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1 Introduction and preliminaries
In the last decades, metric fixed point theory has been appreciated by a number of au-
thors who have extended the celebrated Banach fixed point theorem for various contrac-
tive mapping in the context of different abstract spaces; see, for example, [1-32]. Among
them, we mention the interesting fixed point theorems of Samet et al. [20]. In this paper
[20], the authors introduced the notions of a-i-contractive mappings and investigated
the existence and uniqueness of a fixed point for such mappings. Further, they showed
that several well-known fixed point theorems can be derived from the fixed point theorem
of -y -contractive mappings. Following this paper, Karapinar and Samet [21] generalized
the notion -y -contractive mappings and obtained a fixed point for this generalized ver-
sion. On the other hand, Asl et al. [22] characterized the notions of @-1 -contractive map-
ping and «-admissible mappings with the notions of «, -1 -contractive and «,-admissible
mappings to investigate the existence of a fixed point for a multivalued function. After-
ward, Ali and Kamran [23] generalized the notion of «,-1-contractive mappings and ob-
tained further fixed point results for multivalued mappings. Some results in this direction
in the context of various abstract spaces were also given by the authors [24-28, 33-36].
The purpose of this paper is to prove fixed point theorems for nonself multivalued (o, ¥)-
contractive type mappings using a new condition.

Let W be the family of functions v : [0,00) — [0,00), known in the literature as
Bianchini-Grandolfi gauge functions (see, e.g., [30-32]), satisfying the following condi-
tions:

(Y1) v is nondecreasing;
(Y2) Y i w™(£) < oo for all £ > 0, where ¥ is the nth iterate of .
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Notice that such functions are also known as (c)-comparison functions in some sources
(see, e.g, [29]).

It is easily proved that if ¥ € W, then ¥/ (¢) < ¢ for any £ > 0 and ¥(0) = 0 for £ = O (see,
e.g., [20,29]). Let (X, d) be a metric space. A mapping G : X — X is called «-y-contractive
type if there exist two functions « : X x X — [0,00) and v € ¥ such that

a(x,9)d(Gx, Gy) < ¥ (d(x,))
for each x,y € X. A mapping G : X — X is called «-admissible [20] if
a@xy)>1 = a(Gx,Gy)>1.

We denote by N(X) the space of all nonempty subsets of X and by CL(X) the space of all
nonempty closed subsets of X. For A € N(X) and x € X, d(x,A) = inf{d(x,a) : a € A}. For
every A, B € CL(X), let

max{su d(x,B), su dy,A if the maximum exists;
s - | MR 4 B) sup, )
00 otherwise.

Such a map H is called a generalized Hausdorft metric induced by d. We use the following

lemma in our results.

Lemma 1.1 [23] Let (X,d) be a metric space and B € CL(X). Then, for each x € X with
d(x,B) > 0 and q > 1, there exists an element b € B such that

d(x,b) < qd(x, B). (1.1)

Let (X, <,d) be an ordered metric space and A,B C X. We say that A <, B if for each
a € A and b € B, we have a < b.

2 Main results
We begin this section with the following definition which is a modification of the notion

of a-admissible.

Definition 2.1 Let (X, d) be a metric space and let D be a nonempty subset of X. A map-
ping G : D — CL(X) is called o-admissible if there exists a mapping « : D x D — [0,00)
such that

alxy)>1 = awv)>1
foreachu e GxNDandve GyNnD.

Definition 2.2 Let (X, d) be a metric space and let D be a nonempty subset of X. We say
that G: D — CL(X) is an («, ¥)-contractive type mapping on D if there exist o« : D x D —
[0,00) and ¥ € W satisfying the following conditions:

(i) GxND#Pforallx € D,
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(i) for each x,y € D, we have

a(x,y)H(Gx N D, Gy N D) < ¥ (M(x,)), (2.1)

where M(x,y) = max{d(x,y), d(x'Gx);d(y’Gy ), 4Gy );d(y’Gx) ).
Note that if ¢ € W in the above definition is a strictly increasing function, then G: D —
CL(X) is said to be a strictly («, ¥)-contractive type mapping on D.

Theorem 2.3 Let (X,d) be a metric space, let D be a nonempty subset of X which is com-
plete with respect to the metric induced by d, and let G be a strictly (o, )-contractive type
mapping on D. Assume that the following conditions hold:
(i) Gisan a-admissible map;
(i) there exist xg € D and x1 € Gxg N D such that a(xy,x1) > 1;
(iii) G is continuous.
Then G has a fixed point.

Proof By hypothesis, there exist xg € D and x; € Gxo N D such that a(xg,x1) > 1. If xp = x1,
then we have nothing to prove. Let xg # x;. If x; € Gx; N D, then x; is a fixed point. Let
x1 ¢ Gx; N D. From (2.1) we have

0 < a(xg,x1)H(Gxo N D, Gx; N D)
d(xo, Gxo) + d(x1, Gxy) d(xo, Gxr) + d(x1, Gxo) })

< w(max{d(xmxl)t P ) D)

=< w(max{d(xO)xl)) d(xl: le)}) (22)

since M < max{d(xo,x1),d(x1, Gx;)} and w < max{d(xo,x1),d(x1, Gx1)}.

Assume that max{d(xg,x1), d(x1, Gx1)} = d(x1, Gx;). Then from (2.2) we have

0 < d(x1, Gx1 N D) < a(xg,x1)H(Gxg N D, Gx; N D)

< I/f(d(xl: le))
< d(x1, Gxy), (2.3)

a contradiction to our assumption. Thus max{d(xg, ), d(x1, Gx1)} = d(xg,x1). Then from
(2.2) we have

0<d(x;,Gx;ND) < w(d(xo,xl)). (2.4)
For g > 1 by Lemma 1.1, there exists x; € Gx; N D such that

0 < d(x1, %) < gd(x1, Gx; N D) < qyr (d(x0,%1)). (2.5)
Applying v in (2.5), we have

0 < ¥ (d(x1,%2)) < ¥ (q¥ (d(x0,%1))). (2.6)
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= W. Then ¢; > 1. Since G is an a-admissible mapping, a(x;,x;) > 1. If

xy € Gxy N D, then x, is a fixed point. Let xy ¢ Gx, N D. From (2.1) we have

Put q;

0 < a(x1,x%2)H(Gx; N D, Gxy, N D)
d(x1, Gxy) + d(xy, Gxp)  d(x1, Gxo) + d(x2, Gxy) })

2 ’ 2
< ¥ (max{d(xy, %), d(x2, Gx2) }) (2.7)

< I/j (max {d(xllxz)’

since w < max{d(x1,%2),d(x2, Gx>)} and w < max{d(x1,x2), d(x2, Gx)}.

Assume that max{d(x,x,), d(x2, Gx3)} = d(x2, Gx,). Then from (2.7) we have

0 < d(xy, Gxy N D) < a(x1,x0)H(Gx; N D, Gxy N D)
< ¥ (d(x2, Gxz))
< d(x2r ze), (28)

a contradiction to our assumption. Thus max{d(x1,x5), d(x2, Gx2)} = d(x1,%7). Then from
(2.7) we have

0 < d(x, Gxy N D) < Y (d(x1,%2)). (2.9)
For ¢; >1 by Lemma 1.1, there exists x3 € Gx, N D such that

0 < d(xy,%3) < q1d(x2, Gxo N D) < qlw(d(xl,xz)) = w(qw (d(xo,xl))). (2.10)
Applying v in (2.10), we have

0 < ¥ (d(x2,x3)) < ¥*(qy (d(wo,%1))). (2.11)

%. Then ¢, > 1. Since G is an a-admissible mapping, a(x,,x3) > 1. If

x3 € Gx3 N D, then x3 is a fixed point. Let x3 ¢ Gx3 N D. From (2.1) we have

Put ¢, =

0 < a(x,x3)H(Gxy N D,Gx3 N D)
d(x2, ze) + d(xg, Gxg) d(xz, G?Cg) +d(x3, Gx2)
2 ’ 2 })
< w(max{d(xz,xg),d(xg,Gxg)}) (2.12)

< 1# (max{d(xZ)x?))v

since w < max{d(xy,%3),d(x3, Gx3)} and w < max{d(x2,%3), d(x3,

Gx3)}. Assume that max{d(x,,x3), d(x3, Gx3)} = d(x3, Gx3). Then from (2.12) we have
0 < d(x3, Gxs N D) < a(x9,x3)H(Gxy N D, Gx3 N D)
< ¥ (d(xs, Gxs))
< d(x3, Gxs), (2.13)
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a contradiction to our assumption. Thus max{d(x,,x3), d(x3, Gx3)} = d(x,x3). Then from
(2.12) we have

0 < d(x3, Gx3 N D) < ¥ (d(x2,%3)). (2.14)
For ¢, >1 by Lemma 1.1, there exists x4 € Gx3 N D such that

0 < d(x3,%4) < q2d(x3, Gx3 N D) < qor (d(%2,%3)) = wz(qt/f (d(xo,%1))). (2.15)
Applying ¥ in (2.15), we have

0 < ¥ (d(x3,%4)) < ¥ (qVr (d(x0,%1))). (2.16)

Continuing the same process, we get a sequence {x,} in D such that x,,; € Gx, N D, x,,,1 #
Ky (X, Xi1) > 1, and

Ad(Xp41,%Xp42) < w”(qw (d(xo,xl))) for each n € NU {0}. (2.17)

For m,n € N, we have

n+m-1 n+m-1
d(xn)xn+m) < Z d(xi:xiﬂ) < Z 1ﬁiil(d(xO:xl))'
i=n i=n

Since y € W, it follows that {x,} is a Cauchy sequence in D. Since D is complete, there
exists x* € D such that x,, — x* as n — 00. By the continuity of G, we have
d(x*, Gx*) < nlEI;oH(Gx"’ Gx*) =0. O
Theorem 2.4 Let (X,d) be a metric space, D be a nonempty subset of X which is com-
plete with respect to the metric induced by d, and let G be a strictly («, )-contractive type
mapping on D. Assume that the following conditions hold.:
(i) G isan a-admissible map;
(ii) there exist xo € D and x1 € Gxg N D such that o(xg,x1) > 1;
(iii) either
(a) for any sequence {x,} in D such that x,, — x as n — 00 and a(x,,x,41) > 1 for
each n € NU {0}, lim,,_, o, at(x,,, %) > 1,
or
(b) for any sequence {x,} in D such that x,, — x as n — 00 and o/(x,, X,41) > 1 for
each n € NU {0}, a(x,,x) > 1 for each n € NU {0}.
Then G has a fixed point.

Proof Following the proof of Theorem 2.3, there exists a Cauchy sequence {x,} in D with
x, — x* as n — oo and a(xy,x,41) > 1 for each n € N U {0}. Suppose that d(x*, Gx*) # 0.
From (2.1) we have

o (%, x*)d (%041, Gx* N D) < & (0, 6*)H(Gx,, N D, Gx* N D)

d(x,, Gx,) + d(x*, Gx™)

< 1//<max{d(xn,x*), 5 ,
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d(x,, Gx*) + d(x*, Gx,)
2
d(x,, Gx,) + d(x*, Gx™)

< max{d(xn,x*), 5 ,

(2.18)

d(x,, Gx*) + d(x*, Gx,,) }
5 .

Letting n — oo in (2.18), we have

d(x*, Gx*)
— (2.19)

lim o (x,,x")d(x*, Gx* N D) <

n—00

Since lim,,_, o, & (x,,, ™) > 1, by condition (iii)(a), we have

k k
d(x*,Gx* ﬂD) < lim ot(xn,x*)d(x*,Gx* ﬂD) < M (2.20)

n—oQ 2
Further, it is clear that d(x*, Gx*) < d(x*, Gx* N D). Then from (2.20) we have

d(x, Gx*) < @

which is impossible. Thus d(x*, Gx*) = 0. If we use (iii)(b), then from (2.1) we have

d(xn+ly Gx* N D) < Ol(xmx*)H(Gxn ND, Gx* N D)
<y (max{d(xn,x*)’ (%, Gxn) ;' d(x*, Gx )’

d(x,, Gx*) + d(x*, Gx,) })
2

% d(xn; Gxn) + d(x*, Gx*)
< max{d(x,,x%), 5 ,

d(x,, Gx*) + d(x*, Gx,) }

5 (2.21)

Letting n — o0 in (2.21), we have

d(x*, Gx*)

d(x*,Gx*) < d(x*, Gx* N D) < 5

which is impossible. Thus d(x*, Gx*) = 0. O

Example 2.5 Let X = (—00,-8) U [0, 00) be endowed with the usual metric d, and let D =
[0,00). Define G : D — CL(X) by

[0, % if0 <x<4,
Gx =1 {0} ifx=4,

(=00, =3x] U [x,42] ifx>4
and « : D x D — [0, 00) by

1 ifx,yel0,4],
al(x,y) =
0 otherwise.
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Clearly, Gx N D # () for each x € D. Let ¥ (¢t) = % for each ¢ > 0. To see that G is a strictly
(o, ¥r)-contractive type mapping on D, we consider the following cases.
Case (i) When «x,y € [0,4), we have

a(x,y)H(Gx N D,Gy N D) = 'f - 1‘ <P () < v (M),

4 4|1 2

Case (ii) When x € [0,4) and y = 4, we have

a(x,y)H(GxND,GyN D) =

<y (d(x, Gx) + d(y, Gy)

> ) < ¥ (M(x,9)).

SR

Case (iii) Otherwise, we have

a(x,y)H(GxND,GyND) =0 < W(M(x,y)),

where M(x, y) = max{d(x, y), d(x’Gx);d(y’Gy ) deGy );d(y’Gx) ).

Thus, G is a strictly (o, ¥)-contractive type mapping on D. For «(x,y) > 1, we have x,y €
[0,4], then Gx N D,Gy N D < [0,1], thus a(u,v) =1 for each u € Gx N D and v € Gy N D.
Further, for any sequence {x,} in D such that x, — x as n — oo and «(x,, x,,,1) = 1 for each
n € NU {0}, lim,,_, o, @(x,,x) = 1. Therefore, all the conditions of Theorem 2.4 hold and G
has a fixed point.

Corollary 2.6 Let (X, <,d) be an ordered metric space, let (D, X) be a nonempty subset
of X which is complete with respect to the metric induced by d. Let G : D — CL(X) be a
mapping such that Gx N D # () for each x € D and for each x,y € D with x <y, we have

H(GxN D,GyN D) < ¥(M(x,9)),

where M(x,y) = max{d(x,y), « )} and  is an increasing function

%,Gx)+d(y,Gy) d(x,Gy)+d(y,Gx
2 ) 2
in V. Also, assume that the following conditions hold:
(i) there exist xg € D and x1 € Gxg N D such that xo < x1;
(ii) ifx <ythen GxND <, GyND;
(iii) either
(a) G is continuous,
or
(b) for any sequence {x,} in D such that x, — x as n — 00 and x,, < X1 for each
ne NU{0},x, <xasn— o0,
or
(c) for any sequence {x,} in D such that x, — x as n — 00 and x, < x,,1 for each
n e NU{0}, x, X x for each n € NU {0}.
Then G has a fixed point.

Proof Define « : D x D — [0, 00) by

1 ifx=y,
ax,y) =
0 otherwise.
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By using condition (i) and the definition of «, we have «a(xg,x;) = 1. Also, from condition
(ii), we have that x < y implies Gx N D <, Gy N D; by using the definitions of « and <,, we
have that «(x, y) = 1 implies «(u, v) = 1 for each u € Gx N D and v € Gy N D. Moreover, it is
easy to check that G is a strictly («, 1)-contractive type mapping on D. Therefore, all the
conditions of Theorem 2.3 (or Theorem 2.4 for (iii)(b), (iii)(c)) hold, hence G has a fixed
point. g

Remark 2.7 Condition (a), in the statement of Theorem 2.4, was introduced by Samet et
al. [20]. In Theorem 2.4 we introduce a new condition (b). The following examples show

that (a) and (b) are independent conditions.

Example 2.8 Let X = {% :n € N}U{0}. Consider x,, = ﬁ for each n € NU {0}, then x,, —
0 =x*asn — 00.Definea: X x X — [0, 00) by

max{?—lc,i ifx#0andy#0,

ax,y) = ﬁ if eitherx =0 ory =0,
1 ifx=y=0.
Now, we have a(x,,x,.1) = a(ﬁ, n%) =n+2>1 for each » € NU {0} and a(x,,x*) =
a(ﬁ,O) =n+1>1for each n € NU {0}. Thus condition (a) holds but lim,,_, o, a(x,,, x*) =

lim,,_, oo (72 + 1) = 0co. Thus condition (b) does not hold.

Example 2.9 Let X = {% :n € N}U{0}. Consider x,, = ﬁ for each n € NU {0}, then x,, —
0 =x* as n — 0o. Define o : X x X — [0, 00) by

max{’—lc,i ifx#0andy #0,

alx,y) = m if eitherx =0 or y = 0,
1 ifx=y=0.
Now, we have a(x,,x,.1) = a(ﬁ, nlﬁ) =n+2>1 for each n € NU {0} and a(x,,x*) =
a(ﬁ,O) = gzig Then lim,,_, o0 ot (%,,,6%) = lim,,_ o0 %Z:ﬁ = 1. Thus condition (b) holds but

for n = 0, we have a(x,,x*) = %; for n = 1, we have a(x,,x*) = %; for n = 2, we have
a(x,,x) = %, which implies that «(x,,,x) # 1 for each n € NU{0}. Thus condition (a) does
not hold.
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