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1 Introduction
The problem we are concerned with in this paper is for the following variational inequal-
ities: find u € Q such that

(4 —u) TEFw) >0, Vu'eQ, (11)
with
U= (x) , F(u) = (f(x)) and
y g 1.2)
Q= {(x,y) lxeRL,,ye R ,Ax+By = b},

where A € R™>", B € R™™ are given matrices, b € R' is a given vector, and f : R”, — R",
g:R” — R™ are given monotone operators. Studies and applications of such problems
can be found in [1-11]. By attaching a Lagrange multiplier vector A € R’ to the linear
constraints Ax + By = b, the problem (1.1)-(1.2) can be explained in terms of finding w € W
such that

(w/ - W)TQ(W) >0, YweWw, (1.3)
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where
x flx) AT
w=|y|, Qw=|gp)-BT2 |, W=R" xR" xR. (1.4)
A Ax+By-b

The problem (1.3)-(1.4) is referred to as SVI (structured variational inequalities).

The alternating direction method (ADM) is a powerful method for solving the struc-
tured problem (1.3)-(1.4), since it decomposes the original problems into a series subprob-
lems with lower scale, originally proposed by Gabay and Mercier [4] and Gabay [3]. The
classical proximal alternating direction method (PADM) [12-14] is an effective numeri-
cal approach for solving variational inequalities with a separable structure. To make the
PADM more efficient and practical, He et al. [14] proposed a modified PADM as follows.
For given (X, y%,1%) € R”, x R™ x R/, the new iterative (x**1,y5*1, Ak*1) is obtained via

++
the following steps.

Step 1. Solve the following system of nonlinear equations to obtain x**!:

(x/ —xk”)T{f(xk”) —AT[)J‘ —Hk(Axk” +Byk —b)] +Rk(xk+1 —xk)}

>0, Vx¥eR:,. (1.5)
Step 2. Solve the following system of nonlinear equations to obtain y**!:

0/ =) ) - B - H A+ B - 5)] .6 )

>0, VY eR”. (1.6)
Step 3. Update AX via
A = 0K — Hi (Ax**! + By - b). 1.7)

Yuan and Li [15] have developed a logarithmic-quadratic proximal (LQP)-based de-
composition method by applying the LQP terms to regularize the ADM subproblems,
by substituting in the alternating directions method (1.5)-(1.7) the term R(x — x*) and
Sy — %) by Rl(x — 2*) + (X — X2x™1)] and S[(y — ¥*) + n(y* — Y2y™)], respectively. The
new iterative (x**1,y%*1, Ak*1) in [15] is obtained via the following procedure: From a given
wh = (5,75, 05) e R". x R™ x R'and p € (0,1), (x%*1, y%*1, Ak*1) is obtained via solving
the following system:

fl) = AT[WF —H(Ax + By* - b)] + R[(x - «*) + u(«* = XZx7")] = 0,

g(y) - BT[)J‘ - H(Aack+1 +By-— b)] + S[(y —yk) + u(yk - Ykz _1)] =0,

A =0k~ H(Ax* + By - b).
Note that the LQP method was presented originally in [16]. Later, Bnouhachem et al. [17,
18] have proposed a new inexact LQP alternating direction method by solving a series

of related systems of nonlinear equations. Very recently, Li [19] presented an LQP-based
prediction-correction method, the new iterate is obtained by a convex combination of
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the previous point and the one generated by a projection-type method along this descent
direction.

In the present paper, inspired by the above cited works and by the recent works going
in this direction, we proposed a new LQP-based prediction-correction method; the new
iterate is obtained by a convex combination of the previous point and the one generated
by a projection-type method along another descent direction. Under the same conditions
as those in [19], we prove the global convergence of the proposed algorithm. It is proved
theoretically that the lower bound of the progress obtained by the proposed method is
greater than that by Li’s method [19]. The effectiveness and superiority of the proposed

method is verified by our preliminary numerical experiments.

2 The proposed method
In this section, we recall some basic definitions and properties, which will be frequently
used in our later analysis. Some useful results proved already in the literature are also

summarized. The first lemma provides some basic properties of projection onto .

Lemma 2.1 Let G be a symmetry positive definite matrix and Q be a nonempty closed
convex subset of R', we denote Pq ;(-) as the projection under the G-norm, i.e.,

Po,6(v) = argmin{||lv — ullg | u € Q}.

Then we have the following inequalities:

(z-Pgglz]) G(Poglzl -v) =0, VzeR,vew; 2.1)
|Pe,clu] - PocV|, < llu-vie, YuveRh (2.2)
|u-Pagld|2 < Iz - ull - |z - Paglel|s, VzeR,ucQ. (2.3)

In course we always make the following standard assumptions.

Assumption A f(x) is monotone with respect to R”, and g(y) is monotone with respect
to R7.,.

Assumption B The solution set of SVI, denoted by W, is nonempty.

Now, we suggest and consider the new LQP alternating direction method (LQP-ADM)
for solving SVI as follows.

Prediction step: For a given wk = (xk,yk,kk) e R, x RT x R!, and w € (0,1), the pre-
dictor WK = (%K, 7,1%) e R”, x R™ x R!is obtained via solving the following system:

f) = AT[WF —H(Ax + By* - b)] + R[(x - «*) + pu(+* = XZx7")] =0, (2.4a)
g() - B[\~ H(Ax + By—b)] + S[(y - ") + n(¥* - Y2y )] =0, (2.4b)
A=k~ H(AZF + BY* - b). (2.4¢)

Correction step: The new iterate wk*!(a) = (xX*1, y*1, A%*1) is given by

W ) = (1 - o)W + o Pw[w' - Gd(W,W5)], o €(0,0), (2.5)
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where
%
o = 7”14/,( — ﬁ/k||é’ (2.6)
o= | W - ‘7VkH12v1 +(rf - Xk)T(Byk —Bj/k), 27)

F(&K) — AT)K + ATHB(yK — 7
d(w', W) = | gG*) - BTi* + BTHB(Y* — 7 ~k

AX* + By - b
and
(1+ w)R 0 0 R 0 0
G= 0 1+w)S+BTHB 0 |, M=|0 S+BTHB 0
0 0 H1 0 0 H1

Remark 2.1 If x5! = 7k, yk*1 = 55 and 2%*! = 3% in (2.4a), (2.4b), and (2.4c), respectively,
we obtain the method proposed in [15].

We need the following result in the convergence analysis of the proposed method.

Lemma 2.2 [15] Let g(u) € R"” be a monotone mapping of u with respect to R and R €
R be positive definite diagonal matrix. For given u* > 0, ifwe let Uy := diag(uX, uf, ..., uk)
and u™ be an n-vector whose jth element is 1/u;, then the equation

q(u)+R[(u 7 )+M(u —LI2 _1)] 0 (2.8)

has a unique positive solution u. Moreover, for any v > 0, we have

1- M

[~ ully (2.9)

1
=0 = S (== o) + g

In the next theorem we show that oy is lower bounded away from zero and it is one of
the keys to prove the global convergence results.

Theorem 2.1 For given wX € RY, x R™ x R, let W* be generated by (2.4a)-(2.4c), then

we have the following:
1 ~
oz o (A7 + By = b, + =) (2.10)
and
o = = 1 (2.11)

Proof 1t follows from (2.7) that

o= W =+ (519 (B - B7)
= [ =&+ I =5 g+ 1By = B3 + |2 = 4]

+ (K= INT (Byf - BY). (212)
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Using (2.4c), we have
(=3 (8- B) + 5 (|8 = B[ + 44 - 247 )
= (A% + B - b) H(By* - B + %(”Byk B, + |AF + B - b]})
-S4+ B o, )

Substituting (2.13) into (2.12), we get

1 X ~ 5 ~ ~
o = 5 (4% + B —b| o+ | B B+ W =) + [ = # | -5
1 - - - -
= 5(||Axk+Byk—b||i,+ [k =k g+ @ = ) = &+ = ) F =5 )
1 v ~
> 5(I\Axk+3yk—bHi,+ [wh =)

Therefore, it follows from (2.6) and (2.10) that

N | =

A =
and this completes the proof. O

3 Basic results

In this section, we prove some basic properties, which will be used to establish the suffi-
cient and necessary conditions for the convergence of the proposed method. The follow-
ing results are due to applying Lemma 2.1 to the LQP systems in prediction step of the
proposed method.

Lemma 3.1 For given w* = (%, y%,2K) € RE, x R} x RY, let W* be generated by (2.4a)-
(2.4¢). Then for any w* = (x*,y*,.*) € W*, we have

(wk - w*)TG(Wk - ﬁ/k) > ¢r. (3.1)
Proof Applying Lemma 2.1 to (2.4a) (by setting u* = x%, u = %, v = x* in (2.9)) and

q(u) =f(#) - AT[A* - H(AX* + By* - b)],
we get

(" =& {f (@) - AT[W* - H(AF + By - b)])

1+wp . 1-u -
e R T e R el (3.2)

Recall

- - 1,,. 1 5
(o - )RS -3 = S (17 -2 [ -2 o Lo -2 63
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Adding (3.2) and (3.3), we obtain
T - - > ~ k(12
(" = &) {@+ R 7)) - f(F) + ATIF - ATHB(Y* - )} < p|]x* 3], (3.4)

Similarly, applying Lemma 2.1 to (2.4b), substituting u* = y*, u = %, v = y*, and replacing
R, n with S, m, respectively, in (2.9) and

q(u) = g(5) - BY[A* - H(AX" + BY* - b)),
we get

0"~ 166") - BT~ H(aF + B )]

> R -y - - 1) - SR - 5)
Recall
0" =550 7 = (17 -5 - I - [ + 2 1+ - 712 :6)
Adding (3.5) and (3.6), we have
O =)@+ wS(F - 5) —g () + BTAF} < uy* - 7|3 (3.7)

Since (x*,y*,1*) is a solution of SVI, x* € R”_ and j* € R™ , we have

++7

(# -2)" (&) -AT2)

7 -y (g(*) -B"2*) =0

v

0,

and
Ax* +By*-b=0.

Using the monotonicity of f and g, we obtain

T ~ T
5Ck oy f(5ck) —ATkk 5Ck oy f(x*) —AT)\*
F -y | | g0 BT [ = |-y | | e09-BT2 | z0. (3.8)
Ak Ax* + By — b Ak Ax* + By* — b

Adding (3.4), (3.7), and (3.8), we get

(w* - ﬁ/k)TG(wk - ﬁ/k) = (x* —5ck)T((1 + /L)R(xk —fck))
+ (7 =3 (@ + WS -5) + BTHB(, - 5))
+ (A* - ):k)T(Aick + Bk - b)

< uldt =&+ (o -#) ATHB(G - 7)

Page 6 of 15
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+ (" =5) BTHB(* = 5) + uy* -5
= o — 7| - (AF + B — b) "HB( ~7) + uy* -5

= el —F A - (=TT (BY - B + | -5 39)

where the last equality follows from (2.4c). It follows from (3.9) that

(W= w) G(wE =) = Wk = - ot =3 - e - 7
+ (A =397 (By* - B)
= [l =&+ I =5 s + [ BY - B, + 45 =35

+ (WK =TT (B - BF).
Using the definition of ¢y the assertion of this lemma is proved. O

Theorem 3.1 Let w* € W*, w**!(ax) be defined by (2.5) and

Olote) = Wk = w [ = [ e —w [, (310)
then we have

Oen) = o ([ wh = wh — o (w = ) | + 2em0r = o [ wh = ), (3.11)
where

Wy = (ol ) = Pw[w - Gl (wh, ) | (312)

Proof Similarly as in (3.4) and (3.7), we have

(o =)@+ R - 7) = f () + ATAF - ATHB(Y* 7)) < u[o - #|3 (3.13)

and
OF =)@+ 10S(OF -5) - g(7*) + BTR* - BTHB(* - 7) + BTHB(y* - 5)}
<ulf =[5 (314)

It follows from (3.13) and (3.14) that

T ~
gz (1 + wR(F = 75) - f(&*) + ATAK — ATHB(Y* - )
yi=5 | | (@+wS+BTHB)(* -5) - g(*) + B"A* - BTHB(Y! - )
Ak 3k H (WK — %) — (AX* + By — b)

<l = # [+l -
which implies

20 (WK = K) T (G(wF = K) —d(wh, i) = 2ape | ok = 35| = 2aie | ¥ 5] 2 < 0. (3.15)
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Since w* € W* and w’; = Py [wK — ax G d(wK, wh)], it follows from (2.3) that
”w’; —w* ”ZG < Hwk - akG_ld(wk,ﬁ/k) —w* HZG - ||wk - akG_ld(wk,ﬁ/k) - w]; ”2G (3.16)
From (2.5), we get
[ ) = w [ = [ =) (= w*) + o (wh - w) [
= =0 | —w g+ o Wi -w g

+20(1-0)(W - w*)TG(wk -w").

*

Using the following identity:
2a+b)"Gb = la+bllg - llalg + 161

for a = w* — wk, b = wX — w* and (3.16), we obtain

oy *
R e e PR ROty
=W = whfg+ Ik - w )
= (- o)| W —w[g o[ wh - w [~ o - o)k - wi][g
<(@-o)|w —w*||2G +o || W - ax G (W, W) —w*||26
—O'”Wk —ockG_ld(wk,ﬂ/k) —Mi“é—o(l—a)”wk —WI;HZG (3.17)

Using the definition of ®(«x) and (3.17), we get

O() = o || wf - WiHZG +20 o (Wh - m/()Td(m/(, )

+ 200 (wk - w*)Td(wk, ﬁ/"). (3.18)

Using the monotonicity of f and g, we obtain

T ~ T
-\ [ f@E) - ATk —a\ [ flar) - AT
é}k _y* g(f’k) _ BT)\k > ?k _y* g(y*) _ BT)»* >0
Ak Axk + By —b Ak Ax* + By* - b

and consequently

ATHB(y* - 7)
(ﬁ/k _ W*)Td(wk,ﬁ/k) > (171/( _ W*)T BTHB()/k _5/()
0

= (A% + Bz* - b)"HB(y* - 5)
= (K =39"B(} -7
and it follows that

(W —w*) d(wh, i) = (= K) T d(wh, ) + (A5 = 70T B(F - 7). (3.19)

Page 8 of 15
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Applying (3.19) to the last term in the right side of (3.18), we obtain

O() = o||wf - WiHZG + 20 o (Wh - m/()Td(u/(, W)
o (0~ )T ) + () TB )
o It 2 ) )

+ 20, (WX =70 B(F - 7)) (3.20)
Adding (3.15) (multiplied by o) to (3.20), we get

() 2 o[k [ 2o )7 Gl ) 2o
=20 yF = 7 o + 200 (A = 7F) T B(F -5}
= o { Wk = wk — e (wh — W) |G, — o | — |+ 20| wF =

= Dot = | = 2tk [y = 5 g + 200 (25— 75 "B - 7))
and using the notation of ¢y in (2.7), the theorem is proved. O

From the computational point of view, a relaxation factor y € (0,2) is preferable in the
correction. We are now at the position to prove the contractive property of the iterative
sequence.

Theorem 3.2 Let w* € W* be a solution of SVI and let w**'(yay) be generated by (2.5).
Then w* and W* are bounded, and

~ k2

[ W ran) - wH|| 2 < Wk = w2, = | wh = w2, (3.21)
where
It DN
4

Proof 1t follows from (3.11), (2.10), and (2.11) that

o) =wlG < W —w g - o Crane— e w ~ )

[w
= |wr-w" ||2G -y (2 - y)oxo gk

oy(2-y)

2
< w2 - 22

(4% + By = b, + [ = #] )-
Since y € (0,2) we have
[t —we | < W —w] << w0 -

and thus {w} is a bounded sequence.
It follows from (3.21) that

icHw" — |2 < +o0,

k=0
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which means that

lim [wf — 34| .= 0. 3.22
Jim [Jwf =] (322)
Since {wX} is a bounded sequence, we conclude that {#X} is also bounded. O

4 Convergence of the proposed method
In this section, we prove the global convergence of the proposed method. The following

results can be proved by using the technique of Lemma 5.1 and Theorem 5.1 in [17].

Lemma 4.1 For given w* = (xX,5%,1%) € RI, xR % R, let W = (35,5, 2K be generated
by (2.4a)-(2.4c). Then for any w = (x,y,1) € W, we have

(=) (F(#) - ATZF + ATHB(Y - 3)) = (&t = #) " R{(1 + ) — (ot + 7))} (4.1)
and

(r-5)" (e(*) - BTR*) = (o* - 37) " s{@ + wy - (wy* +5)}. (4.2)

k k

Proof Applying Lemma 2.1 to prediction step of LQP-ADM (by setting u* = x*, u = &,

q(u) = f(&) — ATA* + ATHB(y* - 5) and v = x in (2.9)), it follows that

(x—#) " (F (&) - ATRK + ATHB(y* - 7))

1+w . 1-pn -
R R R A R PO

By a simple manipulation, we have

1+pm . 2 2y 1-pu )
e R T R PO
=1+ xR — (1 + pw)a R — (1 - u)(fck) TRyk — M”xk”; + ||5ck||?e
=1+ M)xTR(xk —5ck) - (xk —5€k) TR(uxk + 5ck)
= (xk —&k)TR{(l + )X — (/ka +5ck)},
and the assertion (4.1) is proved. Similarly we can prove the assertion (4.2). d

Now, we are ready to prove the convergence of the proposed method.

Theorem 4.1 The sequence {w*} generated by the proposed method converges to some w™®
which is a solution of SVI.

Proof 1t follows from (3.22) that

tim [~ %], =0, Jim [ -5 =0 3)

k—o00
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and

Jim A =35 = Jim |AZ* + BY* - b|,, = 0. (4.4)
Moreover, (4.1) and (4.2) imply that

(=) (F(F) - ATRF) = (= 59) R[4 ) — (uak +35) )}~ (x-3°) "ATHB(/* - 5)
and

(-7)" (¢(") - B"3) = (0 -7)"s{+ wy - (o + )},
We deduce from (4.3) that

limg oo (x — 2T {FGF) - ATIF) >0, VxeR",,
; SN [ (7 T3k (4.5)
limy_ oo (y - )T {g(*) - BTA*} >0, VyeR™.

Since {w*} is bounded, so it has at least one cluster point. Let w™ be a cluster point of {wX}

and the subsequence {whi} converges to w™. It follows from (4.4) and (4.5) that

limy_, o (6 — %) T{f(x5) — ATAN)} > 0, VxeR”

lim oo (y = 99)7{g(0¥) - BTA5} = 0, VyeR™,
limj_mo(Axki + Byk/' -b)=0.

Consequently

(x —x®)T{f(x*) —ATA®} >0, VxeR"

++7
0 -y*){g™) -B"A*} >0, VyeRI,
Ax® +By® —b =0,

which means that w™ is a solution of SVIL

Now we prove that the sequence {w*} converges to w*. Since

kli)n()lo”wk—ﬁ/k”G:O and {4} — w™
for any € > 0, there exists an / > 0 such that
~ ki 00 € el €
”wl—w ||<§ and Hwk’—w’||<§. (4.6)
Therefore, for any k > k;, it follows from (3.21) and (4.6) that

o = o] = = o] = = 4 4= <

This implies that the sequence {wX} converges to w™, which is a solution of SVL. g
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5 Comparison
Let

Wi () = Py [wk — o Gld (W, ﬁ/k)] (5.1)
and
Wit @) i= P [ = (w' = )] (5:2)

represent the new iterates generated by the algorithm presented in this paper and Li’s
algorithm in [19], respectively, where o = 1. Let

Ore) = W —wl g~ Wi () - w*
and
Op(o) := || wh —w* HZG - ” W11<1+1(0‘k) -w ”i;
measure the progresses made by the new iterates, respectively. From (3.11), we have

Orlax) > qrle) = | wr — wh*i(

o) — ak(wk - ﬁ/k) ||2G + 2000 — oe,% ||wk _— HQG
Theorem 3.5 of [19] indicates that

Oulex) > qule) := 2o — | W — ik ”26'
Note that the optimal step sizes used in both methods are identical. It is easy to prove that

qr(ox) > qu (o). (5.3)

Inequality (5.3) shows theoretically that the proposed method is expected to make more
progress than that in [19] at each iteration, and so it explains theoretically that the pro-
posed method outperforms the method in [19].

6 Preliminary computational results

In this section, we report some numerical results of the proposed method, we consider
the following optimization problem with matrix variables:

min{ % X = C|I2 ’ Xe sz}, (6.1)
where | - || is the matrix Frébenius norm, i.e., |Cllp = (327, 27, |Cy1*)2,
S'={HeR"™ |H" =H,H > 0}.
Note that the matrix Frébenius norm is induced by the inner product

(A, B) = Trace(A”B).
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Note that the problem (6.1) is equivalent to the following:

1 2 1 2
min — | X - C||*+ =||]Y - C]|
2 2

st.X-Y=0, (6.2)

X, YeS,

which is equivalent to the following variational inequality: to find u* = (X*,Y*,Z*) e Q =
ST x 8% x R™" such that

(X-X*(X*-C)-Z") =0,
(Y-Y5(Y*-C)+Z*) >0, VYu=(X,Y,Z)eq, (6.3)
X -Y*=0.

The problem (6.3) is a special case of (1.3)-(1.4) with matrix variables where A = I,
B=-Inb=0,fX)=X-C,g(Y)=Y-Cand W = 5" x §¥ x R"™".

For simplification, we take R = rl,x,, S = sl,x, and H = I,;,, where r > 0 and s > 0 are
scalars. In all tests we take p = 0.5, C = rand(#) and (X°, Y%, Z°%) = (I« Lixcn» Onxre) @s the

initial point in the test. The iteration is stopped as soon as
max | X~ X¥|, | Y- Y|, | 2 - ZF |} <107°.

All codes were written in Matlab; we compare the proposed method with that in [19]. The
iteration numbers denoted by k, and the computational time for the problem (6.1) with
different dimensions are given in Tables 1-3.

Tables 1-3 show that the proposed method is more flexible and efficient. Moreover, it
demonstrates computationally that the new method is more effective than the method
presented in [19] in the sense that the new method needs fewer iterations and less com-
putational time, which clearly illustrates its efficiency and thus justifies the theoretical

assertions.

Table 1 Numerical results for the problem (6.1) with r=s=0.8

Dimension of The proposed method The method in [19]
the problem k CPU (sec.) k CPU (sec.)
100 29 1.17 46 131

300 31 507 50 743

500 32 17.92 52 27.67

700 32 42,65 54 7113

Table 2 Numerical results for the problem (6.1) withr=s=1

Dimension of The proposed method The method in [19]
the problem k CPU (sec.) k CPU (sec.)
100 27 1.06 53 133

300 29 4.76 59 8.62

500 29 16.05 61 3323

700 30 44.06 63 82.32
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Table 3 Numerical results for the problem (6.1) withr=s=5

Dimension of The proposed method The method in [19]
the problem k CPU (sec.) k CPU (sec.)
100 21 1.12 178 271
300 23 3.76 198 2645
500 23 12.71 207 108.42
700 24 32.23 213 276.17

Remark 6.1 For the example used in numerical results in [19], we found the same results

as in [19], so we do not include the results.

7 Conclusions

In this paper, we propose a new logarithmic-quadratic proximal alternating direction

method (LQP-ADM) for solving structured variational inequalities. Each iteration of the

new LQP-ADM includes a prediction step where a prediction point is obtained as that

in [15], and a correction step where the new iterate is generated by a convex combina-

tion of the previous iterate and the one generated by a projection-type method along a

new descent direction. Global convergence of the proposed method is proved under mild

assumptions. Further, it is proved theoretically that the lower bound of the progress ob-

tained by the proposed method is greater than that by [19]. Some preliminary numerical

results are reported to verify the efficiency of the proposed LQP-ADM and thus justified

the theoretical assertions.
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