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1 Introduction

As the development of singular integral operators (see [1, 2]), their commutators and mul-
tilinear operators have been well studied. In [3-5], the authors proved that the commu-
tators generated by the singular integral operators and BMO functions are bounded on
L?(R") for 1 < p < oo. Chanillo (see [6]) proved a similar result when singular integral op-
erators are replaced by the fractional integral operators. In [7, 8], the boundedness for
the commutators generated by the singular integral operators and Lipschitz functions on
Triebel-Lizorkin and L?(R") (1 < p < 00) spaces are obtained. In [9, 10], the boundedness
for the commutators generated by the singular integral operators and the weighted BMO
and Lipschitz functions on L?(R") (1 < p < 00) spaces are obtained (also see [11]). In [12,13],

the authors studied some multilinear singular integral operators as follows (also see [14]):

() ) - / R ®5%9) o r ) dy,

lx — y|™

and they obtained some variant sharp function estimates and boundedness of the multi-
linear operators if D*b € BMO(R") for all & with |«| = m. In [15], some singular integral
operators satisfying a variant of Hérmander’s condition are introduced, and the bounded-
ness for the operators and their commutators is obtained (see [16, 17]). Motivated by these
results, in this paper, we will study the multilinear operator generated by the singular in-
tegral operator satisfying a variant of Hormander’s condition and the weighted Lipschitz
and BMO functions, that is, D*b € BMO(w) or D*b € Lipg(w) for all & with || = m.
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2 Preliminaries
First, let us introduce some notation. Throughout this paper, Q will denote a cube of
R" with sides parallel to the axes. For a non-negative integrable function w, let »(Q) =

fQ w(x)dx and wg = |Q|™ fQ w(x) dx.
For any locally integrable function f, the sharp maximal function of f is defined by

M) =sup / ) fal dy.

It is well known that (see [1])

# —_— -
M (f)(x)~sup1nf|Q| /VU) c|dy.

Let

MY = sup o / 01 do.

For n > 0, let Mf;(f)(x) = M*(|f M)V (x) and M, (f)(x) = M(|f )" (x).

For 0 <n <n,1 < p < oo and the non-negative weight function w, set

1 , 1/p
Myl = s00( i [0ty

Qax

and

M, (f)(x) = Sup

o) / £ )] dy.

The A, weight is defined by (see [1])

-1
Ay = {a)eLloc(R”) sup<|Q|/ (x)dx)(|Q|f (x)”("’l)dx)p <oo},

l<p<oo
and

Al—{a)GLp

loc

(R") : M(w)(x) < Cw(x),a.e.}.

Given a non-negative weight function w. For 1 < p < 0o, the weighted Lebesgue space
L?(R", w) is the space of functions f such that

1/p
W ll2 (@) = (/Rn [f@)[" (%) dx) < 00.

Given the non-negative weight function w, the weighted BMO space BMO(w) is the

space of functions b such that

151l Batow) = SUP
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For 0 < B <1, the weighted Lipschitz space Lipg(w) is the space of functions b such that

1 1 P iy Vp
”b”Lipﬂ(a)) = Slép W (m /Q|b()1) - bQ{ w(x) dy) < 0Q.

Remark (1) It has been known that (see [18]), for b € Lipg(w), v € A; and x € Q,
1bg ~ bkl < CKIBllLipg @@ (24Q)™".

(2) Let b € Lipg(w) and w € A;. By [18], we know that spaces Lipg(w) coincide and the
norms ||b||Lipﬂ(w) are equivalent with respect to different values 1 < p < co.

Definition 1 Let ® = {¢,...,¢;} be a finite family of bounded functions in R”. For any
locally integrable function f, the ® sharp maximal function of f is defined by

dy,

5o (€1

I
#(F)(x) = sup inf CY il —
My =swp inf o [ }/(y) Do)

where the infimum is taken over all m-tuples {cy, ..., ¢;} of complex numbers and x, is the
n 1/n
dy) .

Definition 2 Given a positive and locally integrable function f in R”, we say that f satisfies

center of Q. For n >0, let

(1 :
Mg, (f)(x) = th;rx) {ch,Eﬂ(@ /J/(y) - ;Cid)i(xQ -7)

Remark We note that M% ~ f*if /=1 and ¢; = 1.

the reverse Holder’s condition (write this as f € RH(R")), if for any cube Q centered at

the origin we have

1
0< ilelgf(x) < C@ /Qf(y)dy~

In this paper, we will study some singular integral operators as follows (see [15]).

Definition 3 Let K € L*(R") and satisfy

1Kl < C,

|K(x)| < Clal ™,

there exist functions By,...,B; € LL (R" — {0}) and ® = {¢y,...,¢;} C L®(R") such that

loc

|det[¢>j()/l-)]|2 € RH,.(R™), and for a fixed § > 0 and any |x| > 2|y| > 0,

l

Kx-y)-) By <C

i=1
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For f € C3°, we define the singular integral operator related to the kernel K by

1w = [ K- yfo)ay

Moreover, let m be the positive integer and b be the function on R”. Set

Ry (b5%,y) = b(x) = Y éDab(y)(x — ).

|| <m

The multilinear operator related to the operator T is defined by

() = / Rontl&%3) ot ) dy.

R =yl

Note that the commutator [b, T1(f) = bT(f) — T'(bf) is a particular operator of the mul-
tilinear operator T? if m = 0. The multilinear operator T? are the non-trivial generaliza-
tions of the commutator. It is well known that commutators and multilinear operators are
of great interest in harmonic analysis and have been widely studied by many authors (see
[12-14]). The main purpose of this paper is to prove the sharp maximal inequalities for
the multilinear operator T?. As the application, we obtain the weighted Z”-boundedness
for the multilinear operator 7.

We give some preliminary lemmas.

Lemma 1 (see [1, p.485]) Let 0 < p < q < 00 and for any function f > 0. We define, for
1/r= l/p—l/q;

" 1
fllwza = suprlfx € R*: f(x) > A} [, Npg(f) = sup I xellu /el
A>0
where the sup is taken for all measurable sets Q with 0 < |Q| < co. Then

fllwze < Ny () < (a/(a - p)" If lwa.

Lemma 2 (see [15]) Let T be the singular integral operator as Definition 2. Then T is
bounded on L¥ (R", ) for w € A, with 1 < p < 00, and weak (L', L") bounded.

Lemma 3 (see [9]) Let b € BMO(w). Then
1bq = bygl = GjlIblsmow@q;»
where wq, = max<;<; |2'Q|™ fziQ w(x) dx.

Lemma 4 (see [9]) Let w € A,, 1 < p < 00. Then there exists ¢ > 0 such that 0™ € A, for
anyp <r<p' +e.

Lemma 5 (see [9]) Let b € BMO(w), ® = (v ™)V, u,v € A, and p > 1. Then there exists
&> 0 such that forp’ <r<p' +e,

/Q|b<x> — bo| @)™ dx < Cllbllpo() /Q V()" dx.
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Lemma 6 (see [9]) Let w € Ay, 1 < p < 00. Then there exists 0 < § <1 such that 7P e
Ay (dp) forany p' <r < p'(1+8), where du = o"'P dx.

Lemma 7 (see [9]) Let u,v €A, o= (uv™)YP, 1 < p < 00. Then there exists 1 < q < p such
that

( )l/q( 1 )7 ()T d )1/@ .
R < .
wQ\VQ | |/Qa)x VX X =

Lemma 8 (see [1,6]) Let0<n<n,1<s<p<n/n,1l/qg=1/p—n/nand w € A;. Then
”Mn,s,a)(f) ”L‘l((u) =< C”f”ll’(w)
Lemma 9 (see [15,17]) Let 1<p<00,0<n <00, w € Ay and © = {¢,...,¢;} C L®(R")

such that | det[¢;(y;)]|* € RHoo(R™). Then, for any smooth function f for which the left-hand
side is finite,

f M, (f)(xf o(x) dx < C/ Mgn(f)(x)pw(x) dx.
Rl’l Rn

Lemma 10 (see [13]) Let b be a function on R" and DA € L*(R") for all « with |a| = m

and any s > n. Then

1 s 1/s
Ru(b;x,9)| < Cloe = yI™ ( _ / Db(z) dz) ,
| | ‘042:;,, |Q(xr J’)| Q(x,y) | |

where Q is the cube centered at x and having side length 5./n|x - y|.

3 Theorems and proofs

We shall prove the following theorems.

Theorem 1 Let T be the singular integral operator as Definition 3,1 < p < 00, U,V € A,
w=(uv ™), 0<n<1and D*b € BMO(w) for all a« with || = m. Then there exist a con-
stant C>0,6>0,0<8<l,1<g<pandp <r<minp’ +¢&,p'(1+8)) such that, for any
feC(R") and x € R,

M, (TN)E < C 7 [Db] o (M (0T @]

la|=m

M (10f )@Y+ [My(lof19)@)]7).

Theorem 2 Let T be the singular integral operator as Definition 3, w € A;, 0 <n<1,1<
r< o0, 0< B <1andD*b € Lipg(w) for all o with |a| = m. Then there exists a constant
C > 0 such that, for any f € C{°(R") and x € R",

MG, (TP (D)@ = C 3 [D°b| 5y (@ @M ()@

la|=m
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Theorem 3 Let T be the singular integral operator as Definition 3,1 < p < 00, 1,V € A,
o = (™Y and D*b € BMO(w) for all o with || = m. Then T? is bounded from LP (R", 1)
to LP(R",v).

Theorem 4 Let T be the singular integral operator as Definition 3, w € A;, 0< B <1,1<
p<nlB,1/q=1/p—B/nand D*b € Lipy(w) for all « with |a| = m. Then T? is bounded from
LP(R", w) to L1(R", ®'™9).

Corollary Let [b, T1(f) = bT(f) — T(bf) be the commutator generated by the singular inte-
gral operator T as Definition 2 and b. Then Theorems 1-4 hold for [b, T].

Proofof Theorem 1 It suffices to prove for f € C5°(R") and some constant Cy, the following
inequality holds:

(IQI/ T - C°|"d") = C Y2 DBl oy ([ (0T N[ ]

lae|=m

+ [M (1f17 )@ + [M. (10f19) @],

) K(
where Q is any a cube centered at xq, Cp = Z,l-=1 ¢j¢j(x0 — x) and ¢; = [, |x0x0y\ym -

9)f2(y) dy. Fix a cube Q = Q(x¢,d) and x € Q. Let Q= SJ—Q and b(x) = b(x) - lelzm o X
(D"‘b)Qx then R,,(b;x,y) = R, (b; x,y) and Db =D — (Do‘b)Q for || = m. We write, for

Si=fxpand fa =f xpm g

() = / RoBi2) e o~ i) dy

o lx—y™

(x = )" D*b(y)
_Za' &))" D°b0)

K x - y)A0) dy
s JRn lx =yl

Rm+ é; ’
4 / L’fny)K(x,x—y)ﬁ(y)dy
R lx=Yl

lx — o |x —

then

(IQI/ 76 - C‘)’ndx)lm
(i [ (525)| «)
+C(IQ|/’ ( |x—a|l’):bﬁ>

1/n
(IQI/ 7)) - Col” dx)

=]1+12 +13.

1/n
dx)
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For [1, noting that w € A;, w satisfies the reverse of Holder’s inequality:

1/po
(6/Qw(x)p° dx) < % Qw(x)dx

for all cubes Q and some 1 < pg < 0o (see [1]). We take s = rpo/(r + pg — 1) in Lemma 10 and
havel<s<randpy =s(r—1)/(r—s), then by Lemma 10 and Holder’s inequality, we obtain

1 RNL
Ryu(b;x,p)| < Cla = y|™ ( . / Db(z) dz)
| | \;n |Q(x) y)' Q(x,y) | |

1/s
< Clx—yl’” Z |Q|1/s<ﬁ( |Da Z)’ s1-r)/r (Z)s(rl)/rdz)
Q

|oe|=m

1/r
<Clx-yI" ) |Q|-“S( /Q ( )!D“b(Z)]rw(z)l"dz)
XY,

la|=m

(r—s)/rs
x </ w(z)s(r—l)/(r—s) dZ)
Q(xv_y)

= Cle=y1" D 1A D" g0y Q1R

la|=m

1 (r—s)/rs
X ( _ / w(z)P° dz)
1QM, »)I Q)

< Clr sl 3 1D QD11

la|=m

1 (r-1)/r
. d
) <|Q(x,y)| /Q(x,y) @ Z)

< Clx _ylm Z ”Dab”BMO(w)|Q|—l/qw(é)l/r|é|1/s—1/rw(é)1—1/r|Q|l/r—1

lae|=m

o »(Q)
< Clx—yl” Z “D b“BMO(w) IQI ’
la|=m

thus, by Lemma 7, we obtain

bx,-
I d
I_IQI/‘ ( - )‘ ¥

< C Z HD(X ”BMO U)(Q) 1 / |T(f)(y)}a)(y)v(y)l/qw(y)flv(y),l/q dy

ot 10 1Ql
1/q
< C ) IDb|| syroy loW) T ()| v () dy
l;n ot Q(IQI / )

(o)

l/q
ey nDab||BMO(w>wQ<vQ>l/q( = f o) T )0 dy>

la|=m
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(i frororea)”

=C Z iDab”BMO [ (|wT(f)| )®) ]l/q

|a|=m
1 ) ) 1/q
x waQ)W( o / ()7 ()7 dy)
=C Z HDah“BMO [ (|a)T(f)| ) ]l/q
|la|=m

For I, we know v € A, by Lemma 4, thus

1/r -1/r
(|_é|/ ”(")r/pd’“> <C(|Qlf (’“)r//pdx> ’
Q

then, by the weak (L!, L!) boundedness of T (see Lemma 2) and Kolmogorov’s inequality
(see Lemma 1), we obtain, by Lemma 5,

CZ<|Q|/|T Dbf; (x)\”dx>

la|=m

n

—cy QI I T(D*Bfi) xqllur
- — |Q|1/7I ||XQ||Ln/(lfn)

|a|=m
=€ ||T DBfi) [y
|o|=m
<C D“ )| d
e mIQI/ (Vi) d

|Q| / | Db(x) = (D*b) | 1) |f () | () v (%) P dx

lor|=m

1/r
= Y5 L1 @8),)[utey 7 )

|o|=m

<|Q|flf //pdx>1/,/

SCZ”DabHBMO(w)<i )P x) <| |/[f(x x)| ”de)

|a|=m

IQI/ v
a 1 o -1/r
=C Z |D bHBMO@)(@/QV(x) pdx)

la|=m

<|Q|flf r/pdx>1/rr

1r
<C Z ||Dab||BMO(a) ( Q)r » / V x)a) x)| U(x r/l?dx)
la|=m

< C Y 1D sy [Myr (0 1) @]

|t|=m
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For I3, note that |x — y| = |x¢ — y| for x € Q and y € R" \ Q, we write

Ru(b;%,y)  Ru(b;x0,7)

\K(x ML) dy

TV (f)(x) - C ‘
1)) - Col < [

lx —y|™ B lxo — 1™
|Rm+1(5;x0»y)| }l . . d
o ko -y K(x-y)- = Bj(x0 = )¢)(x0 = %)| |20 dy
(x—»)* )| d
o E - K( )| | DB
’ / lx — y|™ J/|m ‘ x- J’H (nyZ } 4

la|=m

=£%Hﬁ@ﬂ$%)

For Iél), by the formula (see [13]):

N N 1 N
Riu(b;x,y) = Ryu(b; 0, y) = Z — Ry (DY b; x, %) (x — y)”

lyl<m

and Lemma 10, we have, similar to the proof of [; and for k > 0,

~ - 2k
|Rin(b; %,y) = Ru(b3%0,)| < C Z Z |x—xo|m_‘y‘|x—y|mHDab”BMo(w) s

[y |<m|a|=m
and

»(2°Q) é)

’Rm(b xuy)’ = C|x J’|m Z HDO‘ ”BMO |2kQ|

|la|=m
thus

00 . ~ K(x
1255 g e 2

oo Sk |

[o¢]

1 1 -
- Ry (b; %0, d
' kXO:/Zk“é\zké e =y |xo — yI™ | Rin(b3 20, 9)||f ()| dly
o2 % — ol
< Cl;n“D b”BMO(w kX=o: [2K41Q) /k+1Q\2kQ lxg — y|n+t V()’)| dy

o]

<C Z ||D"‘b||BMO Z Woky de)n+1/ V@)|w@)u(y)1/qw@) v(y) Y dy

lor|=rm k=1
> . 1/q
<C|O;n”D b”BMO kz 2kQ<|2kQ|/ | O’)f()’)‘ v(y)dy)

1 ., ) 1/q
x (—|2le /2 L0 qdy)

o0
=C Z ”Dab”BMO(w) Zz_kakQ(v2kQ)uq

la|=m k=1

125Q
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1/q

) (u(zlké) /zkélw(y»’(mqv(y) dy)

1/q
<|2/<1Q|/ w(y)” qv(y q/qdy) q

=C Z ”Dab“BMO(w) [MV(|wf|q)(’~c)]1/qZk27k

|a|=m k=1

1/q
f () viy) Mdy)

=C Z ”DabHBMO( [ |wf|q l/qzkz_

|la|=m

=C Z ”Dab”BMO( [ (l“)ﬂq)( ]Uq

X Woko(Vak )1/‘1(
Q Q 2kQ|

la|=m
For 1;2), we get
nd A !
) |Rm(b’x0;y)|
I"(x) < C / R0 %0 M) ke~ ) = 57 B — 1) (0 - 9| [ )| &
+CD ). / 1D*B)lIx0 = )|
la|=m k=0 2k+1Q\2kQ |x0 _y|m

x |K(x—y) - ZB,(xo—y)¢j(xo—x) )| dy

j-1

2k+1 (5 |
<C Z HDab”BMO Zf ) ) a)( ~Q) |x x0| V()/)|dy

I kriguakgy |2K41Q| |xo — y]" 0

% — x0°

+CZ f ] ~|Dozb(y)_(Do:b)zm| |n+5[f(y)|dy

—— k+lQ\2kQ

o« |x x0|
ve Z </2‘k+1Q\2kQ D b)2k+1Q ( b) | |n+8 V(y)| y

let|=m k=0 <o -

<C Z ||Dab||BMO(w)[MU(|wf|q)(5c)]1/qZkz-ks

la|=m k=1

1/q
x wzké(vzké)l/q< w(y) T v(y) 1 dy>

12¢Q| J2+q
+CY 2 ”( o] / | “b(y)—(D"‘b)zk@Vu(y)”de)
k=1

1 y g v 1/r
: (|sz| frlf(y)‘ o) pdy)
+C Z ||D"‘ |BMO )Z k2~ a)sz<

1
= 2¢Q)

1/r

[ Jetrolso »)"

1 e\
X = w@y) Tv(y)y1'ld )
<|2"Q| g0 PO
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00 1r
<C Y DB gy 22 _k‘s<|2kQ|/ v(y)” ””dy)
la|=m k=1

<|2/<Q|/ If o) ”(y)””dy>l/r/

+C Y Db oy [ M (lof 1) @] D" k27

la|=m k=1

1/q
v /,
Tl RCCRCCREEY
< C Y106 gy (M (1 17V @]+ [M (10 19) @)]).

|oe|=m

x wzké(uzké)l/q (

Similarly, we have
% — o]
<C Db —_ (D% . 4
(x) o;ﬂgfk“é\ZkJ 0)-( )2k lQ| e VO’)| y
% — o]

* C Z /;k+1Q\2kQ D b)zkﬂQ (Dab) | y|n+1 lf(y | .y

la|=m k=0

o N 1 . 1/r
= C YN bl 12 (5 o0 fuy)

loe|=m k=1

% < 1 / [f(y)a)(y)r,u(y)r//Pd >l/r/
2@ Jxra g

+C Y Db o [ M (lf 1) @] D" k27

|a|=m k=1

1/q
70 / (ywv(w/qdy)
< C Y 10b gy (M (1 17V @]+ [M (10 19) @)]).

|oe|=m

x wzké(vzké)l/q (

Thus

I < C Y Db oy (Mo (1017 @]+ [M, (1o 17) @]).

|o|=m
These results complete the proof of Theorem 1. O

Proof of Theorem 2 1t suffices to prove for f € C§°(R") and some constant Cj that the
following inequality holds:

<|Q|/in(f)(x) C0|"dx) <CZ Dab”m yWEMp 0 () (%),

lae|=m

where Q is any cube centered at xo, Co = 3_", ¢j¢j(x0 — ) and ¢; = Jen ‘1; (g’if;’ly),Bj(xo -

y)f2(y) dy. Fix a cube Q = Q(xy,d) and x € Q. Similar to the proof of Theorem 1, we have,
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fOI‘fl :fXQ al’ldfz :fXRn\Q;

(|Q|/|Tb(f)(x) C0|ndx)1/n
el () o)
< (2 52)

la|=m

1/
(IQI/ TR -Gl dx)

=h++ /3

n 1/n
dx)

For J; and J;, by using the same argument as in the proof of Theorem 1, we get

= - - 1/q
|R(b%,9)| < Clx—y™ Z |Q| Ve (/ |D*b(z)| ()10 (2) 1 dz)
Qlx.y)

|or|=m

1/r
=cioy Y @re( [ (pefote ae)

|a|=m

(r-q)/rq
X < / w(z)q(r—l)/(r—q) dz>
Qlxy)

< Cla—yl” 32 1R D], @10

la|=m

1 (r-q)Irq
X ( = / w(z)?° dz)
QM) Jowy)

< C|x_y|m Z ”Dab”Lipﬁ(w)|Q|—1/qw(é)ﬂ/n+1/r|Q|1/q_1/r

la|=m

1 (r=1)/r
R (2)d )
" <|Q<x,y>| /ow)“’ o

< C|x—y|’” Z ||Dotb||LipB(w)|é|—1/qw(é)ﬂ/n+1/r|Q|1/q—1/rw(é)l—1/r|O|l/r—1

|a|=m

< Cl=y" Y [DB| 0@ Q" 0(),

lee|=m

thus

1/s
Ji=C YDy, )@@ 0B l/s( [ ieor dx)

la|=m

1/r
< C Y10l 0@ w10 [ 10wty

|la|=m

(r—s)/rs
X < /~ w(x) =9 dx)
Q
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=C) ||D“b||Lipﬂ<w>w<5c>|<“2|—“8w(é)“’( T f @ a)(x)dx)

le|=m

L 7s/(r—s)d >(VS)/VS< 1 d )UV A 11/s W\-1/r
: <|é|/ow(x) i |Q|/w(x) ¥) 1A

<CZ”DabHLp @)Mp,ro(f)(x

lee|=m

]2<CZ Ql /‘Da ‘w l/r[f(x)’a)(x)l/’dx

|la|=m

1 o S . 1r
=Y & (/ |Db(x) - (D°B) 5| o(x) dx) (/Q[f(x)| a,(x)dx>

|ae|=m

<C Z |Q| |Llpﬁ(w (Q)ﬁ/ml/r/w(é)l/r—ﬁ/n

la|=m

1 r 1/r
s (a)(@—lﬂf / ) ) dx)
<C Y10l 0 22 byt

(w)
lal=m |Ql
<C Y 1Dy 0@ @Ml
la|=m

For J3, we have

’ (bx, bxo» |<C2 Z|x x| Mlx y||1/\

ly|<m|a|=m

X H DO‘ b ” Lipﬂ (w)w(&)w(zké)ﬂ/nx
thus

T2 ()(%) - Co
|1< x— y)l

< Ry (D3 %,5) — Ry (b3 %0,
_kzo:/Z’”lQ\ZkQ| (B:,9) = Rl xoy)|

——1f o) dy

o0
1
+ - Ro(B; 0, 9)| [ K (x — )| [ 9)| dy
2 el g~ g [Rnro K-l
oo 7 1
| Ry (b5 %0, )]
+C / ————|K(x-y) - Bi(xo — y)¢j(x0 — x)
k—zo ke 1noky %o — yI™ Zl J Y
- =
Y Y / ID*b()II(xo - )°
lr|=m k=0 k1Q\2kQ lxo —yI™

x [K(x—y) - ZB ¥)gi(xo —x

j=1

+CZ /

P—— k+1Q\2kQ

(=% (x0—

e —yI"  |xo yl’”

|K(x »||D*bO)||f )| dy
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<C Z | Db e x)z 2k+1 Bin

lot|=m

o — %o |x x0| )
% /2k+1é\2ké( | %o —yl”*l — y|n+d [f()/ |
o~ [ |x = %ol |x—x0|‘S
+C Z Z(pc() _y|n+1 + |x0 _y|n+6>
X / @ |D“b(y) = (Db) i |[W) " |f )| ()" dy

% — o] lx — x0[°
Yy :
[xo — |”Hl lcg — y|"*

la|=m k=1

X Akéi(Dab)zké - (Dab)é| lf(y)|w(y)1/rw(y)_1/r dy

., d d
= C Z ”D b Llpﬁ((u )Z( 2kd)n+1 (2kd)n+8>

|oe|=m

(2Q)"" < /2 Solew dx)m

1 1/(r-1) e 1 ur k k= —1/
N\ L @9 d) ( = ) 2Q|w(25Q) "
(|2kQ| 2kQ ()/ 4 |2kQ| %0 (y | ‘ ( )

d
+C Z Z( 2kd n+l de)ﬂ'HS)

la|=m k=1

Ly it o) (L gowrs)
d

o n d’
€ T 103,009 b0 s+ )

lee|=m

1r
X (/2kélf(y)| a)(y)dx)
1 /(- )(r v ( )1/ £Ble(240) "
) (|2ké| /k~ 0) b |2kQ|/ w(y) dy |2 Q|w(2 )

=C Z ||D°‘ Llpﬁ((u x)Zk

la|=m

1 , 1/r
(g Lo dx)

oo

+C D[P b]p 2_ (27

lat|=m k=1

w(ZkQ) 1/r
ST (w(2’<Q1 rﬂ/n/ ol w(Y)dx>

<c> | D"bHupﬂ 0@ @Mp1.0 (1) 3)

la|=m

This completes the proof of Theorem 2. d
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Proof of Theorem 3 Notice that e e Apappy CAp and v(x)dx € Ap/,r(v(x)’//” dx) by
Lemma 6, thus, by Theorem 1, Lemmas 2 and 9,

/R n]Tb(f)(x)|pv(x) dx
< / |M, (TP(F) @) [ v(x)dx < C f |ME,, (TP(N) @) [ v(x) dx
R" R"

< C X 10 oy [ (1T ]

M
lel=m R

+ [Mvr//p(|wf|r/)(x)]p/r, + [Mv(lwflq)(x)]P/q)v(x) dx

<C Z ||D0tb“BMo(w) </1;n|a)(x)f(x)\pv(x)dx+ /Rn|a)(x)T(f)(x)|Pv(x)dx>

la|=m

=C 100 pasone (/R f@) 1) dx + /Rn|T(f)(x)|pu(x) dx)

la|=m

=C Z 1078 i /Rn [f )] 1a(x) dx.

la|=m
This completes the proof of Theorem 3. O

Proof of Theorem 4 Choose 1 < r < p in Theorem 2 and notice w'™¥ € A;, then we have, by
Lemmas 8 and 9,

” Tb(f) ||Lq(w1*‘1) = ||M,,(Tb(f)) ”Lq(wl—q) = C”M;n(Tb(f)) ||Lq(a)1’q)

= c Z HDab”Lipﬂ(w) HwMﬁ:rvw(f)HLq(wl—q)

lee|=m

=C Z HDab“Lipﬁ(w) HMISJ'"U(f) “Lq((u)

l|=m

= ¢ Z “Dab||Lipﬁ(w)”f”Lp(a))~

la|=m

This completes the proof of Theorem 4. O
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