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Abstract

The main purpose of this paper is, using the properties of Gauss sums and the mean
value theorem of Dirichlet L-functions, to study a hybrid mean value problem
involving certain Hardy sums and Kloosterman sums and give two exact
computational formulae for them.
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1 Introduction

Let ¢ be a natural number and d be an integer prime to c. The classical Dedekind sums
S((OV((4
S(d,c) = - =1
E(O)(6)

where

(( )) x—[x] - % if x is not an integer;
X =
0 if x is an integer

describes the behavior of the logarithm of the eta-function (see [1] and [2]) under modular
transformations. Berndt [3] gave an analogous transformation formula for the logarithm
of the classical theta-function

+00

0(z) = Z exp(ninzz), Im(z) > 0.

n=-00

That is, put Vz = (az + b)(cz + d) with a,b,c,d € Z, ¢ > 0, and ad — bc = 1. Then we have
1 1 1
log0(Vz) =log6(z) + 3 log(cz + d) - Em’ + ZniSl(d, c), 1

where S;(d, ¢) are defined as

—
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Si(d,e) =) (1Y

J

dj
<1

Il
—

©2014 Zhang and Zhang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2014/1/52
mailto:micohanzhang@gmail.com
http://creativecommons.org/licenses/by/2.0

Zhang and Zhang Journal of Inequalities and Applications 2014, 2014:52
http://www.journalofinequalitiesandapplications.com/content/2014/1/52

The sums S1(d, ¢) (and certain related ones) are sometimes called Hardy sums. They are
closely connected with Dedekind sums. Some authors had studied the properties of S;(d, c)
and related sums and obtained some interesting results, see [4—8] and [9]. For example,
Zhang and Yi [8] proved the following conclusion. Let p be an odd prime. Then, for any
fixed positive integer m1, we have the asymptotic formula

p-1 2 1
2m _ om . é- (2W1)(1— 4_”‘) < 2m-1 (6lnp))
;\Sl(h,p)\ P s ) +o(p e )

where ¢ (s) is the Riemann zeta-function and exp(y) = ¢’.
On the other hand, we introduce the classical Kloosterman sums K (#, g) which are de-
fined as follows: For any positive integer g > 1 and integer n,

K(n,q) = Z,e<nb+b),

b=1 9

where b denotes the solution of the congruence x - » =1 mod g, Z/Zzl denotes the sum-
mation over all 1 < b < g with (b,q) = 1 and e(x) = ¢*"**. Some elementary properties of
K(n,q) can be found in [10] and [11].

The main purpose of this paper is, using the properties of Gauss sums and the mean
square value theorem of Dirichlet L-functions, to study a hybrid mean value problem in-
volving certain Hardy sums and Kloosterman sums and give two exact computational for-
mulae. That is, we shall prove the following theorem.

Theorem 1 Let p be an odd prime. Then we have the identity

-1 p-1

Y K(m,p)-K(n,p) - Si(2m -7,p) =

=1

]

2p*  ifp=3mod 4;

1 0 ifp=1mod 4.

3
i
3

Theorem 2 Let p be an odd prime, then we have the identity

‘K(m,p)|2 . |K(n,p)|2 -$12m -1, p)

3
il
L
3
I
L

2 +4-p* -k ifp=7 mod §;
- 3 212 .
=12p°-36-p°-h, ifp=3mods;
0 ifp=1mod 4,

where hy, denotes the class number of the quadratic field Q(/=p).

For general odd number g > 3, whether there exits a computational formula for the

hybrid mean value

q q
> [Kma)| - Ko )| - Si(2m -7 q)

m=1 n=1

is an open problem.
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2 Several lemmas

In this section, we shall give several lemmas, which are necessary in the proof of our theo-
rems. Hereinafter, we shall use many properties of Gauss sums, all of which can be found
in [12], so they will not be repeated here. First we have the following lemma.

Lemma 1 Let p be an odd prime, then we have the identity

r-1 3 —2
2 () - T(X)
;‘ x(n) - |[K(m,p)|” = %(-1) - —e

Proof For any non-principal character x mod p, from the properties of Gauss sums we
have

pl p-1 p-1 p-1 R
Y xm|Kmp)[* =Y > XW(M)

n=1 a=1 b=1 n=1 p

S5 e (nb(a ~1)+b(@- 1))
p

1
p-1 p-1 E_—
:T(X). ZY(b(d—l))e< (ﬂp 1))

a=1 b=1
p-1
=t*(x)- ) x@a-1x@-1)
a=1
p-1 p-2
= (x)- Yy x@x(-@-1%*)=x-1-7*(x)- ) x(a+x(a®)
a=1 a=1
—__ . 2 .p72 7 _2 —__ . 2 .p71 2
=X (0) - Y x(@+@) =x(1)- 200 - Y x(a® +a)
a=1 a=1
x5 F W(M)
T e T T
1 2 b\ 22 ba
=5(=1) - %(x) - —— - Y w(be| = -
XD 700 7 ;x( )e<p>;x(a)e(p)
p-1 b
XD P Yz(b)e(—>
) 5 p
oy P00 @)
X
This proves Lemma 1. d

Lemma2 Let g > 2 be an integer, then, for any integer a with (a, q) = 1, we have the identity

2
’

1 d>
Swﬂ):%%w > x@]La, x)

x mod d
x(-1)=-1

where L(1, x) denotes the Dirichlet L-function corresponding to character x mod d.
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Proof See Lemma 2 of [9]. O

Lemma 3 Let g > 0 and (h,q) = 1. Then we have the identity
S1(h,q) = -8S(h + q,29) + 45(h, q).
Proof This formula is an immediate consequence of (5.9) and (5.10) in [7]. O

Lemma 4 Let p be an odd prime and 0 < h < p. Then we have the identity
S$1(2h,p) = =20 - S(2h,p) + 8 - S(4h,p) + 8 - S(h, p).

Proof Note that the divisors of 2p are 1, 2, p and 2p. So from Lemma 2 and Lemma 3 we

have

$1(2h,p) = -8 -S(2h + p, 2p) +4-8(2h,p)

Z ;2 x@heplL ol

7T
p d\Zp x mod d
x(=1)=-1

ZW > x@mlLa ol

T[ p dlp x mod d
x(-1)=-1

4 (2p)?
=_%.;(%L) 3 x@h+p)|La )

x mod 2p
x(-1)=-1

l6p

wpD X X@hepnhsplLd o)

x mod p
x(-1)=-1

B 16p
re-D X

x mod p
x(-1=-1

(2)

where A denotes the principal character mod 2.

From the Euler infinite product formula we have
x(P)A(p) [~ N

2 p—
L@ xn| =T ” =-T]

pr p1>2

<O 1 x[?
‘1_ 2 lp_l[ 1

x(p1)
P

:(E_@_@>.|L(1 x)

1-

1-

4 2 2

where ]_[p denotes the product over all primes p.
From Lemma 2 we also have the identity

1
S(n,p) = ) p%l X%p x(n)]L(l,X)|2. (4)

x(=1)=-1
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Now, combining (2), (3) and (4), we have the identity

16
S1(2h,p) = _Wlil) : Z )((2}1)‘14(1»X)\)|2
mod
Y
) P 5 x@ 1
——16'm' Z XQh)(Z_T_ > |L(1 |
X mod p
x(=1)=-1

=-20-S(2h,p) + 8- S(4h,p) + 8 - S(h, p).
This proves Lemma 4.

Lemma 5 Let p be an odd prime. Then we have the identities

2
W Y papp-T el

2
x mod p 12 p
x(-1)=-1
2 2
2 7t (p-1)°-(p-5)
B Y x@- L) =1 F PR
24 p
x mod p
x(=1)=-1
72 | (=D (p-17) e
2 .= P ifp=1mod 4;
© X x@- w0 =1 8
(modp T if p=3 mod 4.
x(=1)=-1

Proof From the definition of Dedekind sums we have

ra 1\? (c-D(c-2)

a=1

If p =1 mod ¢, then from (5), and noting the reciprocity theorem of Dedekind sums (see

[5]), we have the computational formula

2, .2
p +cc+1 1 prec?+1 1
Slep) == — g S = — -, =S
12pc 4 12pc 4
P+l 1 (e-1)(e-2) (p-Dp-1-7)
o 12pc 4 12¢ N 12pc
If p = 3 mod 4, then we also have
2 2
p +16+1 1 p +17 1
S(4, -—=-S@4)= 3,4
(4,p) 3 w4 == 15639
pr+17 1 1 p*—6p+17
= - 4+ — =
48p 4 8 48p

2 —_1)2. -2
Z |L(1»X)|2= % ) %
x mod p

x(=1)=-
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Taking ¢ = 2 in (6), from (4) we can also deduce the identity

7.[2

2
> x@ Ll =5,

x mod p
x(=1)=—

If p =1 mod 4, then taking ¢ = 4 in (6), from (4) we can deduce the identity

(v-1*-(-5)

P2

P - (p-17)
Y ox@-Laof=%. .
x mod p 48 p2
x(=1)=-

If p =3 mod 4, then from (4) and (7) we have the identity

2 7 (p-1)-(pP-6p+17)
XmZOdpx(4)-|L(1,x>| =48 — .

x(-1)=-

Now Lemma 5 follows from (8)-(11).

3 Proof of the theorems

)

(10)

(11)

In this section, we shall complete the proof of our theorems. Note that if x is a non-

principal character mod p, then |z(x)| = ,/p and

L Ll ma+a
> xmKmp)| = > x(m) ( ) 72(0)]
m=1 a=1 m=1

If p = 3 mod 4, then from (12), Lemma 4 and Lemma 5 we have

p-1 p-1
K(m,p)-K(n,p) - S$12m - n,p)

m=1 n=1
2
20 - 1 2
P @Y k- Kup)| - |LO )|
T (p_l)xmodp n=1
x(-D=-1
8-p - i
. 2
T (p - 1) d =1
x mod p n
x(-1)=-1
p-1 2
2
+n2 _ Z > x(m)-K(np)| - |1, x)]
x mod p | n=1
x(=1)=-1
20-p°
n(p l)xmodp (p 1))(modp
x(=D=-1 x(=D=-1
8. p3 2
Xx mod p
x(-D=-1

= —gp(p— D(p-5)+ %p(p— Dp-2)+ %p(p2 -6p +17) = 2p".

(12)

(13)
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If p =1 mod 4, then from (12), Lemma 4 and Lemma 5 we also have

p-1 p-1
K(m,p)-K(n,p)-S1(2m -7, p)
m=1 n=1
20-p? 2 8-p° 2
e - 2)-|L(1, _ L(,
ﬂW-DX%I,X() (1, )| +”2@_1)X%p| (L x)]
x(=1)=-1 x(=1)=-1
8'[)3 2
_ 4) - |L(1,
+n2(p—1)X§pX() 2,0
x(-1)=-1
5 2 1
= —gp(p—l)(p— 5) + gp(p— D(p-2)+ gp(p—l)(p— 17) = 0. (14)

It is clear that Theorem 1 follows from (13) and (14).
Now we prove Theorem 2. If p =1 mod 4, then from Lemma 1 and the method of prov-

ing Theorem 1 we have

p-1 p-1 ) )
|K m,p)| ~|I((n,p)| -$12m - 7m,p)
m=1 n=1
20 -p r | 2
. - 2 - 1K (n, - |L(1,
”2(”‘1)”2@ );x(n) \Km,p)|*| - L@, x)|
x(=D=-1
p-1 2
) Y @ xm - |Kmp)'| - |La 0l
Xx mod p n=1
x(=1)=-1
8-p p ?
. 2 2
MP=Te— X%y ;x(n)-|1<(n,p)| |2, x)|
x(-1)=-1
20 - p* 2 8. pt 2
b S 2)-|L@, — L(1,
”2("‘1))%::19)(() L@, )] +”2(P-1>X§p’ (1 x)|
x(=1)=-1 x(-1)=-1
L, )P
2(p D X%ﬁ )+ | %)
x(-1)=-1
5 2 2 2 1 2
=—g? (P—l)(p—5)+§l9 (P—l)(p—2)+gp p-Dp-17)=0. (15)

If p = 3 mod 4, then note that the Legendre symbol (‘71) = x2(-1) = -1, L(L, x2) = - hp/ /0,

() (z) -

a
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so from Lemma 1 and the method of proving Theorem 1 we have

p-1 p-1
|K m,p)| |I((np)| -$51(2m -7, p)
m=1 n=1
20 ’
=—an 3 x(2)Zx(n) Knp)*| - L0
o
z(p 5 2 x(4)Zx(n) K (n,p)|” |L(1,x)|2
O
8. r ?
+W€n k- [Kmp)| Lol
mod n=1

;(*1)=f71

20 - p* 8. pt

=—le1) Z X(Z)'}L(I;X)|2+Wp_l) Z |L(1»X)|2
mod mod
xen-1 X1
8.-p* 20-p° (2

fopy 2 Ao e = -<;>~!L(1,Xz)!2
x mod p
x(-1)=-1

8-p° (4 3
- nl; '<;)"L(1,Xz)’2— 129 -|L(1,x2)’2

5 2 1
:—gpz(p—l)(p—5)+gpz(p—l)(p—2)+gpz(p2—6p+17)
20-p* W2 2 16-p* - 12
+ .p . p. ; p— .p . p

2
:2p3+20-(—).pz.h;—m-pz-hf,. (16)
p

2_
Note that (1%) = (—l)pT1 =-1if p=3 mod 8, and (1%) =1if p =7 mod 8, then from (15) and
(16) we may immediately deduce Theorem 2. This completes the proof of our theorems.
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