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1 Introduction

Study of modular spaces was initiated by Nakano [1] in connection with the theory of
order spaces which was further generalized by Musielak and Orlicz [2]. The study of fixed
points of mappings on complete metric spaces equipped with a partial ordering < was first
investigated in 2004 by Ran and Reurings [3], and then by Nieto and Rodriguez-Lopez [4].
They applied their results to obtain a unique solution for a first order ordinary differential
equation with periodic boundary conditions (see also [5]). The study of this theory in the
context of modular function spaces was initiated by Khamsi et al. [6] (see also [7] and [8]).
Kuaket and Kumam [9] and Mongkolkeha and Kumam [10-12], considered and proved
some fixed point and common fixed point results for generalized contraction mappings in
modular spaces. Also, Kumam [13] obtained some fixed point theorems for non-expansive
mappings in arbitrary modular spaces. Recently, Kutabi and Latif [14] studied fixed points
of multivalued maps in modular function spaces.

The study of common fixed points of mappings satisfying certain contractive conditions
in the setup of partially ordered metric spaces can be employed to establish the existence of
solutions of many types of operator equations, such as differential and integral equations.
There are a few examples given in the following papers: [15-20] and references mentioned
therein. The objective of this paper is to initiate the study of common fixed point results
in partially ordered modular function spaces. As an application of our results, we study
the property Q for mappings involved herein.

2 Preliminaries
Some basic facts and notations about modular spaces are recalled from [21].

Definition 2.1 Let X be a real (or complex) vector space. A functional p : X — [0, 00] is
called modular if, for any x, y in X, the following hold:

(m;) p(x)=0ifand onlyifx =0.

(my) plox) = p(x) for every scalar o with || = 1.

(m3) plax+ By) < p(x) + p(y) provided thata + 8 =1, and , 8 > 0.
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If (m3) is replaced by p(ax + By) < ap(x) + Bp(y) if « + B =1, and &, B > 0, then p is
called convex modular.
The vector space X, given by

X, ={x€X;p(lx) > 0 as A — 0}

is called a modular space. Generally, the modular p is not subadditive and therefore does
not behave as a norm or a distance.

Modular space X, can be equipped with an F-norm defined by

llxll, = inf{a > O;p<f> < Ol}.
o

If p is convex modular, then

Hﬂb:m4a>&p<f>§1}
o

defines a norm on the modular space X, and is called the Luxemburg norm.
Define the p-ball, centered at x € X, with radius r, as

B,(x,r) = {h eXp;plx—h) < r}.

Definition 2.2 A function modular is said to satisfy A,-type condition, if there exists
K > 0 such that for any x € X, we have p(2x) < Kp(x).

Definition 2.3 p is said to satisfy the A,-condition if p(2x,) — 0 whenever p(x,) — 0 as

n— Q.

Definition 2.4 Let X, be a modular space. The sequence {x,} C X, is called:

(t1) p-convergenttox € X, if p(x, —x) — 0 as n — oo.

(t2) p-Cauchy, if p(x, — x,,) > 0 as n and m — oo.

Note that p-convergence does not imply p-Cauchy since p does not satisfy the triangle
inequality. In fact, one can show that this will happen if and only if p satisfies the A,-type
condition.

It is well known that [6, 22] under the A;-condition the norm convergence and modular
convergence are equivalent. The same is true when we deal with the A;-type condition.
Throughout this paper, we assume that modular function p is convex and satisfies the
A,-type condition. We also state the following definition and results given in [7].

Definition 2.5 The growth function w,, of a function modular p is defined as

p(tx)
p(x)

wp(t):sup{ ,xeXp\{O}} forall 0 <t <oo.

Observe that w,(¢) <1forall ¢ € [0,1].
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Lemma 2.6 The growth function w has the following properties:

(g1) w(t) < oo, foreacht € [0,00).

(g2) w:[0,00) — [0,00) is a convex, strictly increasing function. So, it is continuous.
(83) w(@B) < wl(a)w(B); for all a, B € [0,00).

(g4) 0 Ha)w N (B) < wHaB); for all aB € [0,00), where w™! is the inverse function of w.

The following lemma shows that the growth function can be used to give an upper bound
for |lx||, for each x € X,.

Lemma 2.7 Let p be a convex modular function satisfying the A,-type condition. Then

’

1
X, < ———
Il =

px)

whenever x € X,,.

Let S and T be two self-maps on a modular function space X,. A point x € X,, is called
(1) a fixed point of S if S(x) = x; (2) a coincidence point of a pair (S, T) if Sx = Tx; (3) a com-
mon fixed point of a pair (S, T) if x = Sx = Tx. If w = Sx = Tx for some x in X, then w is
called a point of coincidence of S and T.

The pair (S, T') is said to be compatible if p(STx, — TSx,) — 0 as n — 0o, whenever {x,,}
is a sequence in X such that {Sx,} and {Tx,} are p-convergent to £ € X,.

A pair (S, T) is said to be p-weakly compatible if S and T commute at their coincidence
points.

We denote the set of fixed points of S by Fix(S).

Definition 2.8 Let (X,, <) be a partially modular ordered space. A pair (77, T,) of self-
maps of X, is said to be p-weakly increasing if T1(f) < T> T1(f) and T, (f) < T1 T»(f) for all
feX,.

Definition 2.9 Let (X,, <) be a partially modular ordered space and T3, T be two self-
maps on X,,. An order pair (7, T5) is said to be partially p-weakly increasing if T;(f) <
T, Ti(f) for all f € X,.

The pair (71, T2) is p-weakly increasing if and only if the ordered pairs (73, T>) and
(T,, Ty) are partially p-weakly increasing.

Definition 2.10 Let (X, <) be a partially modular ordered space. A mapping T is said to
be p-weak annihilator of Ty if Ty T (f) <f for all f € x,.

Definition 2.11 Let (X, <) be a partially ordered modular space. A mapping T} is said to
be p-dominating if f < T1f for all f € X,,.

Definition 2.12 Let (X,, <) be a partially modular ordered space and T, T3, T5 be three
self-maps on X, such that T1'.X, € T3X, and T>X, € T3X,. We say that T} and T, are
p-weakly increasing with respect to T3 if and only if for all f € X,,, we have T\f < T,g for
all g € T;1(Thf), and Tof < Tig, for all g € T3 (T>f), where T5'(f) = {h € X, | Tsh = f} for
all f € X,,.


http://www.journalofinequalitiesandapplications.com/content/2014/1/78

Abbas et al. Journal of Inequalities and Applications 2014, 2014:78 Page 4 of 12
http://www.journalofinequalitiesandapplications.com/content/2014/1/78

Definition 2.13 Let (X, <) be a partially modular ordered space and T}, T ,T3 be three
self-maps on X, such that T;X, € T3X,. We say that T} and T, are partially p-weakly
increasing with respect to Tj if for all f € X, we have Tif < T»g, for all g € T3 (T1f).

Definition 2.14 Let X be a vector space. Then (X, <, p) is called an ordered modular func-
tion space iff: (i) p is convex modular function on X and (ii) < is a partial order on X.

Let (X, <) be a partial ordered set. Then x,y € X are called comparable if x <y or y <«
holds.

3 Common fixed point results

We begin with a common fixed point theorem for two pairs of partially weakly increasing
functions on an ordered modular function spaces. It may regarded as the main result of
this article.

Theorem 3.1 Let (X, <, p) be a complete ordered modular function space and S, I, T, and
] self-maps on X, such that S(X,) € J(X,) and 1(X,) € T(X,). Suppose that (], S) and (I, T)
are p-weakly increasing, and the dominating maps S and T are weak annihilators of ] and
I, respectively. If for every two comparable elements f,g € X,

p(Sf - Tg) <ap(lf -Jg) 3.1)

issatisfied, then S, I, T, and ] have a common fixed point provided that for a non-decreasing
sequence {f,} with f, < g, for all n and g, — g implies that f, < g and either
(a) {S,I} are p-compatible, S or I is p-continuous and {T,]} are p-weakly compatible;
(b) {T,]} are p-compatible, T or ] is p-continuous and {S,1} are p-weakly compatible.
Moreover, the set of common fixed points of S, I, T, and ] is well ordered if and only if S, I,
T, and ] have one and only one common fixed point.

Proof (a) Let f € X,,. Construct sequences f,, and g, in X,, such that g1 = Sfon_2 = Jfou-1
and g», = Tfa,-1 = Ifo,. This can be done because S(X,) € J(X,) and I(X,) € T(X,). Since S
is a p-dominating map and the pair (/, S) is partially p-weakly increasing so f3,2 < Sfa,_2 =
Jfon-1 < SUfan1). Also, S is a p-weak annihilator of / 50 fo, 5 < Sfau2 = Jfon1 < SUfan-1) <
fon-1. This implies that fo, 5 < f5,,-1. Since T is a dominating map, fo,-1 < Tfan-1 = Ifon. As
(I, T) is a pair of partially weakly increasing mappings, Ifa, < T(If2,) and fo,-1 < Tfop1 =

I, < T(If5,)- Also T is a weak annihilator of I, so we have f5,, 1 < Tf,,-1 = Ifa, < T(If3,) <
fon- This implies that f5,,.1 < f5,. Hence for all n > 1 we have f,, < f,,1. Suppose that p(g,, —
Qous1) > 0 for every n. If not, then p(g2, — g2n41) = 0 implies that g3, — g2y = 0, that is,

9oy = gons1 for some n. Now from inequality (3.1) we have
P(Qon+1 — Gons2) = P(Sfon — Thonn) < apUfan — Ifone1) = ap(g2n — Gons1)

and therefore p(g2,+1 — gans2) = 0. SO 2441 = Zous2 and so on. Thus {g,} becomes a con-
stant sequence and g, is a required common fixed point of given mappings. Assume that
P(@ni1 — Qons2) # 0 for each n. From (3.1), we obtain

p(g2n+1 _g2n+2) = ,O(szn - Tf2n+1)

=< OlP(Ion _]f2n+1) = Ol,O(an _g2n+l)
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= ap(Sfan-1 = Tfan)

< &*p(Ifrnr = Jfon) = &> p(Gan1 — gon)

= & p(Sfan-2 = Thu1) < & pUfanz = Jfon1)
= *(gan2 — gan1) = & p(Sfan-3 = Tfon-2)

= 0l4,0(1fzn-3 —Jfon-2) = 0l4,0(g2n-3 - Qn-2)

Inductively, we have p(gos41 — Z2nv2) < &¢” p(gus1 — gu+2), Which implies that

1 1
< .
“”P(gml _gn+2) - Io(g2n+1 _g2n+2)

Using Lemma 2.7, we have

1
,1( 1
S2n+1-82n+2

”g2n+1 _g2n+2||,o <

and

Nz am) = G a)
“”P(gn+1 _gn+2) - p(g2n+1 _g2n+2)

Employing the properties of the growth function, we obtain

(&) Genmzn) = (amm)
o p(gnﬂ_gnﬂ) - p(g2n+l_g2n+2)

which implies that

1

-1(Lyn,,-1 1
@ ("‘)nw (P(gn+l_gn+2))

1

) [L()_l(é)]”a)_l( »0(gn+11_gn+2) ) .

lg2n41 — S2ne2llp <

Aswl)=1,anda <1sol< w—l(i), and w_ll(l)

sequence in (X,, || - |l,). There exists & € X, ‘such that llg2n — hll, — 0. That is, the

< 1. This shows that {g»,} is a Cauchy

sequence {gy,} is norm convergent to /2 € X,. Since the A,-condition implies equiva-
lence of norm and modular convergence, {gs,} is modular convergent to # € X,,. There-
fore {go,} A h. Thus, we have & = lim,—, 00 @25+1 = liMy— 00 Jfons1 = lim, 00 Sfo, and 41 =
limy,—, 00 @2ns2 = liMy 00 Tfops1 = limy o0 Ifousa. Assume that 7 is continuous. Since (S, 1}
are p-compatible, we have lim,,_, o SIfay42 = limy,— o0 ISfons2 = Ih. As T is a p-dominating
map, fou+1 < Tfous1 = Ifansa, that s, fo,01 < Ifansn. Therefore we have

p(S[f2n+2 - [f2n+2) = p(S[f2n+2 - Tf2n+1) = aP(Hon+2 _]f2n+1)r

which on taking the limit as n — oo gives p(Ilh—h) < ap(lh—h). Thatis, (1-«a)p(Ih—h) < 0.
Asa <1,s0 p(lh—h) <0 implies that I/ = h. Since T is p-dominating, fo,,,1 < Tfans1. Also,

Page 5 of 12
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Tfops1 = Gonv2 — h as n — oo implies that f;,,,1 < h. So, we have

P(Sh — gani2) = p(Sh—Ifynia) = p(Sh — Tfops1)
<ap(lh —Jfons1) = ap(lh — Gons1)-

On taking the limit as n — 0o, we obtain
p(Sh—h) <ap(lh—-h)=0.

Hence p(Sh—h) = 0and Sh = h. As S(X,) € J(X,), there exists a point k € X, such that Sh =
Jk. Suppose that Tk # Jk. Since S is p-dominating, (/,S) is partially p-weakly increasing,
and S is a p-weak annihilator of /, so we have & < Sh = Jk < SJk < k, that is, 1 < k. Thus,

we have

o(h—Tk) = p(Jk — Tk) = p(Sh — Tk)
<ap(lh-Jk)=ap(h—Jk) =0

giving & = Tk. Since {T,]} are p-weakly compatible, Th = TSh = TJk = JTk = Jh. Thus & is
a coincidence point of 7" and J. As S is a p-dominating map, fo,, < Sf2,. Now Sfo, — h as
n — oo implies that f,, < 4. Now from (3.1), we have

p(Sfon — Th) < ap(Ufon = Jh),
which, on taking the limit as # — oo, gives

ph—Th) <ap(h—Jh) =ap(h - Th),

p(h—Th) < ap(h—Th)
or(1-a)p(h—Th) <0,as o <1,s0 h=Th. Thus, Sh=1Ih=Th=J]h=h. Thatis, his a
common fixed point of S, T, I, and J.

(b) Similarly the result follows when (b) holds.

Now suppose that the set of common fixed points of S, I, T, and J is well ordered. We
claim that the common fixed point of S, I, T, and J is unique. Assume to the contrary that
these maps have two common fixed points # and v, that is,

Su=Iu=Tu=Ju=u and Sv=Iv=Tv=Jv=v.
From inequality (3.1), we have

p(u—v)=p(Su—Tv) <ap(u-Jv) = ap(u—-v).
Thus

(1-a)p(u —v) < 0 implies that p(u — v) = 0, which further implies that u = v.

Hence uniqueness is proved. The converse is straightforward. |
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Corollary 3.2 Let (X, <, p) be a complete ordered modular function space and S, I, and ]
self-maps on X such that S(X) C J(X), and 1(X) C S(X). Suppose that (J,S) and (1,S) are
partially p-weakly increasing and the dominating map S is a weak annihilator of ] and I.
If for every two comparable elements f,g € X

p(Sf —Sg) < ap(f —Jg)

is satisfied, then S, I, and ] have a common fixed point provided that for a non-decreasing
sequence {f,} with f, < g, for all n and g, — g implies that f,, < g and either
(a) {S,I} are p-compatible, S or I is p-continuous and {S,]} are p-weakly compatible;
(b) {S,]} are p-compatible, S or ] is p-continuous and {S,1} are p-weakly compatible.
Moreover, the set of the common fixed points of S, I, and ] is well ordered if and only if S, I,
and ] have one and only one common fixed point.

Corollary 3.3 Let (X, <, p) be a complete ordered modular function space and S, T, and
] self-maps on X such that S(L,) C J(L,) and J(L,) € T(L,). Suppose that (J,S) and (J, T)
are partially p-weakly increasing, and the dominating maps S and T are weak annihilators
of ]. If for every two comparable elements f,g € L,

p(Sf - Tg) <ap(if -Jg)

is satisfied, then S, T, and ] have a common fixed point provided that for a non-decreasing
sequence {f,} with f,, < g, for all n and g, — g implies that f,, < g and either
(a) {S,]} are p-compatible, S or ] is p-continuous and {T,]} are p-weakly compatible;
(b) {T,]} are p-compatible, T or] is p-continuous and {S,]} are p-weakly compatible.
Moreover, the set of common fixed points of S, T, and ] is well ordered if and only if S, T,
and ] have one and only one common fixed point.

Corollary 3.4 Let (X, <, p) be a complete ordered modular function space, S and ] self-
maps on X such that S(L,) € J(L,) and J(L,) € S(L,). Suppose that (J,S) is a partially
p-weakly increasing and the dominating map S is a weak annihilator of ]. If for every two
comparable elements f,g € L,

p(Sf - Sg) <ap(f -Jg)

is satisfied, then S and ] have a common fixed point provided that for a non-decreasing
sequence {f,} with f,, < g, for all n and g, — g it is implied that f,, < g and either {S,]} are
p-compatible, S or ] is p-continuous and {S,]} are p-weakly compatible. Moreover, the set
of common fixed points of S and ] is well ordered if and only if S and ] have one and only
one common fixed point.

Theorem 3.5 Let (X, X, p) be a complete ordered modular function space and S, T, I, and
J continuous self-maps on X,. Suppose that (S,1) and (T,]) are p-compatible, (S, T) and
(T,S) are p-partially weakly increasing with respect to ] and I, respectively, and

p(Sf - Tg) <ap(f -Jg)
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holds for every f,g € X, for which If and ]Jg are comparable. Then the pairs (S,1) and (T,])
have a coincidence point h € X. Moreover if Ih and Jh are comparable, then h € X is a
coincidence point of S, T, I, and J.

Proof Let f; be an arbitrary point in X. Construct the sequences {f,} and {g,} in X such
that g2, = Sfon = Jfous1 and goni1 = Tfons1 = Ifansa. As (S, T) is p-partially weakly increasing
with respect to J, from fo,..1 € J71(Sf2,) we have

]f2n+1 = Son =< Tf2n+l = If2n+2'

Since (T, S) is p-partially weakly increasing with respect to 1, from f,,;2 € I"Y(Tfy11), we
have

[f2n+2 = Ton+1 =< Son+2 =]on+3o

Hence Jfi <Ifo <Jfs <+ <Jfans1 < Ifons2 <Jfansz <--- ,thatis, g0 <gi <@ <--- <gu <
Zoni1 < Gonsa - -+ . Following similar arguments to those given in Theorem 3.1, we obtain
lim,—, oo p(gx — gns1) = 0 and {g,} is a Cauchy sequence. Now we show the existence of the
coincidence point for the pairs (S, 1) and (7,]). To prove this, we proceed as follows: Since
X is complete, there exists / € X,, such that lim,_, g, = . That is, lim,_. o p(Ifo, — h) =
limy; s 00 0(Sfon—h) = iy, 00 0(If2n12 = 1) = limy s 0 P(Thons1 —h) = limy, 0 pUfons1—h) = 0.
By compatibility of (S,) and (T,]), we have

Jim p(I(Sfon) = SUfaw)) = lim p(J(Tfousr) = T([fonn)) = 0.

By continuity of S, T, I, and J, we have lim,_, o o(S(f2n) — Sh) = lim,—, oo (T (Jf2n+1) —
Th) = 0. Note that

p(Th = Sh) < &(3)p(Th - ISfy) + 0(3)p(ISfsn — STfun) + 0(3)p(SIfsn - SH)

= w(3) [,O(Ih —ISf2,) + p(ISfan — Slfan) + p(SIfan — Sh)]r

which on taking the limit as # — oo implies that po(Ih — Sh) = 0, that is, Ih — Sh = 0 and
Ih = Sh. Similarly,

pUh = Th) < @B pUh =T Tfsn) + pUTfon = Thfon) + P(Tfon — Th)],

which on taking the limit as # — oo implies that p(Jh — Th) = 0, that is, Jh — Th = 0 and
Jh = Th. Next we show that /i = Ih. Assume to the contrary /i # Ih, that is, p(Ih — Jh) > 0.
By the given assumption, we have

pUh—]Jh) = p(Sh—Th) < ap(lh - Jh);

a contradiction. Hence Ji = Ih, therefore, Sh = Th = Ih = Jh. Hence  is a coincidence point
of S,1, T,and J. O

Corollary 3.6 Let (X, <, p) be a complete ordered modular function space and S and T,
continuous self-maps on X,, (S, T) and (T, S) are p-partially weakly increasing with respect
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to identity mapping on X, and

p(Sf —Tg) < ap(f —g)

holds for every f,g € X, for which f and g are comparable. Then the pair (S, T) has a com-
mon fixed point.

Corollary 3.7 Let (X, <X, p) be a complete ordered modular function space and S and ]
continuous self-maps on X,. Suppose that (S,]) is p-compatible, S is p-partially weakly
increasing with respect to J, and

p(Sf - Sg) <ap(f -Jg)

holds for every f,g € X, for which Jf and Jg are comparable. Then the pair (S,]) has a

coincidence point h € X.

Example 3.8 Assume that X, = ¢!, where p(x) = ||x|| for x € ¢'. For x,y € ¢!, definex < y
ifand only if x > y.
Let S,J : ¢ — ¢! be defined as

S(x) L 0,0,0
X) =\ =X, =%2,0,0,0,... ),
66"

J(x) L 0,0,0
x) = =x1, =%2,0,0,0,... ).
373"

Note that

(Sx—Sy) = ||ISx - Ty|| = ! L ! 0,0
pSx = 8y) = |[Sx - Ty| = 6x1 6)’1,6962 63/2,,,...

1
= g[|x1 =1l + w2 = yal] < < [1%1 =1l + %2 — 3]

= %p(]x—]y)

— v N

2 1| | 1| |
—| =% — + —|xy —
303 1~ N 3 2—)2

That is,

2
p(Sx—Ty) < gp(lx = Jy).

Note that p-compatibility of (S,]) follows immediately. Also S is p-weakly partially in-
creasing with respect to /. Indeed, S(X,,)) € J(X,,) and Sf < Sg for all g € J7'(Sf). Therefore
all conditions of Corollary 3.7 are satisfied. However, the pair (S,/) has (0,0,0,...,0,...) as
a coincidence and a common fixed point.

4 Periodic point results

If S is a map which has a fixed point f, then f is also a fixed point of S” for every natural
number n. However, the converse is false. If a map satisfies F(S) = F(S") for each n € N,
where F(S) denotes a set of all fixed point of S, then it is said to have property P [23]. We
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shall say that S and T have property Q if F(S) N F(T) = F(S") N F(T"). The set O(T, 00) =
{f, Tf, T?f, ...} is called the orbit of T. The set O(T, S, 00) = {f, Tf, Sf, T*f,S*f,...} is called
the orbit of T and S.

As an application of our results in Section 2, we provide the following periodic point
theorems.

Theorem 4.1 Let S be a non-decreasing self-map of a complete ordered modular function
space (X, X, p), satisfying

p(SF ~S*f) <ap(f - 5f)

forallf € X, or (ii) with strict inequality, « =1 and for all f € X, f # Sf. If, F(S) # ¢, then S
has property P provided that f < Sf for any f € F(S").

Proof We shall always assume that # > 1, since the statement for n = 1 is trivial. Let
f € F(S"). Then f < §f, so a non-decreasing characteristic of the mapping S implies that
O(f, 00) is a well-ordered subset of X. Suppose that S satisfies (i). Then

P =S = p(S(SS) = S*(S"))
= p($*(S") - §f)
< ap(S"7f - S"f)
<a?p(s2 - 5Y)
- =a"p(f - 5f).
Now the right-hand side of the above inequality approaches zero as n — oco. Hence p(f —

Sf) =0, and f = Sf. Suppose that S satisfies (ii). If Sf = f, then there is nothing to prove.
Suppose, if possible, that Sf #f. Then a repetition of the argument for case (i) leads to

o(f =Sf) < p(f - 5f);
a contradiction. Therefore, in all cases, f = Sf. O

Theorem 4.2 Let (X, X, p) be a complete ordered modular function space. Let the map-
pings S and T be as in Corollary 3.6. Then S and T have property Q provided that
O(T, S, 00) for every f € F(S") N F(T").

Proof From Corollary 3.6, S and T have a common fixed point in X. Let f € F(S") N F(T").
Now,

p(f =5f) = p(T(T"7f) = S(5"f))
<ap(1"Yf = 8"f) =ap(1"f -f),

and we have

p(f =Sf) <ap(T"f -f) <--- <a"p(f - 5f).
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Now the right-hand side of the above inequality approaches zero as n — oco. Hence p(f —
Sf) =0, and f = Sf. Now,

o(f = Tf) = p(Sf = Tf) < ap(f - f)

give p(f — Tf) = 0, and f = Tf. |

Remark Recently, Paknazar et al. [24] gave the existence of the solutions of the integral
equations in modular function spaces. Hajji and Hanebaly [25] also applied their fixed
point result to obtain the solution of perturbed integral equations in modular function
spaces (see also [26]). Our results can also be employed to solve such integral equations
in the framework of complete ordered modular function spaces.
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