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Abstract

In view of the Nevanlinna theory in the angular domain, we study the exceptional
values of meromorphic functions in the Borel direction and also establish some
inequalities on the exceptional values of meromorphic functions in the Borel
direction. Based on these inequalities, we also give two theorems and some
corollaries as regards exceptional values of meromorphic functions in the Borel
direction.
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1 Introduction and main results

To begin with, we assume that the reader is familiar with the basic results and the standard
notations of the Nevanlinna theory of meromorphic functions (see [1-3]). We denote by
C the open complex plane, by C (= CU {0o0}) the extended complex plane, and by Q2 (C C)

an angular domain. In addition, the order of the meromorphic function f is defined by

p(f) = limsup log T(r/)

r—00 ogr

and the exponent of convergence of distinct a-points of f is defined by

log" N(r,a,
ﬁ(ﬂlf) = llm Sup M'
rosoo ogr

For f a meromorphic function of order p (0 < p < 00), we say that a is an exceptional
value in the sense of Borel (evB for short) for f for the distinct zeros if p(a,f) < p. Thus, by
the second fundamental theorem in the whole complex plane, we know that a meromor-
phic function f of order p (0 < p < 00) at most has two evB for the distinct zeros.

It is well known that exceptional values of meromorphic functions are strictly relative
with singular directions. For instance, Picard exceptional value relating with Julia direction
and Borel exceptional value relating with Borel direction, and so on (see [4-8]). Moreover,
the characteristics of meromorphic functions in the angular domain played an important
role in studying on singular directions and exceptional values of meromorphic functions
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(see [9-12]). Now, we firstly introduce the characteristics of meromorphic functions in
the angular domain as follows [13, 14].

Let f be a meromorphic function on the angular domain Q(«, 8) = {z: @ < argz < g}
and 0 < 8 — « < 2x. Define

r 1 w . . d
Ay p(r.f) = $/1 (t_a’ - :Z_a)) {log*|f (ze)| + 10g+[f(te”3)|}7t,
B
By g(r.f) = ;_a) / log* [f(reie) | sinw(® — o) do,

rw

Cop(r,f) =2 Z < 1 —Ib"lw)sinw(eﬂ—a),

|bﬂ|fu r2w

1<|by|<r
Soz,ﬁ (rrf) = Aot,ﬂ (rrf) + Ba,ﬂ (rrf) + Coz,ﬂ (r,f):

T
B—a
cording to their multiplicities. S, g(r,f) is called Nevanlinna’s angular characteristic, and

where w = and b, = |b,|e®" (u =1,2,...) are the poles of f on Q(«, B) counted ac-
Co,p(r,f) is called the angular counting function of the poles of f on Q(«, 8), and 60[,,3 (r.f)
is the reduced function of C, g(r,f). Similarly, the order of the meromorphic function f
on Q(w, B) is defined by

1 SC( ’,
)Oa,ﬁ(f) = lim sup 20895 n) ’5(”(),

F—00 logr

and the exponent of convergence of distinct a-points of f on Q(«, 8) is defined by

_ . log* Cy 4(r, a,f)
Pa,pla@.f) =limsup #-

For f is a meromorphic function of order p, g(f) (0 < pg,p(f) < 00), then we say that a is
an exceptional value on the angular domain in the sense of Borel (evaB for short) for f for
the distinct zeros if p, 4(a,f) < pa,5(f)-

An interesting subject arises naturally: Does a meromorphic function f with order py g
(0 < pa,p < 00) on Q(a, B) at most have two evaB for the distinct zeros? By Lemma 2.2,
Lemma 2.3, and Remark 2.1, we can give a negative answer to this question since
Qq,p(r.f) = Oflog(rS, p(r,f))} is not valid, as r — oo (r ¢ E) and E is the set with finite
linear measure. Thus, it is an interesting topic in studying the exceptional value of mero-
morphic functions on the angular domain.

The main purpose of this paper is to investigate the exceptional values of the mero-
morphic function with infinite order in its Borel direction. Valiron [15] proved that every
meromorphic function of finite order p > 0 has at least one Borel direction of order p.
Chuang [16, 17] investigated the existence of Borel directions of the meromorphic func-
tion of infinite order. Before stating Chuang’s results, we will introduce the definition as
follows.

Definition 1.1 [16] Let f be a meromorphic function of infinite order, p(r) be a real func-
tion satisfying the following conditions:

(i) p(r) is continuous, non-decreasing for r > ry and p(r) — 0o as r — 00;
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(i)

log U(R) r
im ——— =1, =r+ ,
r—co log U(r) log U(r)

where U(r) = r*") (r > rp);

(ii)

. log T'(r,f)
limsup ———=1.
rooo  logU(r)

Then p(r) is said to be of infinite order for the meromorphic function f. This definition
was given by Xiong (see [16]).

We will give the definition of the Borel direction of the meromorphic functions f of

infinite order p(r) as follows.

Definition 1.2 [16] Let f be a meromorphic function of infinite order p(r). If for any ¢

(0 < & < ), the equality

logn(Q26 —¢,0 +¢&,r),f =a) 1

limsu
r_)oop o(r)logr

holds for any complex number a € C, at most except two exception, where n(Q2(6 —¢,0 +
&,r),f = a) is the counting function of zero of the function f — a in the angular domain
Q(0 - ¢&,60 + ¢), counting multiplicities. Then the ray argz = 0 is called a Borel direction of

p(r) order of the meromorphic function f.

Remark 1.1 Chuang [16] proved that every meromorphic function f with infinite order

p(r) has as least one Borel direction of infinite order p(r).
Now, the main theorem of this paper is listed as follows.

Theorem 1.1 Let f be a transcendental meromorphic function of infinite order p(r) on
the whole complex plane, argz = 0 (0 < 0 < 2w) be one Borel direction of p(r) order
of the function f and Q := QO - €,0 + ¢) for any ¢ (0 < & < 7). If there exist aj, ...,
Ay @y ey B,y B € C such that ay,a,...,al, are evBB for f for distinct zeros of
multiplicity < k;,i=1,2,...,s, where s,p1,...,ps € N, and ki, ky, . .., ks are positive integers

or infinity, then

o - pik; 5 L Pi i
E:= o 1+ki+z<l+kizaki(a/’f)>52' o

i=1 j=1

Definition 1.3 Let argz =6 (0 < 6 < 27) be one Borel direction of p(r) order of function
f and k be a positive integer, we say that a is
(i) an exceptional value in the sense of Borel for f in the Borel direction (evBB for
short) for distinct zeros of multiplicity < k, if ﬁlg (a.f) <1

Page 3 of 12


http://www.journalofinequalitiesandapplications.com/content/2014/1/53

Xu et al. Journal of Inequalities and Applications 2014, 2014:53
http://www.journalofinequalitiesandapplications.com/content/2014/1/53

(i) an exceptional value in the sense of Borel for f in the Borel direction (evBB for

short) for distinct zeros, if py(a,f) < 1; where

— . 10g+69— 9+8(r)a»f| Sk)
k g,

04(a,f) =limsu

0 f r—>oop IOg Sg_g,9+5 (}",f)

’

— . 10g+ 69—5 9+<‘:‘(r1 arf)
Py(a,f) =limsu ’
f f r—><>op log So—s,0+¢ (r;f)

)

and Cy_,g.(r,a,f| < k) is the counting function of distinct a-points of f on

whose multiplicities do not exceed k.

In particular, we say that 4 is an evBB for f for simple zeros if k =1, a is an evBB for f

for simple and double zeros if k = 2.

Definition 1.4 For positive integers k, i, we define

ck (r,a.f)
59(af) =11 O-sbrsV 1T
x(@f) lflliljp So-e,9+¢(1.f)

. 69—8 O+e (I", a;f)
0%a,f) =1 -limsup ——" 27
/ rsoo  So—g0+e (V:f)

—k . . . .
where Cy_, .. (r,a,f) the counting function of a-points of f on Q where an a-point of
multiplicity u is counted p times if u < k and 1 + k times if u > k. In particular, if k = oo,

we denote

. C9—5 9+8(r7 ﬂrf)
5%(a,f) = 8°(a,f) = 1 limsup o8] ).
f f r—>ocp SQ—S,@H?(V:f)

Theorem 1.2 Let f be a transcendental meromorphic function of infinite order p(r) on
the whole complex plane, argz = 6 (0 < 6 < 21) be one Borel direction of p(r) order of the
functionf and Q2 := Q0 —¢,0 +¢) forany ¢ (0 < e < ). Ifthere exist a € Cand two positive

integers k and p such that

1+6)0(@a,f)+ ) 8" (b.f)>2-k(p-1),

b#a

then there exist at most p elements @\{a} which are evBB for f for distinct zeros of multi-

plicity not exceeding k.

2 Some lemmas
To prove our results, we need the following lemmas.

Lemma 2.1 (see [18,19]) Let f be a non-constant meromorphic function on Q(«, 8). Then

for arbitrary complex number a, we have

So.p (r,f i a) =Sy p(r.f) + e(r,a),

where ¢(r,a) = O(1) as r — o0.
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Lemma 2.2 (see [13, 14]) Suppose that f is a non-constant meromorphic function in one
angular domain Q(a, ) with 0 < B —a < 27, then for arbitrary q distinct a; € ca <j<gq),
we have

q
(@-2)Sup(rf) =3 Cup (r,

= f-a

) + Qa,ﬂ(r’f):

where the term Ewg(r,ﬁ) will be replaced by Cq 4(r,f) when some a; = 0o and
7

s -sale) )

q
IR C=]
Aot, y Ba, ) Ol 2
+;{ ﬁ<rf—a,' + By g rf—aj +0(1) (2)

Lemma 2.3 (see [18, p.138]) Let f be a non-constant meromorphic function in the whole

complex plane C. Let one angular domain be given on Q(«, B). Then for any 1 <r <R, we

have

' R\ (®log" T(r, R
Aap V,Ji <K{{|- / Og7(rf)dt+log+ ! +log—+1
f r 1 tlre R-r r

and

o)< el )

I

B-a

where w = and K is a positive constant not depending on r and R.

Remark 2.1 Nevanlinna conjectured that

Dyp (rf}) =Ayp <r§> +Beg <rjj;) = 0(Su,8(r.f)) (3)

when r tends to +00 outside an exceptional set of finite linear measure, and he proved
that Aa,,g(r,{,—/) + Ba,,g(r,?—/) = O(1) when the function f is meromorphic in C and has fi-
nite order. In 1974, Gol'dberg [13] constructed a counter-example to show that (3) is not

valid.

Lemma 2.4 (see [20, Lemma 4]) Let f be a meromorphic function in C, Q(«, B) (0< S —

a < 27) be a closed angular domain, then

_ o), f is of finite order,
Quplrf) = O(logU(r)), f is of infinite order,

where Qq p(r.f) is stated as in (2), U(r) = "0, p(r) is the precise order of T(r,f) when f is
of infinite order, E is a set of finite linear measure.
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Lemma 2.5 (see [20, Lemma 5]) Let f be a meromorphic function on a closed angular
T

F» then for any a € C and for any ¢ € (0, £y,

domain Q(«, B) and w =

I’l(t, Qs:f = 61)
to+1

Copria,f) > 2w sin(a)s)/ dt + 0(1),
1

Cop(raf) > %{A@N(n Q.. f =a)+o0(1),

"n(t,Q,f =a)

Ca,ﬂ(r,ﬂ’f)54w£ Tdtr

Ca,ﬁ(l", ﬂ,f) = 21’1(}", Q;f = 61),
where Q, = (@ + &, B —¢).

Remark 2.2 For the reduced case, that is, each multiple zero of f —a in Q(«, 8) is counted
only once (ignoring multiplicities), Lemma 2.5 still holds, and its proof is similar to the

case of counting multiplicities.

Lemma 2.6 (see [17]) Let f be a meromorphic function of infinite order p(r). Then the ray
argz = 0 is one Borel direction of p(r) order of the meromorphic function f if and only if f
satisfies the equality

log Sy_ S
lim sup 0g o9 s,9+a(r f) -1
r—00 p(r)logr

Joranye (0<e< 7).

Lemma 2.7 Let f be a transcendental meromorphic function of infinite order p(r) on the
whole complex plane, argz = 0 (0 < 6 < 21w) be one Borel direction of p(r) order of the
Sfunction f and Q := Q6 —¢,0 +¢) forany ¢ (0 <e <m). Then

Co- ,0,f
limsup 0 5,9+e(r f)

o 0
rooo  So-e0+e(rf) =2-0 (OO,f)—Z(S @.f).

beC

Proof Suppose that by, by, ..., b, € C are ¢ distinct complex constants. Since argz =6 (0 <
0 < 2m) is one Borel direction of p(r) order of the function f, then we have

t
ZD€—8,6‘+E (rx birf) E D9—5,9+8 (V; O:f/) + Q0—8,0+5(rrf)

i=1

E 59—8,9+5 (r;f/) - C9—E,9+8 (V, O:f/) + Q0—8,0+5(rrf):

Where D6—8,0+s (rr birf) = A9—8,9+8 (l", bi’f) + B@—£,9+s (r; birf)~ FI‘OD’I S@—s,9+s(r:f/) < S@—a,9+s (I",
)+ Coepre(rf) + Qo_cpre(r,f), then we have

t
ZD9—8,9+S (1, binf) + Coc 46 (V, O:f,) < Sp_epre(rf) + 69—6,9+£(’":f) + Qoep+e(rf),

i=1
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it follows by Lemmas 2.4-2.6 that

t

C9—£,€+s(rr O;f/)

8°(bi,f) +limsu <2-0%(c0,f). (4)
; ! f r—>oop S@—s,@ﬂz("rf) f
Since ¢ is arbitrary, from (4) we can easily complete the proof of Lemma 2.7. O

3 Proof of Theorem 1.1
Proof Since f is a meromorphic function of infinite order p(r) and argz =6 (0 <0 < 27)
is one Borel direction of p(r) order of the meromorphic function f, by Lemma 2.6, we can

getforany e (0 <e <)

10g SG—S,OH?(":f) -1

li 5
lir_ligp p(r)logr ©)
For any positive integer k or co and 4 € C, we have
_ k — 1
C6—£,0+£(V: ﬂ’f) S mce-s,em (r: ﬂ,f| S k) + mce_g,9+s (7’, arf)r (6)
where ﬁ =1and ﬁ =0 if k = 00. Then, from (6) and Lemma 2.2, we have
s s ki i . '
<i21:pi - 2)59—8,9+8(r’f) = ; 1+ k ; Coc e (r, ﬂ]l',fl = kz)
s 1 Di ‘ i
+ Z 1+ k Cg,gygw (73 a,‘¢f) + Q9—€,9+s(rlf)~ (7)
i=1 b=l

From (5), Lemma 2.5 and the assumptions of Theorem 1.1, there exists a constant 1 (0 <
n < 1) such that for sufficiently large r,

Cocpre(ralfl <k) <(UM)", j=12..,p5i=12,...,s (8)

Hence, from (5) and for sufficiently large r, we have

u S Di
<Zpi - 2)595:9+8(r’f) = Z 1 jk Z Cgi_e,0+s (r’ a;:’f)
i=1 i=1 i =1
+ O((L[(r))") + Q9—s,9+£(r;f)~ (9)

Thus, for sufficiently large r and arbitrary ¢ (> 0), we can get from (8) and the definition
of 8¢ (a,f)

- - 1 < 0 (i
(FZIPL - 2)596,0+s(r:f) < FZI Tkl le(l - 5/(1. (a/vf) + 8)59—8,9+£(r7f)

+ O((U(r))n) + Q9—8,9+8(r’f))
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that is,

(E -2- 8)59—6,9+£(r:f) < O((u(r))n) + Q9—£,9+s(r,f)' (10)

If E > 2, we can choose an arbitrary ¢ (> 0) satisfying n + e <1 and E —2 — ¢ > 0. Thus,
from (5), (10) and for sufficiently large r, we easily get a contradiction.
Therefore, we get the conclusion of Theorem 1.1. g

4 Proof of Theorem 1.2
Proof Without loss of generality, we assume that a = co. Next, we use reduction to ab-

surdity to prove the conclusion of Theorem 1.2. Suppose that there exist p + 1 elements
a1,a,...,ap.1 € Cwhichare evBB for f for distinct zeros of multiplicity < k. Since argz = 6
(0 < 0 < 2m) is one Borel direction of p(r) order of the meromorphic function f and
Q:=Q@0O —¢,0 +¢) for any ¢ (0 <& <), and if zy is a zero of f — b on Q of multiplic-
ity d (> 1) for b € C, then z; is a zero of /' on Q of multiplicity d — 1, and it follows that

p+l p+l

— — 1 ,
Z Cocpse(ranf) < Z Coepre(ranf| <k)+ %CH—8,9+S (V, 0,f )
i=1

i=1
Therefore, by Lemma 2.2 we have

p+l

P50—5,6+s(7”yf) =< ZEQ—S,9+8(V7 ai;f) + 66—8,9+a(7':f) + QH—s,(ﬂs(ryf)

i=1
p+l

— 1 ,
= Z Cocpose(rapfl < k) + %C9—£,9+e (7: O;f)

i=1

+ 69—5,0% (V,f) + Q@—s,@w(r:f)' (11)

From (5), Lemma 2.5 and the assumptions of Theorem 1.2, there exists a number 1 (0 <

n < 1) such that for sufficiently large r,
Coepre(maifl <k) < (L[(r))", i=1,2,...,p+1 12)

From (11), (12) and Lemma 2.6, for sufficiently large r, it follows that

(p-1- 3 (2- 000N - 50 )+ 00 JSicsnci)

b#oo

<O((U(M))") + Qoepse (1. ). (13)

Since 1 < 1, from (5) and (13) for sufficiently large r, we can get

(L+6)0%(00,f) + Y 8°(b,f)> 2~ k(p-1),

b#oo

which is a contradiction with the assumption of Theorem 1.2.
Thus, this completes the proof of Theorem 1.2. d
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5 Some consequences of Theorems 1.1 and 1.2
In this section, we will give some consequences of Theorem 1.1. Before giving these results,
some definitions will be introduced below.

Definition 5.1 Let argz =6 (0 <6 < 27) be one Borel direction of the function f and we
haveanye (0 <e<m), forae C. Then
(i) a is called an exceptional value in the sense of Nevanlinna in the Borel direction
(evNB for short), if % (a,f) > 0;
(ii) a is called a normal value in the sense of Nevanlinna in the Borel direction (nvNB
for short), if 8%(a,f) =

In addition, similar to the Picard exceptional value in the whole complex plane, by def-
inition a is called an exceptional value in the sense of Picard in the Borel direction of f
(evPB for short), if f has at most a finite number of a-points in the Borel direction.

Consequence 5.1 Under the assumptions of Theorem 1.1, if k; = 1, from Theorem 1.1, we

get
*\piki s g g X,
P1+2;1+ki+;51(ﬂj’f)+ 2 1+ki/:2151(aj’f)§4'

Since p; > 0 and Sf(a;,f) >0fori=1,...,s, it follows that
(i) if f has an evBB for simple zeros which is also an evNB for f, then f has at most
three evBB for simple zeros;
(ii) if @1, a are two evPB for f then no other element is an evBB for f for simple zeros;
(ili) there exist at most four elements which are evBB for f simple zeros since

81(61}, f) > 0, moreover, all these four values are nvNB for f.

Consequence 5.2 Under the assumptions of Theorem 1.1, if k; = 1, k = 2, p; =1, we have

2p> - pikz 0 1 ) - 1 & 0( i 3
T+ 1 k 8 ( f)+§282(aj’f)+21+k,Zaki(di’f)fE' (14)
j=1 i=3 L=l

Since p; > 0 and 8,% (a;:, f) > 0, it follows from (14) that p, < 3. Thus, if a} is an evBB for f
for simple zeros, that is, 819 (a}, f) > 0, then there exist at most two other elements which
are evBB for f for distinct simple zeros and double zeros. Furthermore,
(i) if 819 (ab,f) = %, then two other elements evBB are also evNB for f;
(i) if any one of the two other elements a?, a3, say af, satisfies &{ (a?,f) = 1, then af, a3
are also evNB for f.

Consequence 5.3 Under the assumptions of Theorem 1.1, if k; = 1, k; = 3, p; =1, then we

have
3p2 piki. N R ; 3
T + 1 k Se(ﬂlﬁf) + — E 89 ;zs 1+ ki ;:1 6/?, (a]l'} ) = 5.

From the above inequality and Se(a,f) >0 fora e CU {oo}, we see that p; =1, p, <2 and
p1=1,p=2,p;=0(i=3,...,s). Thus, if f has an evBB for simple zeros, then there exist at
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most two other elements which are evBB for f distinct zeros of multiplicity < 3, moreover,

all these exceptional values are nvNB for f.

Consequence 5.4 Under the assumptions of Theorem 1.1, if k&; = 2, we have

% s Piki l191 01 s 1 Pi . ;
37 -2 1+/<z’+3;SZ(u/’f)+§l+ki;8kt(“i'f)52' (15)

. & . .
Since ) ;_, ffrk’i +Y i, ﬁ ;9:11 8,(fl_(a;,f) > 0, from (15) we have

2p1 1 b1

Thus, it follows that p; <3 and p; =3, p; =0, i =2,...,s. Hence, we see that f has at
most three evBB for distinct simple and double zeros, moreover, all three evBB for distinct

simple and double zeros are nvNB for f.

Consequence 5.5 Under the assumptions of Theorem 1.1, if k; = 2, p; =1, k, = 1, then we

have
- 22 $ bi
piki 2 9 | o
Pt i=3 li;(i ' 563 (ebf) + ;‘Sf(“l‘z’f) ' ; 1+k; ;Szi(“;’f) =3

Thus, it follows that p, < 2. So, if there exists an evBB for f for distinct and double zeros,
say a}, then there exist at most two other evBB for f for simple zeros, say a7, a3. Further-

more, if p; =1, p; = 2, it follows that

285 (a1,f) + 38 (a7.f) + 87 (a3.f) <2.

Thus, we can see that any one of a7, a3 may not be an evPB for f, furthermore, if 4! is an
evPB for f, then a?, a5 are nvNB for f.

Now, some consequences of Theorem 1.2 are listed.

Consequence 5.6 Under the assumptions of Theorem 1.2, if k =1 and

20°(a,f)+ Y 8" (b.f)>3-p,

b#a

we have
(i) if p=1and 20°%(a,f) + Zb#ﬂ 8%(b,f) > 2, then there exists at most one element
b # a which is an evBB for f simple zeros; in particular, this holds if there exists an
a € C satisfying ©%(a,f) = 1;
(ii) if p =2 and 20%(a,f) + 3", 8°(b,f) > 1, then there exist at most two elements
by, by # a which are evBB for f simple zeros; in particular, this holds if there exists

an a € C satisfying 0’ (a,f) > 5
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(iii) if p = 3 and 20%(a,f) + Zb# 8%(b,f) > 0, then there exists at most three elements
by, by, b3 # a which are evBB for f simple zeros; in particular, this holds if there
existsana € C satisfying 7 (a,f) > 0.

Remark 5.1 Under the assumptions of Theorem 1.2, from Consequence 5.6, we see that
if there exist four distinct elements by, by, b3, by € C which are evBB for f for simple zeros,
then ®/(b;,f) < 5 and ©°(a,f) =0 fora # b; and i = 1,2,3,4.

Consequence 5.7 Under the assumptions of Theorem 1.2, if k = 2 and

30°(a,f)+ Y _8"(b.f)>4-2p,

ba

we have
(i) if p=1and 30%(a,f) + Zb# 89(b,f) > 2, then there exists at most one element b # a
which is an evBB for f distinct simple and double zeros; in particular, this holds if
there exists an a € C satisfying @7 (a,f) > %;
(ii) if p =2 and 30%(a,f) + 3", 8°(b,f) > 0, then there exist at most two elements
by, by # a which are evBB for f distinct simple and double zeros; in particular, this
holds if there exists an a € C satisfying 7 (a,f) > 0.

Remark 5.2 Under the assumptions of Theorem 1.2, from Consequence 5.7, we find that
if there exist three distinct elements by, by, b3 € C which are evBB for f for distinct simple
and double zeros, then ®°(b;,f) < 2 and ©%(a,f) = 0 fora #b; and i = 1,2,3.

6 Remarks

From Theorems 1.1 and 1.2, it is a natural question to ask: could we get the same conclu-
sions of Theorems 1.1 and 1.2 when f is a transcendental meromorphic function with finite
order p (0 < p < 00) on the whole complex plane? However, we cannot give a positive an-
swer to the above question. Now we give a simple procedure to show that the conclusion
of Theorem 1.1 cannot hold when f is a transcendental meromorphic function with finite
order p (0 < p < 00) on the whole complex plane.

If f is of finite order p (0 < p < 00), that is, p(r) = p, then we say a is an exceptional
value in the sense of Borel for f in the Borel direction (evBB for short) for distinct zeros
of multiplicity < &, if ﬁlg (a,f) < p. Thus, by Lemma 2.5 and the definition of the Borel
direction, (8) can be replaced by

69—5,9+8(7;d;;f| < kz) < r'?’, j= 1,2,...,p5i=12,...,s,
where 1’ < p and r is sufficiently large, and (10) can be replaced by

(8 =2-8)Sp_e00e(r,f) < O(r") + Qe e (1 f)- (16)
However, by Lemmas 2.1-2.5, we get

log Sﬁ—s,9+s (r!f) <

T ” .
p—— <n":=limsup
2¢e =00 logr
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Moreover, from the above inequality, we cannot be sure whether 7’ is greater than »". If
n” <n’ < p, then from (16) we cannot easily get a contradiction. Therefore, Theorems 1.1

and 1.2 may not be true when f is of finite order.
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