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1 Introduction
The classical problem settled by Fekete and Szeg6 [1] is to find for each X € [0,1] the max-
imum value of the coefficient functional

qD)L(f) = |ﬂ3 - )\ﬂ%‘

over the class S of univalent functions f in the unit disk D := {z € C: |z| < 1} of the form
fl)=z+ Za,,z", zeD. (1.1)
n=2

By applying the Loewner method they proved that

1+2exp(-2A/(1-1)), Ae€][0,1),
(1) — P-2/(1-2), Ae(01)
fes 1, A=1
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The problem of calculating maxsc = @, (f) for various compact subclasses F of the class
A of all analytic functions f in D of the form (1.1), as well as for A being an arbitrary real
or complex number, was considered by many authors (see, e.g., [2-10]).

Let §* denote the class of starlike functions, i.e., the class of all functions f € A such
that

zf'(2)
f(2)

Re >0, zeD. (1.2)

Given § € (-7 /2,7/2) and g € §*, let C5(g) denote the class of functions called close-to-

convex with argument § with respect to g, i.e., the class of all functions f € A such that

Re { ﬁzf;j)} 0, zeD. (1.3)

Let

= U G G:=JGw

Se(-m/2,m/2) geS*

denote the classes of functions called close-to-convex with respect to g and close-to-convex

with argument §, respectively, and let

c= U &= U Uow

se(-m/2,m/2) Se(-m/2,m/2) geS*

denote the class of close-to-convex functions (see [11, pp.184-185], [12,13]). It is well known
that S* and C are the subclasses of S.

By using a specific starlike function g, inequality (1.3) defines the related class Cs(g).
Given « € [0,1], let

%u(2) = Z na"z", zeD. (1.4)

laz

It is easy to check that each g, satisfies (1.2), i.e., g, € S* for every « € [0,1]. Then (1.3) is
of the form

Re{em(l - az)zf’(z)} >0, zeD, (1.5)

and defines the class Cs(g,), and further the class C(g,). Such classes of functions were
studied in [14, 15] and [16], where some generalization of the Robertson condition for
convexity in one direction [17] was discussed.

Note that for « := 1 we get the Koebe function g; =: k. Then condition (1.5) defines the
class Cs(k) and further the class C(k) of functions close-to-convex with respect to the Koebe
function. Such functions have a well-known geometrical meaning, namely condition (1.5)
geometrically says that the function / := e’f has the boundary normalization

lim A7t (h(z) + t) =1

t—00
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and /(D) is a domain such that {w + ¢: £ > 0} C k(D) for every w € h(D). Such functions
h, clearly univalent as close-to-convex, and domains 4(D) are called convex in the positive
(negative) direction of the real axis and are related to functions convex in the direction of
the imaginary axis (see, e.g., [17-20], [21, Chapter VI], [22]).

For o := 0 we have the identity function gy(z) = z, z € D, and then condition (1.5) is of
the form

Re{ei‘sf’(z)} >0, zeD. 1.6)

Functions f having such a property are called of bounded turning with argument § and
form the class Cs5(go) denoted usually as P’(§). Functions in the class P’ := C(gy) are usually
called of bounded turning (cf. [23, Vol. 1, p.101]). On the other hand, condition (1.6) is
known as the famous criterium of univalence due to Noshiro [24] and Warschawski [25]
(cf [23, Vol. 1, p.88]). In this way condition (1.5) creates a simple parametric passage from
the class P’(8) to the class Cs(k).

The main goal of this paper is to study the Fekete-Szeg6 problem for the classes C(gy),
a € [0,1]. For the class C(k), i.e., for a = 1, the Fekete-Szeg6 problem was examined in [26],
where it was shown that

13— 44, % € (—00,1/3] U1, +00),
max ) = 1 (232 2
fec®) LB oA+ 2, ael3,

with sharpness of the result for A € R\ (2/3,1). Recall here that in [3] Keogh and Merkes

proved that
13 — 41, X € (=00,1/3] U [1, +00),
max @, (f) = {1/3 + 4/(91), X €[1/3,2/3],
fe€Co
1, e [2/3,1].

For A € [0,1] Koepf in [5] extended the above result for the class of close-to-convex func-
tions showing that

max ¢ = max ¢ .
fer ) feCi)( )

For other results on the Fekete-Szego problem for various subclasses of close-to-convex
functions, particularly for strongly close-to-convex functions, see [27-29] and [30].

For the class P’ and X € [0,1], we get the following sharp result published, among other
results, in [6, Theorem 2.3], namely

2
max & =—.
feP! ) 3

2 Main result
By P we denote the class of all analytic functions p in D of the form

o0
plz)=1+ chz”, zeD, (2.1)
n=1
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having a positive real partin D. Foreache € T:={ze€ C: |z]| =1}, let

Inequalities (2.2) and (2.3) below are well known (see, e.g., [31, pp.41, 166]).

Lemma 2.1 Ifp € P is of the form (2.1), then

|Cn| E 2; ne Nx (22)
and
2 2
o lal
- <2-—. 2.3
2 5| = B (2.3)

Both inequalities are sharp. The equality in (2.2) holds for every function L., ¢ € T. The
equality in (2.3) holds for every function

pup(2) = tL(e"2) + (1 - £)L(e*2?)

=1+2tez+2e%22+..., zeD, (2.4)
where t € [0,1] and 6 € R.

Now we prove the main theorem of this paper. The source of the method of proof is
in Koepf’s paper [5], where the upper bound of ®, for close-to-convex functions with A
restricted to the interval (1/3,2/3) was calculated. However, we modify this technique and
use it homogeneously for the class C(g,) for all real A, partially analogously as in [26] for
the class C(k), and in [32]. We apply also the powerful Laguerre’s rule of counting zeros of
polynomials in an interval. We propose Laguerre’s algorithm for such a computation by
its simplicity, usefulness and efficiency.

We shortly recall Laguerre’s rule of counting zeros of polynomials in an interval (see [33,
34], [35, pp.19-20]). Given a real polynomial

Q) =aou” + ™ + -+ + a,_1u + ay, (2.5)

consider a finite sequence (gx), k = 0,1,...,n, of polynomials of the form
k
qi(u) = Zajuk_’. (2.6)
j=0

For each u € R, let N(Q; uo) denote the number of sign changes in the sequence (gx(uo)),
k=0,1,...,n. Given an interval / C R, denote by Z(Q;I) the number of zeros of Q in 1
counted with their orders. Then the following theorem due to Laguerre holds.

Theorem 2.2 If a < b, Q(a) # 0 and Q(b) # 0, then Z(Q;(a,b)) = N(Q;a) — N(Q;b) or
N(Q;a) = N(Q;b) — Z(Q; (a, b)) is an even positive integer.
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Note that gx(0) = ax and gx(1) = Z,l'(:o a;. Thus, when (a, b) := (0,1), Theorem 2.2 reduces

to the following useful corollary.

Corollary 2.3 If Q(0) # 0 and Q(1) # 0, then Z(Q;(0,1)) = N(Q;0) — N(Q;1) or N(Q;0) —
N(Q;1) - Z(Q;(0,1)) is an even positive integer, where N(Q; 0) and N(Q;1) are the numbers
of sign changes in the sequence of polynomial coefficients (ax) and in the sequence of sums
(Z;l;o a;), with k = 0,1,...,n, respectively.

The main theorem of the paper is as follows.

Theorem 2.4 Let a € [0,1]. Then

max &
feC(g):z) )\(f)

2+ia+a?-(1+a)’r,  AeR\(n(@), (@),
2 2(1 . (2-32)2 2.7)
3 +o (§ ° 2-12-3%] + |1 _)‘|)r A€ [Tl(a)r 7-'2(0[)]’
where
2 _ 22 +a)
n@=gaey P@E 3y

For each «a € (0,1] and each A € R\ (2/3, 15()), as well as for o := 0 and each A € R, the
inequality is sharp and the equality is attained by a function in Cy(gy). In particular,

(i) when « € (0,1], for each A € [11(),2/3] the second equality in (2.7) is attained by the
Sfunction fo,, given by the differential equation

, P, ,O(Z)
Sty @) = (I—A—az)Z’ Jot;(0):=0,z€D, (2.8)
where ty ) := a(2/(3A) — 1);
(ii) when o € (0,1], for each ) € R\ (t1(«), T2(at)) the first equality in (2.7) is attained by
the function f, 1, given by (2.8) with t,; =1, i.e., when a € (0,1), by the function

2 l-0z 1+« z
Jan(2) = 1) log

- . , ze€D,logl:=0, 2.9
l1-z 1-o 1l-oaz £ 29)

and when o =1, by the Koebe function fi, := k;
(iil) when o = 0, for each A € [0,4/3] the second equality in (2.7) is attained by the function

Jfoo(z) :=—z+log g, ze€D,logl:=0; (2.10)
and for each ) € R\ (0,4/3) the first equality in (2.7) is attained by the function

fo1(2) :=-z—-2log(1-2), zeD,logl:=0. (2.11)
Proof Fix a € [0,1]. Observe from (1.5) that f € C(g,) if and only if

e’ (1-az)*f'(z) = p(z)cos§ +isins, zeD (2.12)

Page 5 of 16
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for some § € (-7/2,7/2) and p € P. Thus
zf'(z) = e_i‘sga(z)(p(z) cos$ +isind), zeD. (2.13)
Setting the series (1.1), (1.4) and (2.1) into (2.13), by comparing coefficients, we get
1 _is
as = E(Cle cos§ +2a) (2.14)
and
1 -is -6 2
as = g(cze cos 8 + 2acre™ cos§ + 3 ) (2.15)
Let A € R. Using (2.3), from (2.14) and (2.15), we have

Dy(f) = |as — 145

L s 2 i 2
= gCge c055+§acle cosd + o

1 ) .
- Z)»(cfe_z“s cos®§ + dacie™ cos § + 4a?)

21 -1)+ 1 Cy— ﬁ e ¥ coss
3 2

a 3. s -is 2 -is
+—(1-=Xe™cosé Je’cosd +a| = —A |Jcie™° cosd
6 2 3

1 2
<o?ll-Al+= 2—ﬂ cosd
3 2

le1|?

6

3. s 2
l—ike cosd|cosd +a §—A |c1| cosé

= a?|1- Al

2o

2 2 9 2
+ —+ﬂ 1-(31—-=A%)cos?8-1)+a
3 6 4 3

Setx :=|c;| and y := cos 8. Clearly, y € (0,1] and, in view of (2.2), x € [0, 2]. It is convenient

le1 |) cos 4. (2.16)

to use y := 2 — 31 instead of X in further computation. For y € R, let

sy ()= [1- <1— iyz)ﬁ, y€[0,1].

Set R:=[0,2] x [0,1]. For @ € [0,1] and y € R, define

1 1 x2
Fyp(x,y) = §a2|1 +y|+ 5(2 + E(sy(y) —1) +a|y|x)y, (x,9) € R.

Consequently, in view of (2.16) we have

max ¢ < max F,,(x,v).
f€Clga) *(f)—we]e wy ()

Page 6 of 16
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Now, for each o € [0,1] and y € R, we find the maximum value of F, ,, on the rectangle R.

1. In the corners of R we have

1
F,,(0,0) = F,,(2,0) = §oﬁ|1 +yl, (2.17)
1 2
Fby(0,1) = =1+ y|+ =, (2.18)
3 3
1, 1
Fa,y(2,1):§a |1+y|+§(1+2a)|y|. (2.19)

2. For x =0 and y € (0,1) we have a linear function and for x € (0,2) and y = 0 we have a
constant function.

3.Forx€(0,2)and y =1, let

1/1
Ga,y (%) 1= Fypy (x,1) = 3 <1(|y| —2)x” +alyle + a1+ y| + 2).
For |y| = 2 we get the linear functions, so let |y| #2. Then G|, () = 0 if and only if

_2alyl
2-lyl

Thus x4, € (0,2) if and only if

2
aZ0A0<]|y|< . (2.20)
l+a
Moreover, we have
1 012)/2
Fyoy(Xg,1) = = +a?l+y|+2). 2.21
oy G 1) 3(2_|y| Pyl ) (221)

4.Forx=2and y €(0,1), let

Hay )= Fuy () = 5 (@114 71+ 295, ) + 2aly ).
For |y | = 2 we have the linear functions, evidently, so let |y| # 2. Note first that
s,(») >0, ye€(0,1). (2.22)
Taking into account (2.22), we have

~1-37""  _500-1
1—(1—%)/2)}/2 s, ()

ys/y () = y€(0,1). (2.23)

Using (2.23) we get

1
H, (y) = %(Sy()’) + Vs(y +a|y|) =0, ye(0,1) (2.24)

Page 7 of 16
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if and only if
252 (y) +alyls,() -1=0, y€(0,1),

i.e., in view of (2.22) if and only if

—aly| ++/8 +a2y?

4

s, (y) = =:Sq,y, ¥€(0,1).

Since |y | #2, so from the above we get the equation

- 4-ao?y? +alyly/8 +aly?

2(4-y?)

, y€(0,1). (2.25)

Thus the solution of equation (2.25), and hence of (2.24), exists if and only if

0 4-a?y? +alyly/8 +a?y? )
< <1

2.26
267 (220
Elementary computing shows that (2.26) holds if and only if
2
YI<Viia (2:27)
+o

Thus the function H,,, has a critical point in (0,1), namely

Yo,y

\/4—042)/2 +aly|lVa?y?+8
y: =

2(4-y?)

as the unique solution of (2.25), if and only if (2.27) holds. Moreover,

1
Fa,y(zryoz,y) = §d2|1 + )/|

24,2 24,2
+l\/4 o’y +a|ylm(m+3a|y|). (2:28)

6 2(4-v?)

5. We will prove that for each @ € [0,1] and y € R the function F, ,, has no critical point
in (0,2) x (0,1).
Since y # 0 and x # 0, we have

dF,
%Y _0
ox
if and only if
sy () =1- % y€(0,1). (2.29)

Since x > 0, by comparing (2.29) and (2.22), we see that x > «|y |. By a simple observation,
we deduce that the solution of (2.29) can exist only when

(@=0Aly[=2)V(a#0Ay ZOAly|#2Ax>aly]). (2.30)

Page 8 of 16
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Squaring then (2.29), we obtain

2 2,,2
20)-1=- 2] + - (231)
Since by (2.22), s, (y) # 0 for y € (0,1), taking into account (2.23), we have
dFy, 2 &2 1 @ si()-1
Ty _ 2,7 “1)+ = = .
% 3t 6(sy(y) )+3a|y|x+ 6 5,0
Thus, by using (2.29) and (2.31), after simplifying we have
oF,
Y — 0
dy
if and only if
alylx? —4x +4aly| =0, x€(0,2). (2.32)

It follows at once that fora = 0 and y € R, aswell as fora € (0,1] and |y | > 1/, equation
(2.32) has no root. Thus by (2.30) we consider

aZ0A Y| #2A0<|y| <la Ax>alyl. (2.33)

Solving now (2.32), we have

_2-2y/1-a%y? x_2+2\/1—052)/2

X = = XLa,y s
alyl

=1 X%,y -
alyl

Clearly, x50, ¢ (0,2) and it remains to consider x4, . It is easy to check that x1,,,, > |y|.
Thus setting x := &y, into (2.31) and computing, we have

2oyl a?y?

, ey A, _ (4 —a?y? —4./1-a2y?)a?y?

§ = (2.34)
1-3v? (1-y/1-0a2y22(4 - y?)
A solution in (0,1) of (2.34) exists if and only if
4 — 2,,2 4./1 - 20,2\ 24,2
0 G-y —dyl-aiyHary” (2.35)
(1-y1-0a?y?)*(4-y?)
By (2.33) consider
1
aZ0OAN|y|#2A0< |y < —. (2.36)
a

We prove that then condition (2.35) is false. When 2 < |y | < 1/a, then an easy computation
shows that the left-hand inequality in (2.35) is false. Thus by (2.36) it remains to consider

1
aZ0A0<|yl<—<2. (2.37)
a

Page9of 16
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By an easy computation we check that then the left-hand inequality in (2.35) holds. Since
4 — y? > 0, write the right-hand inequality in (2.35) as

(8-2(1+20%)y?*)V1-a?y?<(a* +a®)y* —2(1 +4a®)y* +8.

The last step is to show, which does not cause difficulties, that under the assumption (2.37)
the above inequality is false. We omit the details.

Summarizing, we proved that condition (2.35) is false, so equation (2.34) has no solution
in (0,1).

Thus the proof that for « € [0,1] and y € R the function F,, has no critical point in
(0,2) x (0,1) is finished.

6. Now we calculate the maximum value of F,,, in R, which, as was shown, is attained
on the boundary of R. Let « € [0,1]. Taking into account Part 3 with (2.20) and Part 4 with
(2.27), we consider the following cases.

(A) lyl = 2/(1 + a). Then the maximum value of F,,, is attained in a corner of R. Thus
by (2.17)-(2.19) an easy computation shows that

1
max Fy, (%,9) = F,y(2,1) = = | + 1+ a)’y|. (2.38)
(xy)eR 3

(B) v2/(1 + o) < |y| < 2/(a +1). Then the maximum value of F, , is attained in a corner
of R or in (x4,y,1). Thus, by (2.17)-(2.19) and (2.21), we calculate that

2,,2

1 oy 1, 2
max Fy ., (x,9) = Fy(%g,1) = = - +—a”|l1+y|+—. 2.39
ok a,y( y) a,y( o,y ) 3 2- [y 305 | V| 3 ( )

(

(C) y = 0. Then the maximum value of F, is attained in a corner of R or in the point
(2,90,0) = (2,1/+/2). Thus, by (2.17)-(2.19) and (2.28) with y := 0, we see that

1 2
E,o(x,9) =F,0(0,1) = —a? + =, 2.40
[max ,0(®y) = Fy0(0,1) 39 t3 (2.40)

(D) 0 < |y| < +/2/(c +1). Then we compare all values (2.17)-(2.19), and by (2.21) and
(2.28), Fy,y (%a,y»1) and Fy,y (2,54, ). We will show that the value F, , (x4,,,1) is the largest
one. As it is easy to observe, it is enough to prove that

Fa,y (xot,yv 1)> Fa,y(zlya,y) (2.41)

i.e., in view of (2.21) and (2.28), after a simple computation, we have

2.,2 4 — 24,2 8 24,2
2<2+ >y >>\/ @’y” +alyly8+aty (V8 +a2y? +3aly)). (2.42)

2-yl)~ 2(4-v?)
As |y| <2, so squaring (2.42) and computing, we equivalently have

atlyl® + (6a* - 8a%)y* + (20a* + 8) |y |* — (8 +16)y* — 24|y | + 48

3/2

>aly|(2-1yl)(e?y* +8) (2.43)

Page 10 of 16
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To verify that (2.43) holds, setting u, := v/2/(« + 1), we will show that for every « € [0,1]
we have

Qu(w) := o*1’ + (60" — 8a®)u* + (200 + 8)u® — (8 +16)u* — 24u + 48

)3/2

>au(2 - u)(a2u2 +8)" " =S, (u), ue€l0,u,]. (2.44)

(1°) For « = 0, inequality (2.43) is evidently true.

(2°) For « = 1, we have u; =1 and inequality (2.44) after computing is equivalent to the
evidently true inequality

(-1)*(2u® + 32u™* + 40u® — 920 + 144u + 144) > 0, wu € [0,1].
(3°) Let € (0,1). We will show that for u € [0, u,],
Vo () := Q3 () = S5 () = (Qu (1) = Su(1)) (Qu (1) + S () > 0. (2.45)
Further, taking into account that Q, and S, are continuous functions with
Qo (0) - S4(0) =48>0,
from (2.45) we deduce that
Qu(1) = So(u) >0,  u €[0,ua],

which confirms (2.44) and further (2.43).
Now we prove that (2.45) holds, i.e., after computation we have
Vy(u) = (oc8 - 056)149 + (2058 —-50° + 50{4)u8
+(200°® —16a* - 8a?)u’ + (-12a° + 6a* + 360> + 4)u®
+ (160 - 240* —16)u” - (8a* +1240* + 8)u*
+(2720% + 96)u” — (1760 + 60)u” — 144w + 144

>0, uel0,u,]

Asin (2.6), let (gx), k=0,1,...,9, be a sequence of polynomials of the form
k
aw) =Y au*, uel0,ul,
=0

corresponding to the polynomial Q := V,, in (2.5) for Laguerre’s rule in [0, 2, ].

(a) First we check the signs of the elements of the sequence (gx(0)), i.e., of the sequence
(ax) for k =0,1,...,9. A simple computation shows that for « € (0,1) we have ¢,(0) < 0,
71(0) > 0, g2(0) < 0, ¢g3(0) > 0, g4(0) < 0, g5(0) < 0, g6(0) > 0, g7(0) < 0, g3(0) < 0 and
49(0) > 0. Hence

N(Vy;0)=7, ae(0,1). (2.46)
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(b) Now we check the signs of the elements of the sequence (gx(#,)) for k =0,1,...,9.
After the detailed computation and arguments based on Laguerre’s rule, we show that

qo(ue) < 0, q1(tte) > 0, ga(ute) < 0, q3(tt) > 0, q5(ut) < 0, q6(tter) > 0, g7 (24e,) > 0, g (4) < O
and go(uy) > 0. Moreover, we show that there exists a unique g € (0,1) such that g4 (uq,) =
0 and g4(uy) < 0 for « € (0,0) and ga(uy) > 0 for & € (0, 1). Thus for three cases, namely

for a € (0,a9p), @ := ag and « € (ag, 1), we have
N(Vyuy)=7.

Hence, by (2.46) and by Corollary 2.3, we conclude that for each « € (0,1) the polynomial
V4, has no zero in (0, 4, ), and since V,(0) = 144 > 0, so (2.45) holds.

Now we shortly explain the method of describing the signs of gx(u,), k =1,...,9. Note
that the case k = 0 is evident since

qo(ue) =a®(e® =1) <0, a€(0,1).

For other cases, i.e., for k = 1,...,9, we use Laguerre’s rule in each case in the same manner.
We clarify this for the case k = 2. We have

q>(u) = (ot8 - a6)u2 + (2a8 —5a% + 5a4)u +20a® —16a* —8a2, u€[0,u,].
We will show that

q2(ug) <0, a€(0,1), (2.47)
i.e., after computing we get

V202 (20* — 50% +5) < (-20° ~ 18a* + 1602 +8)Va +1, « € (0,1). (2.48)
To verify that (2.48) holds, we will show that

r(t) = V262 (2¢* - 562 + 5)
< (=262 -18¢* +16£* + 8)Vt +1=:5(¢), te[0,1]. (2.49)

Applying Corollary 2.3, we see that

w(t) := s2(¢) — r*(2)
= -8 + 4t + 116£° + 396¢° +170¢% - 64.0¢” — 508¢°

- 64> — 82t* + 256> + 2561 + 64t + 64
12
= Z bit?7 >0, telo,1]. (2.50)
j=0
Indeed, the numbers of sign changes in the sequence of polynomial coefficients (by) and

in the sequence of sums (Z,I‘(:o b)), where k=0,1,...,12, equal 3, i.e., N(w; 0) = N(w;1) = 3.
Thus we conclude that the polynomial w has no zero in the interval (0, 1) and, since w(0) =
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64 > 0, s0 (2.50) holds. Hence, and by the fact that s(0) > r(0), we deduce that (2.49) holds,
which confirms (2.47).
Note here that for the case k = 4 we show that the equation

614(Ma) =0
has a unique solution « =: ag € (0,1). In this case, we show by using Laguerre’s rule that
the corresponding polynomial w as in (2.50) has a unique zero in (0,1) and further we
deduce that

qa(us) <0, a€(0,a)
and

%(Ma) >0, ae (0[0,1).

Summarizing, taking into account (2.38)-(2.41), we have

1 2 2

slo® + (L+ )y, V= i
ma)iRFa,y(x,y) = ? 22 ) 1;“
()€ 3 2= Iyl + 0[ |1+J/|+ |V|§m

Finally, substituting y = 2 — 34, the above yields (2.7).
Now we deal with the sharpness of the result. Let « € (0,1]. We prove that for each
A € (-00,2/3] U [15(), +00) inequality (2.7) is sharp. Let A € [11(«), 2/3]. Since then

o1 (2-31)? 2 L, 4 1\ 2

Al ————+1-Al)+z=a -2 )+,

3 2-]2-34| 3 9r 3 3
inequality (2.7) is of the form

4 1 2
O < —— = -, XE€ ,2/3]. 2.51
Jmax W) <a <9A 3>+3 [t1(a),2/3] (2.51)
Let ty5 := (2/(31)—1). Then £, , € [0,1] and, in view of (2.4), p;, , 0 € P, with ¢; = 2¢,,, and
¢y = 2. Setting § := 0 and p := py, , o into (2.12), we get the function f, ,, , given by equation
(2.8) for which, by (2.14) and (2.15),

, 2 1(24t 32)2281
ay =ty) +0=——, az==(2+4aty+3a”)=-+a’( ——-= ).
27 el 32 73 a 3 9. 3
Hence
2 4 1
=50 (5 -3)

which makes the equality in (2.51), so in (2.7). Clearly, fo,, € Co(g.) because (2.12) is
satisfied for § = 0.
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Let 1 € (—00, 71 ()] U [12(@¥), +00). Then inequality (2.7) is of the form

2 4
max O,(f) <|- + -« +o -1 +a)Al (2.52)
feCga) 3 3

Set 6 := 0 and p := L into (2.12). Then for « € (0,1) we get the function f,; given by (2.9)
and for o =1 we get the Koebe function f;; = k, with

1
ar=1+q, a3=§(2+4a+3a2), a € (0,1].
Hence

2 4
D; (fo1) = 37 §a+a2—(1+a)zk ,

which makes the equality in (2.52), so in (2.7). Clearly, f, 1 € Co(gy) for « € (0,1].
Let o := 0. We prove that for each A € R inequality (2.7) is sharp. For A € [71(0), 72(0)] =
[0,4/3] inequality (2.7) is of the form

2
max < -. 2.53
max @ (/) < 3 (2.53)

Setting § := 0 and, by (2.4), p := po into (2.12), we get the function f; ¢ given by (2.10) with
as =0 and a3 = 2/3. Hence

2
¢A(f6,0) = g;

which makes the equality in (2.53), so in (2.7).
For A € (—o0,0] U [4/3, +00) inequality (2.7) is of the form

max <
max (/) =

2
= - 2.54
3 ‘ (2.54)

Setting 6 := 0 and p := L into (2.12), we get the function f;, given by (2.11) with a; =1 and
a3 = 2/3. Hence

2
@, (fo1) = ‘g - Al
which makes the equality in (2.54), so in (2.7). |

Remark 2.5 Particularly, from (2.7) for « € [0,1] we have

2, 4 2 2
c+a+a -1 +a)r|, reR\(nla),n)),
O [ T \ (0(@), n(@)
feCle) 3 +Ol2(ﬁ - g), S [Tl(Ol),Z/S].
For « := 1 we have 71(1) =1/3 and 15(1) =1, g1 = k, and then Theorem 2.4 reduces to the

result of [26] as follows.
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Corollary 2.6
|3 —4A], A€ (-00,1/3] U [1, +00),
max &, (f) < 2 1 (2.55)
feCk) 3 + 3" 212-37] + |1 —)\.|, S [1/3,1]

For each A € (—00,2/3] U [1,+00), the inequality is sharp and the equality is attained
by a function in Co(k). In particular, for each A € [1/3,2/3] the second equality in (2.55) is
attained by the function fi, :=fi,, given by differential equation (2.8), where t,, := t1,. For
each ) € (—00,1/3] U [1, +00), the first equality in (2.55) is attained by the Koebe function

fir=k.

For o := 0 we have 71(0) = 0 and 72(0) = 4/3, and Theorem 2.4 yields the following.

Corollary 2.7
2_)l, Ae(—00,0]U[4/3,+00),
max @, (f) = I3 =4 ( 1Vl ) (2.56)
s 2, aelo43].

For each A € [0,4/3] the second equality in (2.56) is attained by the function given by
(2.10). For each A € (—00,0] U [4/3, +00), the first equality in (2.56) is attained by function
(2.11).
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