where C is a subset of E, is said to satisfy condition (A)
if there exists a nondecreasing function f : [0, 00) — [0, 00) with f(0) = 0, f(r) > O for all
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r € (0,00) such that ||x — Tx|| > f(d(x, F(T))) for all x € C where d(x, F(T)) = inf{||x — x*| :
x* e F(T)}.

In [17], Senter and Dotson approximated fixed points of a nonexpansive mapping T
by Mann iteration. Recently Maiti and Ghosh [18] and Tan and Xu [14] considered the
approximation of fixed points of a nonexpansive mapping 7 by Ishikawa iteration under
the same condition (A) which is weaker than the requirement that T is semicompact. Khan
and Fukhar [8] modified this condition for two mappings S, T : C — C as follows.

Let C be a subset of a Banach space E. Two mappings S, T : C — C are said to satisfy
condition (A’) if there exists a nondecreasing function f : [0, 00) — [0, 00) with f(0) = 0,
f(r)> 0 forall r € (0,00) such that %(Hx = Tx|| + |lx — Sx||) = f(d(x, F)) for all x € K, where
d(x,F) = inf{|lx — x*| : x* € F = F(T) N F(S)}.

Note that condition (A’) reduces to condition (A) when S = T. We use condition (A’) to

study the strong convergence of {x,} defined in (1).

Theorem 2.4 Let E be a uniformly convex Banach space and C, {x,} be as taken in
Lemma 2.1. Let T, S satisfy the condition (A") and F := F(T) N F(S) # 0, then {x,} converges
strongly to a common fixed point of S and T.

Proof By Lemma 2.1, lim,_,  [|%, — x*|| exists for all x* € F = F(T) N F(S). Let it be ¢ for
some ¢ > 0. If ¢ = 0, there is nothing to prove. Suppose ¢ > 0. By Lemma 2.1, lim,,_,  ||%,, —
Tx,|l = 0 = lim,_, o ||%,, — Sx,,||. Moreover, from (4), we have ||x,, —x*| < ||x,_1 —«*| which

gives

inf Hxn —x* H < inf ||x,, —x* ||
x*eF x*eF

Thatis to say, d(x,, F) < d(x,_1, F) shows thatlim,,_, o d(x,, F) exists by virtue of Lemma 1.1.
Now by condition (A’), lim,_cf(d(x,, F)) = 0. By the properties of f, therefore
lim,,—, o d(x,,, F) = 0. Next we can take a subsequence {%n;} of {x,} and {y;} C F such that
6, = jll < 27. Then following the method of proof of Tan and Xu [14], we find that {y;} is
a Cauchy sequence in F and so it converges. Let y; — y. Since F is closed, therefore y € F
and then Xy = ). As lim,_, o ||x,, — x| exists, x, — y € F. This completes the proof. [

Remark 2.5 From the proof of the above results, it is easy to see that we can extend our
theorems to the iterative process (1) with errors as follows: let C be a bounded closed

convex subset of E and the sequence {x,} be defined by

X0 € C,
Xy = ApXp_1 + by Ty + €, Sxy + eylhy, (19)
Vi = ApXn1 + by + €, Sxyy +d), Ty + €,V

where {a,}, {b,}, {cu}, {en}, {a,}, (B}, {c,}, {d),}, {€),}, are sequences in [0,1] with a,, + b, +

chnte,=l,a,+b,+c,+d,+e,=1and T,S: C — C are both nonexpansive mappings,
{un}, {va} € C.
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