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1 Introduction

Let M be the space of all locally integrable functions f on € C R” with the Lebesgue
measure, finite almost everywhere, and let M* be the space of all non-negative locally
integrable functions on (0, 00) with respect to the Lebesgue measure, finite almost every-
where. We shall also need the following two subclasses of M*. The subclass M consists
of those elements g of M* for which there exists an m > 0 such that t”g(t) is increasing.
The subclass My consists of those elements g of M* which are decreasing.

The Riesz potential operator Ry, 0 < s < n, n > 1 is defined formally by

Rf(x) = fg FO)a—yldy, feMb |Ql=1 D)

We shall consider rearrangement invariant quasi-Banach spaces E, continuously embed-
ded in L(R") + L>°(R"), such that the quasi-norm ||f||z in E is generated by a quasi-norm
Pk, defined on M* with values in [0, 00], in the sense that ||f| g = p£(f*). In this way equiv-
alent quasi-norms pr give the same space E. We suppose that E is nontrivial. Here f* is
the decreasing rearrangement of f, given by

) = inf{k >0:pup(d) < t}, t>0,
where pif is the distribution function of f, defined by

wr(r) = !{xe R": [f(x)| >A}

n

| - |, denoting the Lebesgue n-measure.
Note that f*(¢) = 0, if £ > 1.
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There is an equivalent quasi-norm p,, that satisfies the triangle inequality (g1 + g2) <
pf:(gl) + pf;(gz) for some p € (0,1) that depends only on the space E (see [1]).
We say that the norm pr is K-monotone (c¢f. [2], p.84, and also [3], p.305) if

t t
/ g5 (s)ds 5/ g (s)ds implies pr(g) < pe(g3), g, € M™. (1.2)
0 0

Then pg is monotone, i.e., g1 < g, implies pe(g1) < pr(g2).

We use the notations a1 < a; or a; 2 a; for non-negative functions or functionals to
mean that the quotient a;/a, is bounded; also, a; ~ a; means that a1 < a, and a; 2 a,.
We say that a; is equivalent to a; if a; ~ a,.

We say that the norm p satisfies the Minkovski inequality if for the equivalent quasi-

norm p,,

Py (Zg/) S P, geM" (1.3)

For example, if E is a rearrangement invariant Banach function space as in [3], then by
the Luxemburg representation theorem ||f||g = p(f*) for some norm pg satisfying (1.2)
and (1.3). More general example is given by the Riesz-Fischer monotone spaces as in [3],
p.305.

Recall the definition of the lower and upper Boyd indices or and Sg. Let

Pe(g))
Pe(g")

he(u) =sup{ :g€M+}, 8u(t) = g(t/u)

be the dilation function generated by pr. Then

log he(t) .. loghg(t)
ap:=sup ——— and Bg:= inf ——=.
o<t<1 logt lt<oo  logt

If pr is monotone, then the function /g is submultiplicative, increasing, hg(1) = 1,
he(u)he(1/u) > 1, hence 0 < ap < Be. If pr is K-monotone, then by interpolation (anal-
ogously to [3], p.148), we see that /i£(s) < max(1,s). Hence in this case we have also ¢ <1.

Using the Minkovski inequality for the equivalent quasi-norm p, and monotonicity of
f*, we see that

pe(f*) ~ pe(f*) ifBe<1, (1.4)

where f**(t) = % fot f*(s)ds. The main goal of this paper is to prove continuity of the
Riesz potential operator R, : E +— G in optimal couples of rearrangement invariant func-
tion spaces E and G, where |f||¢ := pg(f*). It is convenient to introduce the following
classes of quasi-norms, where the optimality of R, : E +— G is investigated. Let NV, stand
for all domain quasi-norms pg, which are monotone, rearrangement invariant, satisfying

Minkowski’s inequality, pe(x(,1)) < o0 and

E— L[Y(Q). (1.5)
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Let NV, consist of all target quasi-norms pg that are monotone, satisfy Minkowski’s in-
equality, p(x(0,1)) < 00, P (X100t ™) < 00 and

G <> A% (1) (R"), (L6)

where x4 is the characteristic function of the interval (4, 5), 0 < a < b < co. Note that
technically it is more convenient not to require that the target quasi-norm pg is re-

arrangement invariant. Of course, the target space G is rearrangement invariant, since

IflG = pg(f*). Finally, let N := Ny x NV,.

Definition 1.1 (Admissible couple) We say that the couple (pg, pg) € N is admissible for
the Riesz potential if the following estimate is valid:

P ((Ref)™) < pe(f)- (17)

Moreover, pg(E) is called domain quasi-norm (domain space), and pg (G) is called a target
quasi-norm (target space).

For example, by Theorem 2.2 below (the sufficient part), the couple E = A9(t*/"w)(R),
G = A1(v), 1 < g < o0, is admissible if B¢ <1 and v is related to w by the Muckenhoupt
condition [4]:

t 1/q o0 1/r
</ [v(s)]q ds/s) </ [w(s)]_r ds/s) <1, 1/g+1/r=1. (1.8)
0 t

Definition 1.2 (Optimal target quasi-norm) Given the domain quasi-norm pg € Ny, the
optimal target quasi-norm, denoted by pg(g), is the strongest target quasi-norm, i.e.,

p6(g") S pep(g), ge M, (L9)
for any target quasi-norm pg € A; such that the couple pg, pg is admissible.

Definition 1.3 (Optimal domain quasi-norm) Given the target quasi-norm pg € N, the

optimal domain quasi-norm, denoted by pg(g), is the weakest domain quasi-norm, i.e.,

re6)(€) S pe(g?), ge M, (1.10)
for any domain quasi-norm pg € Ny such that the couple p, pg is admissible.

Definition 1.4 (Optimal couple) The admissible couple pg, pg is said to be optimal if
PE = pE(G) and pG = PG(E)-

The optimal quasi-norms are uniquely determined up to equivalence, while the corre-
sponding optimal quasi-Banach spaces are unique.

2 Admissible couples
Here we give a characterization of all admissible couples (pg, pg) € V. It is convenient to
define the case B¢ =1 as limiting and the case S <1 as sublimiting.
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Theorem 2.1 (General case 8z <1) The couple (og, pG) € N is admissible if and only if

pc(xonS1g) S pe(@), g€ M™ orge My, (2.1)
where

gsin-1 fotg(u)du+ft1 wg(u)dulu, 0<t<1,0<s<mn>1,

S1g(t) := 1 (2.2)
f/”‘lfog(u)du, t>1,0<s<mn>1.
Proof First we prove
(Ref)™ S SU™ (2.3)

We are going to use real interpolation for quasi-Banach spaces. First we recall some basic
definitions. Let (Ag,A;) be a couple of two quasi-Banach spaces (see [2, 5]) and let

K(t,f) = K(t,f; A0, A1) {|lf0||Ao + t”fl”Al}: feAo+A

= inf
f=fo+h

be the K-functional of Peetre (see [2]). By definition, the K-interpolation space A¢ =
(Ap,A1)e has a quasi-norm

Ifllag = [ K(&1)|

P’

where @ is a quasi-normed function space with a monotone quasi-norm on (0, co) with
the Lebesgue measure and such that min{1,¢} € ®. Then (see [5])

AO ﬂAl — Aq; — AO +A1:
where by X < Y we mean that X is continuously embedded in Y. If ||g||¢ = (fooo t91 %
gU8)dt/HV1,0 <6 <1,0 < g < 00, we write (Ag, A1)s,; instead of (Ao, A1)o (see [2]).

Using the Hardy-Littlewood inequality [, [f(¥)g(x)|dx < [ f*(£)g*(t) dt, we get the

well-known mapping property

R : A (E)(Q) > L¥(RY)
and by the Minkovski inequality for the norm f** we get

RS LY Q) > A™ () (RY).
Hence

tl—s/n (Rilf)**(t) S I((tl_S/n,f;Ll(Q), Al(tS/")(Q)),

therefore (see [2], Section 5.7)

£ (Rof) ™ (6) < Jof () o+ £ L @) dutu, 0 < <1,
o) du, t>1,
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implies
(RSf)” @) S SIf*@).

It is clear that (1.7) follows from (2.1) and (2.3).
Now we prove that (1.7) implies (2.1). To this end we choose the test function in the form
fx) =glclx|"), g € M*, so that f*(¢) = g*(¢) for some positive constant ¢ (c¢f [6]). Then

R?zf(x):/ g(CIyI”)lx—yls‘”dwf g(elyl™)lx =y dy,
[yl<lx| [y[> %l

whence

1Ql=1

clx|”
IRf ()] > [l / () du+ / () du > yon(Sig)(cll”).
0 c

x|

Note that x(0,1)S12 ~ x01)Q171¢ + X01) fol g(u) du, where

1
Q1g:=/g(u)du/u, t<1,
t
and

ts/n—lfofg(u)du, 0<t<1,0<s<nmn=>1,

Tg(t) =
L ts/n—lfolg(u)du, t>1,0<s<nn>1,

hence x(0,1)S1¢ is decreasing, therefore

IRSS|(0) 2 X0 S1g (D). (2.4)
Thus, if (1.7) is given, then (2.4) implies (2.1). (]

In the sublimiting case Sr < 1 we can simplify the condition (2.1), replacing S; by Tj.
Here

pint ftl wg(u)dulu, 0<t<1,0<s<nmn>1,
0, t>1.

Tig(t) := (2.5)

Theorem 2.2 (Sublimiting case 8¢ <1) The couple (pg, pg) € N is admissible if and only
if

pc(xonTg) S re(g), geM, (2.6)
where we recall that

M := {g € M" and t"g(t) is increasing for some m > 0}.

Page 5 of 15
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Proof Let pg, pg be an admissible couple, then
06 (x0n518) < Pe(©)-

Since pG(x01)T18) < pc(XonS18), it follows that pc(x©1)T18) < rE(g), § € M. Now we
need to prove sufficiency of (2.6). We have

X018~ XonT1g™ + x0ng™ (1),
S0
pc(xonSi1g") < pe(xonTig™) + pe(xon)g™ 1)
implies
pe(xonSig*) S pe(€). O
In the subcritical case ar > s/n we have another simplification of (2.1).
Theorem 2.3 (Case o > s/n) The couple (pg, p) € N is admissible if and only if
,OG(X(O,1) T{g) < pe(g), geM,:= {g e M*,gis decreasing}, (2.7)
where

tS/”‘lfOtg(u)du, 0<t<1,0<s<mn>1,

T,g(t) =
! tS/”’lfOlg(u)du, t>1,0<s<nn>1.
Proof Let (o, pg) € N be admissible, then

pc(x0n$1g) S pe(@), g€ M.

pc(x0nT1g) < pelxonSig)
we have
pc(xonTig) < Pe(Q)-

For the reverse, it is enough to check that (2.7) implies (2.1) for g € My, or

pc(xonT1g) S pe(@), g€ M.

—s/n

xonT1g S xon T1 (" x0.) Tlg),
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SO

pc(xonTig) S PE(t_S/"X(o,l) T1g) ~ pk (t_S/an (f/”g)) < pe(g).

Here we use

pe(Qu(t"g)) S pe(t™"g), g€ Mo, o >s/n,t<1. O

2.1 Optimal quasi-norms
Here we give a characterization of the optimal domain and optimal target quasi-norms.

We can define an optimal target quasi-norm by using Theorem 2.1.

Definition 2.4 (Construction of the optimal target quasi-norm) For a given domain

quasi-norm pg € N we set

p6e(xo.g) = inf{pe(h) : xng < XonSithhe M*}, ge M". (2.8)

Then

p6E)(8) = pep(X01ng) + supt"g.
t>1

Theorem 2.5 Let pr € Ny be a given domain quasi-norm. Then pg) € Ny, the couple p,
PG(E) is admissible and the target quasi-norm is optimal. By definition,

G(E):= | € M: Jim £(8) = 0, paiey (/) < o} (2.9)
Proof To see that pg(g) is a quasi-norm, we first prove (1.6), for that we first prove

sup £7"g* < pg, (¢¥), ge M. (2.10)
O<t<1

Take g € M* and consider an arbitrary # € M* such that, for ¢ <1, g* < S; /. By the Hardy
inequality g* < S;(4*). Then,
tl—s/ng* < I((tl‘S/”,h;Ll(Q), Al(tS/”)(Q)).

Hence

sup t1"g* < K(l, B LY(S), Al(tS/”)(Q)) < pe(h).

0<t<1
Taking the infimum over all % such that g* < §;/, we get (2.10). Hence Gg < A>(£5/")(0,
1), also pg(x(1,00)g) = sup,.; t'*"g. And these two together give (1.6). pg( is indeed a
quasi-norm on M*. Since x(0,)(R&f)* S x(0,)S1f™, which gives pg, (x0,1)(RS)*) S pe(f™).
Also

1
sup tl—s/n(Ry)* S sup tl—s/nslf* =/ f*(l/t) du S/ pE(f*)
0

t>1 t>1
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Hence p, pg(r) is admissible couple. Now we are going to prove that pg) is optimal. For
this purpose, suppose that the couple (o, pg,) € N is admissible. Then by Theorem 2.1,

PG, (Xxon$i18) < pE@), ge M.

Therefore if 018" < x(0,)S1/4, h € M*, then
e (xong*) < pa (xonSih) < pe(h),

so taking the infimum on the right-hand side, we get
6 (xong") < pex(xong"),

hence pg, (¢g*) < perE)(@*). O
In the sublimiting case B < 1 we can simplify the optimal target quasi-norm.

Theorem 2.6 If pr € N be a given domain quasi-norm. Then for g € M*,

i (xong") ~ p(x0g")s o

p(xong) = inf{pe(h) : xong < xonTih,h € M},

paw) (@) ~ p(xong) +supt—"g.

t>1
Proof If xo1g* < x©01T1h, h € M, then xog* < X011/, therefore
pe: (xong") < pelh)
and taking the infimum, we get
e (x00g") < p(Xong")-

Now for the reverse, let xo1g" < x4, h € M*.
Then

x00g" S x00S1(H*) ~ xon T1(F™) + X0/ ™1),

SO

xong" = xon/ Q) < xonT1(H™),

which gives, since #** € M,

p(xong" — xonf™ W) < pe(h**) ~ pe(h*) ~ pe(h),
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and this implies

p(x0ng") S pelh) + f*(1),
which gives

p(xong") S pe(h).

Taking the infimum, we get p(x,18") S pc:(X0,ng"), hence p(x01g") ~ pc:(X01ng")
O

A simplification of the optimal target quasi-norm is possible also in the subcritical case

of > s/n.

Theorem 2.7 Let pg € N be a given domain quasi-norm. Then for g € M*,

P (xong*) = pr(xong"), 012)

p1(xon8) = inf{ pe(h) : x01g < Tih,h € Mo},

1-s/n

p6E) (&) ~ pi1(Xong) +supt —"g.
t>1
Proof If xo1g" < x01T1h h € My, then

Xong" < xSk

Therefore

pc: (xong") < peh),

and taking the infimum, we get

o6 (X00g") < p1(x0ng")-

For the reverse, let 12" < x©01S1#. Then xong* S xonT1(h*) + x01)T1(h*). As

—s/n

xonTg S xonT] (t X(0,1) Tlg),

we get
xon€" < xon Ty (0" + " xon T1 (1)),

whence

p1(xong") S (™" x01 T1 (1)) + pe(h)
~ (U H)) + pelh

5 IOE(h)’

Page 9 of 15
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where we use

pe(Qu("g)) S pe(t™"g), g€ Mo, o >s/mt < 1.
Therefore, taking the infimum we arrive at
pi(g") S pee (- 0
We can construct an optimal domain quasi-norm pg(g) by Theorem 2.1 as follows.

Definition 2.8 (Construction of an optimal domain quasi-norm) For a given target quasi-
norm pg € N;, we construct an optimal domain quasi-norm pgg) by

rE) (@) = pc(x0nSig"), ge M. (2.13)

Theorem 2.9 If pg € N, is a given target quasi-norm, then the domain quasi-norm pg()
is optimal. Moreover, if Bg < 1 — s/n, then the couple pg), pc is optimal.

Proof Since x01)$18" =~ x©01T1g™* + xong** (1), so
rE6) @) ~ p6(x0n T1g™ + xong™ 1)),

it follows that pg(g) is a quasi-norm. To prove the property (1.5), we notice that
pe) () = pe(xonSU™) = pe(xon) (S*)Q)

1
z/ﬁmﬂwmmm
0

The couple pg), pc is admissible since pgc)(g) = pPc(X0151€¥) = Pc(X(0,1)S1g). More-
over, pg(g) is optimal, since for any admissible couple (og, , pg) € N we have pc(x(0,1)S1/7) <
pE, (), h € M*. Therefore,

PEG) (g*) = PR (g*)
To check that if B¢ <1 — s/n, the couple pg(s), pc is optimal, we need only to prove that
PG is an optimal target quasi-norm, ie., p(g*) < pg(g*), where p = pg(s)) is defined by

(2.11), since Beg) < 1. We have xo.ng* (£) - xong™* (1) = x(0.1) T1h, where h(t) = t=/"[g** () -
g (t)] e M, t < 1, therefore,

PGr (X008 (8) = X0ng™* (1)) < pr6) (1) = 6 (X0nSih")
implies

P (X00g™ 1)) S pa(xonSili) + £ (D)
since

XonSth* = xont"H* + xon Tih* < xont" W™ + xon Til™,
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SO

PG (X008 D) S p6 (X0t H™*) + pe(xon Tih™) + (D).

Now we define
1 t
Pig(t) := ;/ gu)du, t<1.
0

For t < 1, since i* < Qih, we have h*™* = Pih* < QiP1h, therefore Thh™ < T1Qi(P1h) S
Ti(Pih). Also Ty(Pih) ~ Tih + £/"Pih and Pih < b**. Therefore,

PG (x00g") S pe(xon Tih) + pe(xont ") + g™ (1)
< pe(xong™) + pe(xon " ™) + g*(1).

For ¢ < 1, since h(t) < t~*/"g**(t) we have h*(t) < t~/"g**, therefore using Bg <1 — s/n,
Minkowski’s inequality, and monotonicity of pg, we have

pG(X(O,l)tS/nh**) < pG(X(O,l)g**)'

Thus
PGr (X0ng") < pe(Xong*™) ~ pa(xong"):

hence p(g*) < ps(g*). a

Example 2.10 If G = C consists of all bounded continuous functions such that /*(oco) =
0 and pg(g) = g*(0) = g™*(0), then ag = B = 0 and pge)(g) ~ fol tng** dtft, ie., E =
I'}(£*/")(£2) and the couple E, G is optimal.

Example 2.11 Let G = A*®°(v) with 85 <1-s/n and let

1
p(g) = supv(®) / WG (0)
t

Then, the couple E, G is optimal and B¢ < 1. In particular, this is true if v is slowly varying
since then ag = Bg=0and ar = B =s/n < 1.

2.2 Subcritical case
Here we suppose that s/n < og.

Theorem 2.12 (Sublimiting case B¢ < 1) For a given domain quasi-norm pg € Ny with
pe(x0,n )t < 00, we have

pe; (xong*) = pe(t"g") ~ pe(£1"g™), (214)

pee (g*) ~ pes (xong") + sup g,

Moreover, the couple pg, pG) is optimal.
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Proof 1f xo1g* < xo1Tih, h € My, then for ¢ <1, t™/"g* < h**, whence
pe(t™"g*) < pe(™) ~ pe(h*) ~ pp(h).

Taking the infimum, we get

pe(t"g*) < pax (Xong")-
For the reverse, we notice that x(1)77(t™"¢*) = xong* = g hence pg,(xong") <
pe(t"g").
It remains to prove that the domain quasi-norm pf is also optimal. Let pg,, pG(r) be an
admissible couple in AV. Then

P (€°) Z Pee) (Xon$ig")

= pep (x0n$1g") + sup " X0 Si1g"

~ pe(t" X01 Slg)

Z E(t S/n )

2 Pe(xong* )

~ pe(xong")

~ pe(g")- -

Now we give an example.
Example 2.13 Let
E= Aq(t“wl)(Q) N A’(tﬁwz)(ﬂ), sln<a<B<1,0<q,r<o00,

where w; and w; are slowly varying. Then we have o = o, B¢ = 8. Now by applying the
previous theorem, we get

G(E) = AL (£5"wy) O A (6w,
and the couple (E, G(E)) is optimal.

In the limiting case B¢ =1, the formula for the optimal target quasi-norm is more com-
plicated.

Theorem 2.14 (Limiting case) Let

pe@) = pr(X00g™),  Pe (@)= ,0H<t_1 sup 1™ ”g(u)),

O<u<t

where py is a monotone quasi-norm with ay = By =1, pu(x©,1) < 00, Pr(Xa,00t™) < 00
and let

E:={fe M:f*(t) > 0 ast — 0 and pg(f*) < oo},

G := {f e M: sup u™""f*(u) - 0 as t — 0 and ps(f*) < oo}.

O<u<t
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Define

P6(Q) = pe, (X1 + SUF gsin g.
t>

Then the couple pg, pg is optimal.

Proof Note that
E < [}Q).

Indeed, pe(f*) = pu(xong™) 2Q) = folf*(u) du. Hence the above embedding follows.
Consequently, pr € V. On the other hand,

pa(f*) = pH(X(l,oo)t_l sup Ml_smf*(u)>

O<u<t

> sup Ml s/nf* pH(X( )t—l).

O<u<l

Hence G; «— A>®(t1"¥")(0,1). This together with pg(x(1,5)) = Sup,.; t'™""g gives G —
A (£1-5/m), Then from the conditions on G it follows that pg € N;. Also, ar = Bz =1 and
oG = B =1—s/n. On the other hand, if 0 < u# < 1, then

u 1
ul’“‘/”(Rzzf)*”k(u)5/0 f*(v)dv+u1’5/"/ v”"’lf*(v)dv

For every ¢ > 0, we can find a § > 0, such that v/**(v) < e forall0 < v< 8. Thenfor 0 < £ <1,

sup u!~ S”’(Rgf ( )</f Wdv+e+t™ S/”/ yin= ) d (2.15)

O<u<t

Now it is easy to check that lim;_. sup,_,,., 4™/ (R,f)** = 0 if f € E.
To prove that R* : E — G we need to check that the couple pf, pg is admissible. We write
fort<1,

Tig(t) = Tig"(6) = "¢ (1), g € Mo.
Then
e (xonTig) = pe, (xon Trg) + sup " xonTrg
=Py (x(o,l)t_l sup '™ T{g(u)) +sup "y onTig
O<u<t t>1

= pr(x00g™)
= pe(g).

To prove that the target space is optimal, notice first that

sup ul—s/nf**(u) ~ I((tl—s/n’f; Aoo(tl—s/n)’Loo)'

O<u<t
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If f € G, then by [2]

fl=sin

sup '™ " () = / hy(u)du  (where /1, is decreasing)
0

O<u<t

t
~ / hy (Vi ")V_S/ "dv (by a change of variables).
0
If h(v) = by (V*=*/")v=5/" then obviously & € M, and

t
sup ! () ~ / h(v)dv = th*(¢),
0

O<u<t

whence

pe(h) = pr (Xonh™) = pr (X(o,nf1 sup Ml*smf**(u)) ~ pe, (xonf*)-

O<u<t

On the other hand,

sup ul—s/nf**(u) ~ th**(t)

O<u<t

implies 1=/ f*(¢) < th**(¢), which gives f* < £/"**, which implies x(o.1./* < x(01) 71/, and

therefore

pe: (xonf™) S peth) S pa, (xon/ ™)

proving optimality of G. To check optimality of E, we notice that

pe) (1) = pe(x0nSih*) Z pe(xon Tih™)

~ pu (t‘l sup "y o Tlh**(u)>

O<u<t

2 pr(xonh™).

Hence

pe@)(h) 2 pe(h). 0

Example 2.15 Let E = I'{°(tw)(R2), consisting of all f € T'*°(tw)(2) such that ¢f**(t) —
0 as t — 0, w is slowly varying. Then B¢ = 1. If G = I'°(£1/"v) N T'°°(tw), where v(¢) =

sup,,., w(u) and

W) := {f e®W): sup u!™""f*(u) - 0 ast — 0},

O<u<t

then this couple is optimal. In particular, if w = 1, then E = L}(2) and G = I'{°(¢£1=¥/").
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