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1 Introduction
In recent years, following the research of the Burgers equation, the KdV equation, and the

BBM equation [1], the generalized Camassa-Holm equation
k k-1 k _
Uy — Ugyr + (K + 2)u" sy — (kK + 1) 18" Ul — U Uy = 0 1.1)

has attracted much attention in the study of mathematical physics, where k > 1, k € N.

For k =1, (1.1) is reduced to the classical Camassa-Holm equation
Up — Uyyy + SUUy — 2Uy Uy — Ulhyyy = 0, 1.2)

which describes the unidirectional propagation of waves at the free surface of shallow
water. (¢, x) stands for the fluid velocity at time ¢ in the spatial direction x. The Camassa-
Holm equation (1.2) is bi-Hamiltonian and admits an infinite number of conservation laws
[2]. The Camassa-Holm equation (1.2) has been extensively studied by Constantin and Es-
cher [3-6], Lai and Wu [7], and so on. The well-posedness of the Camassa-Holm shallow
water equation has been established, and some blow-up scenarios were derived by Con-
stantin and Escher [8], Wu and Yin [9, 10], Lai and Wu [11], Zhou [12], Xin and Zhang [13,
14].

For k = 2, (1.1) becomes the Novikov equation

Up — Uyy + 2UP Uy — BUll Uy — U hry = 0, (1.3)
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which was recently discovered by Novikov [15]. Since the Novikov equation possesses a
matrix Lax pair and has a bi-Hamiltonian structure as the Camassa-Holm equation, this
equation has been studied by many researchers in the past few years, the well-posedness
and persistence properties were studied by Lai et al. [16], Niand Zhou [17], Zhao et al. [18].
Jiang and Ni [19] considered the blow-up phenomena for the integrable Novikov equation,
Yan ez al. [20] gave the global existence and blow-up phenomena for the weakly dissipative
Novikov equation.
In this paper, we investigate the Cauchy problem for a generalized weakly dissipative
Camassa-Holm equation
{ut — Uy + (k + 2)tF 1, — (k + D) U* e thy — ¥ Uy + (1 — 1) = 0,
(1.4)
u(0,x) = ug(x), x€R,

where A > 0, k > 1 is a positive integer. Equations (1.4) and (1.1) have similar properties
as regards the local well-posedness and blow-up phenomena, but they are different as
regards the long time behavior. For example, when k =1, (1.1) is completely integrable and
has an infinite number of conservation laws, but for the corresponding equation (1.4),
J(4* + u2) dx is not conservative.

Zhao et al. [21] studied the existence of global weak solutions to the Cauchy problem
of the generalized Novikov equation (1.1). Liu and Yin [22] investigated the blow-up phe-
nomena for the Degasperis-Procesi equation

Uy — Upgy + QUL = SUyllyy + Uy, £>0,x ER, (1.5)

itis very similar with (1.4), but (1.4) contains the higher power nonlinear dispersion terms
(k + 1)t* 0 tr, #¥thryy, and the nonlinear convection term (k + 2)u*u,.

Compared to [22], the main difficulty in this paper comes from the nonlinear effect of
higher power nonlinear dispersion terms (k + D Vi1, 4Fi,0y, and the nonlinear con-
vection term (k + 2)u*u,. On the other hand, in the proof of the blow-up property of the
solution to (1.4), we need the sign of the term #*~2(¢,x), but u(,x) changes the sign for
x € R. Compared to the classical Camassa-Holm equation (k = 1) and the classical Novikov
equation (k = 2), the term uk=2(t, x) disappears, accordingly. Therefore, we generalized the
blow-up property of solutions to the Cauchy problem (1.4).

We first give a sufficient condition on the initial data such that the strong solution of (1.4)
blows up at a finite time, and then we establish an estimate of the blow-up time. Finally,
we give a global existence result of the strong solution of (1.4).

The paper is organized as follows. In Section 2, we give some preliminaries used in our
investigation. In Section 3, we give in our main conclusion the blow-up scenario and global
existence result.

2 Preliminaries
We first review some notations. The convolution between two functions f(x) and g(x):

(f %)) = /R Fe-9g0)dy, VfigeS,

where S is the Schwartz class. For any f(x) € S, the Fourier transform of f(x) is defined
by F(f(x)) =f‘(§), the inverse Fourier transform off”(é) denoted by f’l(f(é)). If f(x) € H,
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s € R, then the norm of f(x) is

1
2

IVf L = (/R(l + |s|2)stf(5)l2ds)

Set y = u — u,, the Cauchy problem (1.4) becomes

(2.1)

Ve +uby + (k+ D uy + 2y =0, xeR,t>0,
u(0,x) = up(x), x€R.

Since G(x) = %e"’” is the Green’s function of the differential equation u — u,, = §(x), for all
fx) € L2(R), G*f(x) = (1-02)7f(x), and G * y = u(¢, x), and thus the Cauchy problem (2.1)
can be rewritten as

:ut + Uk, + G [k(k = 1)k 203 + (2k = Duf uys + (k + Dedkuy] + Au =0, 22)

u(0,x) = ug(x).

Zhao et al. [18, 21] gave the local and global existence of solutions to the Cauchy problem
(2.2), it is crucial in our discussion.

Lemma 2.1 [18] Given ug(x) € H*(R), s > %, then there exist a constant T = T (ug) > 0 and
a unique solution u(t,x) to (2.2) such that

u(t,x) € C([0, T); H*(R)) N C'([0, T); H*(R)).

Moreover, the mapping uo — u(-uo) : H*(R) — C([0, T); H*(R)) N CX([0, T); H*"L(R)) is
Holder continuous.

We now describe some properties of solutions of the following initial value problem:

% (t,x) = ub(t,q(t,%)), > 0,x€R,

2.3
q(0,x) =x, x€R, @3)

where u(¢, x) is a solution to the Cauchy problem (2.2). The following important properties
are immediate consequence of the classical results in the theory of ordinary differential
equations.

Lemma 2.2 Let ug(x) € H*(R), s > %, and T = T(ug) > 0 be the maximal existence time
of the corresponding solution u(t,x) to (2.2), then the problem (2.3) has a unique solution
g € C([0, T) x R;R). Moreover, the map q(t,-) is an increasing diffeomorphism of R with

qx(t, %) = exp (k /0 tuk’lux(s,x) ds), (t,x) €[0,T) x R. (2.4)

Lemma 2.3 Let ug(x) € H(R), s > %, and T = T(uy) > 0 be the maximal existence time of
the corresponding solution u(t, x) to (2.2). For y(¢,%) = u — Uy, we have

k+1

y(t,q(t,%))q:" (6,%) =yo(x)e™, (6x)€[0,T) x R. (2.5)
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k+1
Proof Let P(t) = y(t, q(t,x))g." (t,x). Thanks to (2.1) and (2.3), we have

dpP k1
= = y:(t,q(6,%))q:" (&%) +yx(t, (6, %)) g (¢, x)qx (t x)

k+1 1
+ Ty(t, q(t,%)) g5 (£, %) (£, %)

k+1

=g~ (t,%) [yt(t, q(t, x)) + (k + l)uk_luxy(t, q(t, x)) + Yy (t, q(t,x))uk]

- —)\y(t,q(t,x))qx%l (t,x)
= —AP(2),

the solution of ordinary differential equation is P(¢) = P(0)e™*. Since q(0,x) = x, g.(0,x) =
1, we have

k+

y(tq(t x)) (t,%) = yo(x)e™
This concludes the proof. d

Lemma 2.4 Let u(t,x) be the solution to (2.2). Then we have

/R(u2 +ul)dx=e /R(ué +ug,) dx. (2.6)

Proof When A = 0, Lemma 2.4 is a case of Lemma 2.8 in Zhao et al. [21]. The proof carries
over with a slight modification and we present it here for the reader’s convenience.
Thanks to y = u — u,, and integrating by parts, we have

/yudx:/(u +u )dx,
R R

thus,

%/R(u +u )dx+2k/(u +u2)dx

R

d
:%/Ryudx+2)L/Ryudx

:/(yut+uyt)dx+2)»/yudx.
R R

Together with (2.1) and (2.2), on integration by parts we have

/(yut+uyt)dx+2A/yudx
R R

:_/[uk“yx +(k+1)ukuxy] dx—/ukuxy
R

R

—/yG*[k(k— 1)uk? 3 + (2k = Dl Vg, + (k+1)ukux]dx
R

=0.
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Therefore,

i/(uz+ui)a’x+2)»/(u2+ui)dx=0.

Integrating with respect to ¢ from 0 to ¢, we get the desired conclusion. d

Following the proof of Lemma 2.9 given by Zhao et al. in [21], we can obtain a similar
blow-up result of the solution to the Cauchy problem (2.2).

Theorem 2.1 Let ug(x) € H*(R), s > %, and T = T(ug) > 0 be the maximal existence time
of the corresponding solution u(t,x) to (2.2), then u(t, x) blows up if and only if

lim supHux(t,x)HLoc = +00. (2.7)
t—T

3 Blow-up and global existence

Following the local existence Theorem 2.1, we will give our main result on the blow-up
property of solution to (2.2). We first give a sufficient condition to guarantee that the so-
lution blows up at a finite time.

Theorem 3.1 Let ug(x) € H*(R), s > %, and T = T(ug) > 0 be the maximal existence time
of the corresponding solution u(t,x) to (2.2). Assume k =1 or k = 2n, n is a positive integer,
if there exists an xo € R such that yo(x) = (1 — 82)uo(x) satisfies

Yolx) =0 for (—oo,x9) and yo(x) <0 for (xg,+00), (3.1)

and

1
Uk (o) ox (%0) < —kA — | o ||uo||]2_1"1 + k222 (3.2)

Then the corresponding solution to (2.2) with initial data uy(x) blows up at finite time T
with

{ -2 1 m(O)—A}
T < min )

1=0)ym0) A "m0+ A

where 0 < 8 < 1, such that

1
~Vsm(0) =,/ ﬁlluoll?{"l + k222,

and

1
A=/ ?nuongﬁ +h222,  m(0) = uk ™ (xo)uox (x0) + KA.

Proof For k =1, the result can be found in Wu and Yin [10]. We just show that the results
hold for k = 21, n € N, and the initial data uo € H3(R), for the general case we can use the
smooth approximate technique and denseness.
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Let T > 0 be the maximal existence time of the solution u(¢,x) to (2.2) with initial data
uo(x). Thanks to (2.4), (2.5), and (3.1), we have y(t, q(¢,x0)) = 0, and, for all £ > 0, we have

y(t:q(t,x)) = 0, forx € (-00,x),

(3.3)
y(t:q(t,x)) <0, forx € (x9, +00).
With the help of u(-,x) = G x y(-,x), x € R, we have
1 B X 1 +0Q0 B
u(t, ) =S¢ / E3(t,8)df + ¢ / (1) de (34)
and
1 _ X 1 +00 _
uy(t,x) = —Ee xf Ey(t,E)dE + Ee"/ e y(t, &) dE. (3.5)
After direct calculations we get
u(t,x) + uy(t,x) = * /00 e*y(&, 1) dt, (3.6)
u(t,x) — ux(t,x) =™ / ' ey(E, 1) dE, (3.7)
and
1 x 2 1 +00 2
(e, = e ( | éres dé) ‘e ( [ e ds) .6

Thanks to Lemma 2.1, u(x) € H3(R) implies that
u(t,x) € C([0, T); H*(R)) N C'([0, T); H*(R)),

then u(t,-) € C*(R), u(t,x) € C([0, T); H*(R)), and u, (¢, x) € C([0, T); H(R)).
From (3.6) to (3.8) we have

d
7 [(kuk’lux) (t, q(t, xo))]

d
= k(k — 2)t" 2 uguy + k> — ()

dt
1 q(txo) 2
= k(k = 2)u* 2 uu, + kuk’2% [—Zeh’(m") </ e y(,t) dé)

1 +00 2
+ ) ( f ey 1) dé) ]
4 q(txo)

1
= k(k = 2)u" 2 uu; + ku*=2 |:§e2‘7“"“°) (/

q(t,x0)

2
e y(&,t) d& ) q:(t,%0)

o0

1 q(txo)
- Ee‘q(t”“’) ( / e y(€, 1) d& >y(t» q(t,%0))q:(t, %0)

(o ¢]
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1 q(tx0) a(t-x0)
] Eewww ([ evenae) ([ enene)
2
q(t:x0) </( y(E,t) dé) q:(t, %0)
tx0)

eq(txo (/ y(E, t)dg) (t q(t,xo))qt(t:xo)
q

(txo0)

+ le2q<txo>< / e-éy(g,z)dg> ( / ” e-fyt(g,t)dgﬂ. (3.9)
2 q(txo) q(txo)

Notice y(¢,q(¢ %0)) = 0, using (2.3), (3.6), and (3.7) we have

& [k (ta(ex0)]

1
= k(k = 2)u* 2 ugu, + k> [Ee‘Z‘I(t"‘O) (/

—00

1 q(txo) 4(txo)
e ([T et nde) ([T énte e

1 +00 2
+ EeZq(tJCo) (/ e_éy(%',t) dé) qt(t:xo)
q

(£x0)

s le2q<t,xo></+oo e_gy(f,t)d??) (/m e‘éyt(f,t)d’?)}
2 q(txo) a(txo)

k k
=k(k - 2)uk’2uxut + Eu2k72(u — )%+ Euzk’z(u +uy)?

q(txo)

2
%m)d&) q:(t,%0)

q(txo0)

52 1 — ) f E (&, ) d

—00
+00

W2+ 1)1 f ey, 1) dE. (3.10)
q

(£:x0)

+

N X K\JI»

Now we calculate the first term on the right hand side of (3.10). From (2.3), (3.4), and
¥(t,q(t,%0)) = 0, we obtain

k(k — 2)( uxut) (t q(t, xo))

k=2 L o) altxo) £
= k(k—2)u Uy —Ee ’ q:(hxo) e J’(E,t) dé

q(txo0)

1
3640 %0))qi(tx0) + 5e-”’“"“” | entena

—00

1

+
N |

1
2 g, (4 50) / §E)d — Sy(ta(tx0)ailtx)

1 +0Q0
+ Eeq(t,xo) / e_gyt(é', ?) d§i|
q

(£x0)

q(tx0)

1
= k(k — 2)u?*? u? + k(k - 2)uf 2y |:2e_q(t’x°)/ ey, (&, 1) dE

o0

+ %eqwo) / e-‘fyt(g,t)dg}. (3.11)
q

(£x0)
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Substituting (3.11) into (3.10) yields

& [k (1 a(ex0)]

k k
=k(k - 2)u2k’2u§ + %qu’z(u —u)? + Ebﬂk’z(u + i)’

k q(txo)
——uk [ = (k= Dy e 1(t%0) / ey, 1) dE
2 00
k k-2 (tx0)
+-u [u+ (k—l)u ed(t%0) e yi(E,t) dE. (3.12)
2 q(txo)
By (2.1), integration by parts gives
q(txo)
¢ o) f i 1) dE
-0
q(txo) q(txo) q(tx0)
= —¢ 9(t%0) |:/ & (yuk)é dé + / & dyuk’lugé + A/ egydé]
-0 -0 -0
q(txg) q(txo)
= ¢ 9(t%0) / e yu N (u — ug ) dg — pe™1E0) / e yde.
—00 -0
Thanks to y = u — u,, and (3.7), we get
q(txo)
e 1t / ¢ y,(6,0)ds
-0
q(txg) q(tx0)
= ¢ q(t0) / € (u — uee )UK (u — ug) d — he 100 / eyde
—00 -0
q(txo) q(txo)
= ¢ (o) / e U (U — unge — ung + uguge ) dg — he 1) / eyde
—o0 —00
q(txo) q(tx0)
= ¢79(t%0) / & (" M uguze — uFuge — uFug + Ul dg — pe 100 / e yds.
—00 —00
Since
(ukux)x = k2 + uFu,
(uk_lui)x = (k- D) %’ -+ 205
we have
q(t.xo)
e 1(t%0) / e g, di
—00
1 q(txo0) ‘e .
= _e—q<t,xo>/ eé[( 1 2) —(k=1u 2 3] di
2 —00
q(t:x0)

= %(uk_lui)(t,q(t,xo))— %e“q(t’x())/ ef[ k-1 2 +(k l)uk 2 S]dg’

—00
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and
q(txo)
—_e4(tx0) / & ”kuss dt
—00
(tx0) q(txo0) ook 1
a(tx i
= —g 10 / e[ (u ”S)g — k' ug ) dé
-0
q(txo)
== (wus) (£.9(t,%0)) + e_q(t'xO)/ e (uFug + ku*'u}) de,
-0
therefore,

—q(t,x0) altxo) & d
e ey (&, 1) dE

(o]

= —(ukux) (£ q(t, %)) + %(uk_lui) (t:q(t, x0))

q(txo) _ _
+ e~ 4(tx0) / ’ & (uk+1 ¥ 2k luk—lug _ k luk2u§> dt
- 2 2

o0

- )»(M - Mx)(t) Q(f, xO))

= —(uFu) (£, (8 %0)) + %(uk_lui) (£:q(t, %0)) — Mu — uy) (£, q(t, %0))

—q(t,x0) 9(t:%0) ef k+1 k-2 2 k
+ -dtx0 E[M + 2 — g ) (u — (k= Dug) + (k + Dufug | de

= —(uFu) (£, (£, %0)) + %(uk’lui) (t:q(t,x0)) = Mu — ) (2, q(t %0))

qa(tx0) of

+ %uk” (t, q(t, xo)) + e"9(t%0) / Euk_Q(u - ug)2 [u — (k- l)ug] d&. (3.13)

o0

Thanks to (3.3),

y(t, q(t,x)) >0, forxe(-o00,x9),t>0,

y(tq(t,x)) <0, for x € (x9,+00),t > 0,

together with (3.6) and (3.7),

u(t,q(t,%0)) + (£, q(2,%0) ) = €24 / ey, 0)ds <0,
q(txo0)
q(txo)
M(t, q(t) xO)) — Uy (t’ q(t: xO)) = e_q(t,x()) / eéy(gr t) dé Z O’
-00

we have u,(z, q(t, %)) < 0.
Noticing k = 2u, n is a positive integer, we have

u—(k—Duy>u—-u,>0, Vxe (—oo,q(t,xo)),

hence

(xot) L&
/ i = [~ (k- D] de 2 (3.14)
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This implies

(txo)
g a(to) /q ey, 1) dE > —(ukux) (tq(t,x0)) + %(uk‘lui) (£ q(t, %0))

(o]

+ %uk”(t, q(t,%0)) — Mu — uy) (£, q(t, %))

Similarly, we repeat the above calculations and obtain

+00
a0 [ etye,nde
q

(£x0)

= —(ukux) (£ q(t, %0)) - %(uk_lui) (£ q(t, %0))
= Mu + uy) (t, (8, %)) — %uk”(t, q(t, %))

+00 L&
e / &2 ) [+ (k- D] .
q

(tx0)

Since u,(t, q(t,x9)) < 0, then
u+(k—Duy <u+u, <0, Vxe (q(tx0),+00),
we have

Eq(t’xO) /H}o e’syt(é,t) dé > —(ukux) (t’ q(tva)) - %(”kiluazc) (t’ q(t’xO))
q

(tx0)

— %uk”(t, q(t,xo)) —Mu+ ux)(t, q(t,xo)).

Inserting (3.15) and (3.17) into (3.12), we get

) (gt

1 1
< (k- 2)u2k—2ui + 5u2k_2(u —u)? + Euzk_z(u +u,)?

1 1 1

- Euk_z [ — (k= 1)u] |:—ukux + Euk_lufc + Euk“ —Au— ux)]
1 k 1 s 1 g

+2u [u+(k—1)ux] —u ux—zu ux—zu — AU+ uy)

= %qu (t:q(t, %0)) - %(u”“%{i) (t:q(t,%0)) - kk(uk_lux) (£ q(t, %0)).

Thanks to the Cauchy-Schwartz inequality,

X +00
20’ (x,t) = 2(/ Ul dx — / Ul dx)

X +00
< / (u* + u2) dx + / (u? + u2) dx
- x

o0

= utx,t)[ 3

(3.15)

(3.16)

(3.17)

(3.18)

Page 10 of 15
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from Lemma 2.4, we have

22(t,%) < |ult,2) |2 = € P lluol2y < luolZn, (3.19)
then
NG
|ut, )| 0 < ol (3.20)

Combining (3.18) with (3.20), we have

d
L) 0)]
< Sk ||u0||12f1 - %(qu’zui) (t, q(t,xo)) - kk(uk’lux) (t, q(t,xo)). (3.21)

We now define a function
m(t) = (uk_lux) (:q(t, %0)) + Ak,

since (tX1u,)(t, q(t, %)) is continuously differentiable on [0, T), m(¢) is continuously dif-
ferentiable on [0, T), from (3.21), we obtain

dm(t) e 1 2
I < S ||u0||]2{1 - i(m(t) - Ak) —)»k(m(t) - Ak)
1 22k2
- —§m2(t) + o lluo 124 + - (3.22)

By the assumption

1
m(0) = uk ™ (xo)tuox (o) + kh < —/ 7 240 ||§{k1 + k222,

we have m%(0) > 2Lk IIuOII?{k1 +k2A2,
We claim that

[1
m(t) < — §||u0||%‘1 +k222, vtel0,T). (3.23)

Otherwise, if (3.23) is not true, by the continuity of m(t), there exists a £y € (0, T) such
that, for all £ € [0, tp),

1
m’(t) > * luo |12 +k*22%, (3.24)
and
2 1 2k 242
m*=(to) = ﬁlluollHl + kA% (3.25)

Combining (3.22) and (3.24), we have, for all £ € [0, £,],

dm(t)
dt

<0, (3.26)
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since m(t) is continuously differentiable on [0, ], integrating (3.26) with respect to ¢ from
0 to £y, we have

1
mty) < m(0) = uf ™ (xo)uox (o) + ki < —/ oF lluo 1% + k222, (3.27)

Recalling (3.24), we get the desired contradiction, which concludes the proof of the claim.
Since m(t) is continuously differentiable and strictly decreasing on [0, T'), we can choose
8 €(0,1) such that

1
~V8m(0) =\ o o 17 + K232, (3.28)

thanks to (3.22) and (3.28), we have, for all ¢ € [0, T'),

dm(t)  1-5
T < ) (3.29)

Since m(t) is continuously differentiable and strictly negative on [0, T'), hence % is con-

tinuously differentiable on [0, T), and

d( 1 )= L dm®) 1-5 v 10,7, (3.30)

a\m@))~ @) a2
Integrating with respect to ¢ over [0, T'] on both sides of (3.30) yields

1 1 1-
mt)  m©0) 2

)
t, Vtel0,T). (3.31)

Since m(t) < 0 on [0, T'), we know that the maximal existence time is

T = 2 < +00 (3.32)
-~ (1-8)m(0) ’ '
such that
R T T
Since
in}lg(uk_lux)(t, x) < (uk_lux) (t, q(t, xo)) =m(t) — Ak, (3.33)
X€E

this implies

2
P k-1 N B - —00.
a1 < i ey - =00

ForA =/ % ||uo||121"1 +k2A2 > 0, from (3.22), we have

1 1 1 _ dm(1) 1
ﬂ(m(t)—A ~ m(t) +A> dm(t) = o) A2 —
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that is,

1 1
(mm—A'Vmw+A)m“”f‘Aﬁ' (3.34)

integrating with respect to ¢ over [0, £] yields

m(t) - A ~ m(0) — A <A
m(t) + A m0)+A ~

Asm(t)<-A<0,In Z((gj >0, we have

1. m(0)-A

due to m(0) < —-A, In % > 0, from (3.32) and (3.35), we can choose

. { 2 1 m(O)—A}
T < min .

TA=8)m0) A " m(0)+ A
This completes the proof. d

Remark 3.1 The result in Theorem 3.1 contains the cases for k = 1: the weakly dissipative
Camassa-Holm equation and k = 2: the weakly dissipative Novikov equation. We used the
method developed by Liu and Yin [22] to deal with the Degasperis-Procesi equation (1.5):
Up — Upex + dUly = BUyly, + Ullyyy, but (1.4) contains higher power nonlinear dispersion
terms (k + 1)e* s, 14, 414y, and the nonlinear convection term (k + 2)u*u,. When the
local solution u(t,x) of (2.2) exists, in the proof of its blow-up property we need the sign
of u=2(¢, x); see the last term in (3.13). In general, u(¢, x) changes the sign for x € R so we
give the condition on the power of nonlinear term k = 2n, n € N in (1.4). For k =1, the
last term in (3.13) disappears; for k = 2, the last term in (3.13) does not contain z*~2(¢,x).
Therefore, we generalized the blow-up property of the solutions to the Cauchy problem
(1.4).

Finally we give a global existence result, thanks to Theorem 2.1, this will be done if we
can estimate | uy(x, )|z is finite.

Theorem 3.2 Let ug(x) € H*(R), s > % If yo(x) = (1 — 82)uo(x) does not change sign on R,
then the problem (2.2) has a strong solution

u(x, t) € C([0, +00); H*(R)) N C*([0, +00); H*(R)).

Proof We just consider s = 3, otherwise we can use the smooth approximate technique
and denseness. When yo(x) = (1 - 02)uo(x) > 0, then from Lemma 2.2 and Lemma 2.3, we
can derive that y(¢,x) > 0, for all [0, T).

Due to the positivity of the Green’s function G(x) and u(¢,x) = G(x) * y(¢, x), we obtain
u(t,x) >0, forall £ > 0, u(t, x) + u,(t,x) > 0, and u(t, x) — u,(t,x) > 0, and these imply that,
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for all (t,x) € [0,T) X R,

|16, 2) | < u(t, %) < |ult, %) | o

V2 V2

< Plute 9] = S o)

= ” MO(x) HHl’

we obtain u(¢,x) € C([0, +00); H*(R)) N C*([0, +00); H*"1(R)) by Theorem 2.1.

When yo(x) = (1-32)uo(x) < 0, thanks to Lemma 2.2 and Lemma 2.3, we obtain y(¢,x) <
0, for all [0, T'). Since u(t,x) = G(x) * y(¢,x) and due to the positivity of G(x), we obtain
u(t,x) <0, forall £ > 0, u(t,x) + u,(t,x) <0, and u(t, x) — u,(t,x) < 0, and these imply that,
forall (£,x) € [0, T) x R,

|, %) || oo < —uslt, ) < |uslt, %) |,
< Lt - L o)
< ” MO(x) ”Hlv

we obtain u(t,x) € C([0, +00); H*(R)) N C([0, +o0); H1(R)) by Theorem 2.1.
Therefore, we find that the solution exists globally in time. O
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