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1 Introduction
Let H be a real Hilbert space, C be a nonempty closed convex subset of H, and I be an
identity mapping on H. The strong (weak) convergence of {x,} to x is written by x,, — x
(%, — x) as n — 0.

It is well known that H satisfies Opial’s condition [1]; for any sequence {x,} with x,, — x,

the inequality
liminf]|x, — x| < liminflx, — y||
n—0Q n—oQ

holds for every y € H with x # y.

A metric (nearest point) projection P¢ from a Hilbert space H to a closed convex subset
C of H is defined as follows.

For any point x € H, there exists a unique Pcx € C such that

lx = Pcxll < llx =y,

for all y € C. It is well known that P¢ is a nonexpansive mapping from H onto C and

satisfies the following:

{x —y,Pcx — Pcy) > ||Pcx — Pcy|?,
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for all x,y € H. Furthermore, Pcx is characterized by the following properties: Pcx € C

and
(x = Pcx, Pcx — y) = 0,
) ) ) (1.1)
e = ylI* = Il = Pexl|” + [ly — Pex[|”,
forally e C.
Let A be a mapping of C into H. The variational inequality problem is to find anx € C
such that
(Ax,y—x) >0, VyeC. (1.2)

We shall denote the set of solutions of the variational inequality problem (1.2) by VI(C, A).
Then we have

x€VI(C,A) < «x=Pc(x-2rAx), VA>O0. (1.3)

A mapping S from C into itself is called nonexpansive if ||Sx — Sy|| < [|x — y||, for all
x,y € C. Fix(S) := {x € C: Sx = x} is the set of fixed point of S. Note that Fix(S) is closed
and convex if S is nonexpansive. A mapping f from C into C is said to be contraction, if
there exists a constant k € [0,1) such that ||f(x) — f(»)|| < k|lx —y||, for allx,y € C.

In 2000, Moudafi [2] introduced the following viscosity approximation methods: x; € C
and

X1 = f (%) + (1 —0)Sxy, mEN,

where f is a contraction on closed convex subset of a real Hilbert space. It was shown in
[2] (also see Xu [3]) that such a sequence converges strongly to the unique solution of the
variational inequality problem. In 2007, Chen et al. [4] suggested the following iterative

scheme:
KXn+l = anf(xn) + (1 - an)SPC(] - )‘-nA)xn, neN,

where x; € C, S is a nonexpansive self-mapping and A an «-inverse strongly monotone
mapping. They proved that the sequence {x,} converges strongly to a common fixed point
of a nonexpansive mapping which solves the corresponding variational inequality. Re-
cently, Kumam and Plubtieng [5] used the following viscosity iterative method for a count-
able family of nonexpansive mappings: x; € C and

X1 = f (%) + (1 — ) S, Pc( — 1y A)xy, neN.

They proved the generated sequence {x,} converges strongly to a common element of the
set of common fixed points of a countable family of nonexpansive mappings and the set
of solutions of the variational inequality.

On the other hand, in 2009, Yao et al. [6] considered a new sequence that is generated
by x; € C and

Kpa1 = Xy + (1 —0))SPc(1 = A)x,, neN,

to find a fixed point of a nonexpansive mapping.
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It is worth pointing out that many authors have extended the results in Hilbert space to
the more general uniformly convex and uniformly smooth Banach space (see, for instance,
[3, 7-11]).

In this work, motivated and inspired by the above results, an iterative scheme based on
the viscosity approximation method is utilized to find a common element of the set of com-
mon fixed points of a countable family of nonexpansive mappings. Moreover, a strong con-
vergence theorem with different conditions on the parameters is studied. As an applica-
tion, an equilibrium problem is solved. In addition, a common fixed point for W-mappings
is obtained.

The following lemmas will be useful in the sequel.

Lemmal.1 ([12]) Let {x,} and {y,} be bounded sequences in a Banach space X and {B,} be
a sequence in [0,1] with 0 < liminf,_. B, <limsup,_, . B, < 1. Suppose x,.1 = (1 — Bu)y, +
Buxn forall integers n > 1andlimsup,,_, o (1¥ne1 = Yull = I%ns1 =% ) < 0. Thenlim,,_, o ||y, —
x| = 0.

Lemma 1.2 ([13]) Let {a,} be a sequence of nonnegative real numbers satisfying the fol-
lowing relation:

an1 < (1 —ay)a, + 0,0, + Y, n>0,

where

(1) o} C 0,11, 307t = 00;

(2) limsup,_, .0, <O0;

() yu>0,forallne Nandy >y, < 00.
Then lim,,_, noa, = 0.

Lemma 1.3 ([14]) Let C be a nonempty closed subset of a Banach space and {S,} be a
sequence of nonexpansive mappings from C into itself. Suppose y -, sup{[|S,.1x—S,x| : x €
C} < oc. Then, for each x € C, {S,x} converges strongly to some point of C. If S is a mapping
from C into itself which is defined by Sx := lim,,_, 5o Sux, for all x € C, then lim,,_, oo sup{||S,x—
Sx||:x€ C}=0.

2 Strong convergence theorem
In this section, we use the viscosity approximation method to find a common element of
the set of common fixed points of a countable family of nonexpansive mappings.

Theorem 2.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Assume
that {S,} is a sequence of nonexpansive mappings from C into itself such that (-, Fix(S,) #
@, and f is a contraction from H into C with constant k < % Suppose that {a,}, {Bn}, {Vn}
and {L,} are real sequences in (0,1). Set x, € C and let {x,} be the iterative sequence defined

by

Yn = PC(l - )\‘Vl)x}’l’
X+l '= OpXy + ﬁr(f(xn) + Vnsnyn: ne Nr

satisfying the following conditions:
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D) an+Bu+yn=1,

(2) hmn—)oo,Bn =0, Z:ilﬁn =00,

(3) 0<liminf, sy, <limsup,_,  ¥u <1,

(4) lim,_,oh, =0, 2221 Ay = 00, Z,ﬁl [Ap1 — Ayl < 00,

(5) Yooy sup{llSys1x — Suxl| : & € B} < 00, for any bounded subset B of C.
Let S be a mapping from C into itself defined by Sx := lim,,_, 5o S, x for all x € C and Fix(S) :=
Moo, Fix(S,,). Then {x,} converges strongly to an element w € Fix(S), where @ = Prixs)f ().

Proof Fix(S) is a closed convex set, then Priy(s) is well defined and Pris) is nonexpansive.
In addition,

| Peixsif &) = Prixsf )| < [f &) =f )| < kllx = yll,

for all x,y € H. This shows that Prix(s)f is a contraction from H into C. Since H is complete,
there exists a unique element of w € Fix(S) C H such that w = Prix(5)f (w).
Let x € Fix(S), we note that

%1 =%l < @l =&l + B |[f () = ]| + YISy — ]
< ayllon = x| + kBullon = x| + Bu[f ) = x| + yullyn — ]
< llotn — x| + kBulln — %1l + Bu[f ) — x| + v | (L = X)xn — %
< 1%, = xl| + kBl — x|l + Bu|f (%) - x|
+ V= A [ = &I| + Yk 2]
= (@ + kB + Vi — Vukn) 1% = 2I| + Bu[[f ) — x| + yudullxl

< (A= B+ kBu— vurn) %, — x|

-0, L

IV ) — Il
< max{nxn -, ||x||,?}
< max{nxl — ], lll ”f(f)_—;f”}

Therefore {x,} is bounded. Hence, {f(x,)}, {y,}, and {S,y,} are bounded. Also

ISu19ms1 = Sudnll < 1Sms1dmer = Susrdnll + 1Sus19n = Syl
< 1yme1 = Yull + sup{[[Suax — Suxl| : 5 € {y} }
< @ = A — (A= A |
+ sup{ |Sp1x = Suxll : x € {y,}}
< 11 = nll + Aot (%01 = Xl + Aer = Al 16

+ sup] [|Sys1% — Suxl : % € {yu}}. 2.1)
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Now, we define x,,,1 = @,x, + (1 — a,)w,, for all # € N. One can observe that

ﬂn+1f(xn+1) + Vn+lsn+1yn+1 _ ,an(xn) + VnSnyn
1-ay 1-ay

Wpal — Wy =

IBVH—I 1- Ape1 — ,Bn+l
= f( Xns1) +————— 811
1- (02785 1- 78]

" fw) - Lot =bug
-

n

= ﬂ (f(xnﬂ) - Sn+1yn+l)

1- (e 7788 |

B

+ 1—a (Snyn _f(xn)) + Sn+1yn+l - Snyn' (22)

Substituting (2.1) into (2.2), it follows that

Wii1 = Wil = %041 — %l

/371+1

<
—1-

Hf(xwrl) Sni1Yni1 ” + na ”Snyn _f(xn)”
n

+ A 1641 = X [l + (A1 = Al 106 |

+ sup{llsmlx —Sux|l:x € {yn}}
Therefore,

Lim sup||wy,.1 = Wyl — [[%pe1 — %4l <O.
n—oQ

In view of Lemma 1.1, we obtain lim,_, « ||w, — x,|| = 0, which implies that
lim [|%,41 — %, = lim (1- an)”Wn — %4/ =0
n— o0 n—0o0

On the other hand, one has
Xl — Xy = ,Bn (f(xn) - Sn_yn) + (1 - an)(snyn _xn)'

It follows that
(L= )18 = %ull < %1 = Xl + B | Suym = f () |

Hence, lim,,—, o ||X, — Syl = 0. Also, from |y, — S,yull < 1% — Suyull + Aull%4]l, we obtain
lim ”yn - Snyn” =0
n—0o00

Now, we prove

lim sup(f(a)) -, 8,9, — a)) <0,

n—0oQ0
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where w = Prix(s)f (w). Indeed, since {S,;y,,} is bounded, one can find a subsequence {S,,y,,}
of {S,y,} such that

lim sup(f(a)) -, SV — a)) = lim (f(a)) — @, Sy Yn; — w)

n—00

{y;} is bounded, there exists a subsequence {ynl./_} of {y,,} which converges weakly to z.
Without loss of generality, assume that y,, — z. y,, is a sequence in C and C is closed and
convex, so z € C. Now, using the fact that ||S,y, — y.|| — 0, we obtain S,,,;y,, — z. Next we
show z € Fix(S).
Assume that z ¢ Fix(S). From Opial’s condition and Lemma 1.3, we have
liminfl|y,, — z|| < liminf]|y,, — Sz||
=00 11— 00
= hlfggf”yn, - Sniyn,- + Sn,-yn,v - Syni + Syni - SZ”
< liminf||Sy,, - Sz||
11— 00
< liminf]ly,, - z|.
11— 00

This is a contradiction. Thus, z € Fix(S).
Also, we note that w = Prix(s)f (@) and so, by (1.1), we have

lim sup(f(a)) -, 8,Yn — a)) = ilir;lo(f(w) — @, Sy, Yn; — w)

n—o0

:<f(a))—w,z—a)>§0.

To complete the proof, we show {x,} converges strongly to w € F(S). For this, by con-

vexity of || - |2, we have
2
| Snyn — w”2 <lyn- a)”2 = H(l — An)%y — w“ <@ =A% - a)HZ + )vn||w||2-
Hence,

1 = @l = [otn(n = @) + B (F () = @) + Vi (Sy — )]
< [ttt = @) + Bu(f () = @) |* + 1218030 - @]
+ 2¥u{tn(tn — @) + B (f (n) — @), Sy — )
= (el — @l + Bulf ) = 0 [)* + Y2 11Suyn — 0]
+ 2000V (% — @, SuYn — @) + 2B Vulf (%) — @, Spyn — )
< @2[ly — 0l* + B2 |f (n) — @|* + Y2 1Sy — 0]
+ 200, Balln — 01| [ (6) = ]| + 20 — 111,90 — 0]
+ 2Bu¥ulf (n) = (@), Sy — @) + 2Buulf (@) — @, Sy — w)
< @2y — w]? + B2|f () — 0* + 2 1Su7m — 0]
+ 0B (1% — 012 + [ () = %) + ety (160 = 0l1 + 1S90 — wlI?)

+ 2k Buynllxn — | [|Snyn — @l + 2ﬁn)’n(f(w) -, 8y — a))

Page 6 of 15


http://www.journalofinequalitiesandapplications.com/content/2014/1/513

Bagherboum et al. Journal of Inequalities and Applications 2014, 2014:513
http://www.journalofinequalitiesandapplications.com/content/2014/1/513

< (@2 + @By + ) 130 — 01> + (B2 + @uB) [ () — 0
+ (72 + V) 1559n — 1> + KBy (1060 = Il + 1S90 — ]|
+2Bu¥ulf (@) = ©, Sy, — )
< (@ + kBuya) s — 0l + Bu(l = v [f () - 0|
+ (V2 + e + kBu¥u) Sun = @l + 2B, vulf (@) = @, S, — @)
< (ot + kBuy)lln = 0l + Bull = y) [f(x) — 0]
+ (12 + i + kBuyn) [ = 1) 20 = ©” + Anll])*]
+ 2Bu¥ulf (@) = ©, Sy, — )
< (ot + kBuvu + (v + u¥u + kBuvu) (L= 1)) 0 — 0|
B =) [f ) = 0| + (V2 + ctu¥ + Buv) Al ol

+ zﬂnyn(f(w) — @, 8yYn — a))«
Now, suppose L = sup{|lx, — ||, [lf (¥4) - @l|, [@]]}. Then

15241 = a)”2 < (1= Buyw)llx, — a)”2

An 1-y,
+/3nyn|:2(f(w)_w!snyn_w>+ ﬁ—||w||2 + yy Hf(xn)_wuz
oy +kﬁn7/n +(V;12 + QyYn +k,3nyn)(1_)\n)+/3nyn_1 2
+ By [l — @l

<@- ,Bnyn)”xn - w”2 + Bu¥n |:2<f(w) — @, S8,Yn — w>

+ |:)¥n7/n +Bu— BuVu+ u+ KBy + (Vn(]- - ,Bn) + k,BnVn)(l —An)
Bn¥Yn
+ :Bnyn - 1:|L2:|
Bu¥n
= (1=, — sz + 8,0,
where

3 = BuVns
o, = Z(f(a)) -, Sy — a))

+ |:)\n7/n + B — BuVu + u + kBuVu + (Vu(1 = Bn) + kBuyu)(L — Xy)
Bn¥n

+ ﬂnyn - 1:|L2
Bn¥n

= 2(f(a)) -, S840 — a))

+ |:)Ln7/n +kBuVin — Vn + Va(l = B = 1) + kBryn(1 - )Ln):|L2
Bn¥n

= 2(f(a)) -, Sy — a))

Page 7 of 15
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|:)\n +k,3n -1+ (1_,3;1)(1_)\}1) +k,3n(1_)\n)i| 2
+ 8 L

<2(f(®) = @, Spyn — o) + [k = 1) + (1 = k), JL*
It is easy to see that {3,,} C [0,1], Y_2,8, = oo and limsup,_, .0, < 0. Hence, by Lem-

ma 1.2, we find that {x,,} strongly converges to w € Fix(S), where w = Prix(s)f (®). This com-
pletes the proof of this theorem. d

The following example shows that this theorem is not a special case of [5, Theorem 3.1].

Example 2.2 Let C = [-1,1] C H = R with o, = 5= 9, Bn =, and A, 10” Set f(x) = 15
and S,(x) = 7. Then f is a %-contraction and S, is a sequence of nonexpansive mappings.
It readily follows that the sequence {x,} generated by

Vn = PC(1 )‘-n)xn = 10n- anx

10n
. _ _10n2-9 9n®-18n+9
KXnil = OpXy + ﬂrzf(xn + Vnsnyn = 00200 T T0,3-0,2 Y

with initial value x; € C, converges strongly to an element (zero) of Fix(S) = (2, Fix(S,)
and P]:ix(g)f(()) =0.

3 Applications
In this section, we consider the equilibrium problems and W-mappings.

3.1 Equilibrium problems
Equilibrium theory plays a central role in various applied sciences such as physics, me-
chanics, chemistry, and biology. In addition, it represents an important area of the math-
ematical sciences such as optimization, operations research, game theory, and financial
mathematics. Equilibrium problems include fixed point problems, optimization problems,
variational inequalities, Nash equilibria problems, and complementary problems as spe-
cial cases.

Let ¢ : C — R be a real-valued function and A : C — H a nonlinear mapping. Also
suppose F: C x C — Ris a bifunction. The generalized mixed equilibrium problem is to
find x € C (see [15]) such that

F(x,y) + o(y) — p(x) + (Ax,y —x) > 0, (3.1)

forally e C.

We shall denote the set of solutions of this generalized mixed equilibrium problem by
GMEDP; that is

GMEP := {x € C:F(x,y)+9») — o) + (Ax,y —x) > 0,Vy € C}.
We now discuss several special cases of GMEP as follows:
1. If ¢ = 0, then the problem (3.1) is reduced to generalized equilibrium problem, i.e.,
finding x € C such that

F(x,y) + (Ax,y —x) > 0,

forally e C.
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2. If A = 0, then the problem (3.1) is reduced to the mixed equilibrium problem, that is,
to find x € C such that

F(x,y) + 9(y) —p(x) > 0,

for all y € C. We shall write the set of solutions of the mixed equilibrium problem by
MEP.

3. If ¢ =0, A =0, then the problem (3.1) is reduced to the equilibrium problem, which
is to find x € C such that

F(x,y) >0,

forally e C.
4. If ¢ =0, F = 0, then the problem (3.1) is reduced to the variational inequality problem
(1.2).
Now let ¢ : C — R be areal-valued function. To solve the generalized mixed equilibrium
problem for a bifunction F : C x C — R, let us assume that F, ¢, and C satisfy the following
conditions:

(A1) F(x,x)=0 forallx € C;

(Ay) Fis monotone, ie., F(x,y) + F(y,x) <0 for all x,y € C;

(A3) foreachx,y,z € C, limyo+F(tz + (1 - t)x,y) < F(x,%);

(A4) foreachx € C, y+ F(x,y) is convex and lower semicontinuous;

(B1) for each x € H and r > 0, there exist a bounded subset D, € C and y, € C such that

for each z € C\D,,

1
F(z,yx) + 0(yx) — 0(2) + ;(yx -z,z-x)<0;

(By) Cisabounded set.
In what follows we state some lemmas which are useful to prove our convergence results.
Lemma 3.1 ([16]) Assume that F : C x C — R satisfies (A1)-(Ay), and let ¢ : C — R be a

lower semicontinuous and convex function. Assume that either (By) or (By) holds. Forr >0
and x € H, define a mapping T H— C as follows:

Tr(F"p)(x) = {ze C:F(z,y)+¢(y) —o2) + %(y—z,z—x) >0,vVye C}’

for all x € H. Then the following assertions hold:
(1) ForeachxeH, TY # ¢,
@) T js single-valued,;
(3) TEY) is firmly nonexpansive, i.e., for any x,y € H,

” Tr(F,(p)x _ T,fF"")sz < <Tr(F,<ﬂ)x _ Tr(F,w)y, x— y);

(4) Fix(T"?) = MEP;
(5) MEP is closed and convex.
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Lemma 3.2 ([17]) Let C be a nonempty closed convex subset of a real Hilbert space H.
Assume that S, is a nonexpansive mapping from C into H and S, a firmly nonexpansive
mapping from H into C such that Fix(81) NFix(Sy) # 0. Then $1S; is a nonexpansive map-
ping from H into itself and Fix(5:S,) = Fix(S1) N Fix(S,).

Lemma 3.3 ([18, 19]) Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from C x C into R satisfying (A;1)-(A4) and ¢ : C — R be a lower
semicontinuous and convex function. Assume that either (By) or (By) holds. Let {r,} be a se-
quence in (0,00), such that inf{r, :n € N} >0, Y o2 |r1 — | < 00 and T,(f"p) be a mapping
defined as in Lemma 3.1. Then

(1) >0, sup{] Tr(fff)x - T,(f’“’)xn :x € B} < 00, for any bounded subset B of C;

(2) Fix(T) = Ny Fix(T,(f‘“’)), where TE?) is a mapping defined by

TED = limn%oonf’@x, for all x € C. Moreover, lim,,_, || T,(f’w)x —TEN ) = 0.

Now let C be a nonempty closed convex subset of a real Hilbert space H. A mapping A :
C — H is called monotoneif (Ax—Ay,x—y) > 0 forallx,y € C.lItis called a-inverse strongly
monotone if there exists a positive real number « such that (Ax — Ay, x —y) > a||Ax — Ay|?,
forallx, y € C. An a-inverse strongly monotone mapping is sometimes called :-cocoercive.

A mapping A is said to be relaxed o-cocoercive if there exists & > 0 such that
(Ax - Ay,x - y) = —al|Ax - Ay,

for all x,y € C. The mapping A is said to be relaxed (o, 1)-cocoercive if there exist o, 1 > 0
such that

(Ax = Ay,x —y) = —al|Ax = Ay||* + Allx - )%,

for all x,y € C. A mapping A : H — H is said to be u-Lipschitzian if there exists u > 0
such that

lAx — Ay|l < pllx —yll,

for all x,y € H. It is clear that each a-inverse strongly monotone mapping is monotone
and é—Lipschitzian and that each p-Lipschitzian, relaxed (o, 1)-cocoercive mapping with
au? < ) is monotone. Also, if A is an a-inverse strongly monotone, then 7 — A4 is a non-
expansive mapping from C to H, provided that 1 < 2« (see [20]).

Now we have the following theorem.

Theorem 3.4 Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from C x C into R satisfying (A1)-(A4) and ¢ : C — R a lower
semicontinuous and convex function. Assume that either (B1) or (By) holds. Let A be a
wu-Lipschitzian, relaxed (a, ))-cocoercive mapping from C into H, B a B-inverse strongly
monotone mapping from C into H and f a contraction from H into C with constant
k< % Suppose that S, is a sequence of nonexpansive mappings from H into C such that
M2y Fix(S,) N VI(C,A) N GMEP # @. Let {a,}, {Bu}, {vn}, and {r,} be real sequences in
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(0,1) and {r,}, {sn} C (0,00). Let {y,}, {u,}, and {x,} be generated by x, € C,

Yn = Pc(1—Ap)xy,
Uy = Tifflw(y;q - anyn),
Xpl = OpXy + ﬂnf(xn) + ynSnPC(un _SnAun)r neN.

Suppose that the following conditions are satisfied:
@) an+Butyn=1,
(2) lim,_ 00, =0, Z;ﬁllgn =00,
(3) 0<liminf, oy, <limsup,_,  ¥u<1,
(4) limyoohn =0, Yo Ay =00, D ooy [Ast = Al < 00,
(5) O<a=<r, <2B, 32 |rn —rul <00,
(6) 0<s, < 2= 5% 15, — 5] < 00,
(7) Yooy sup{lISys1x — Sux|| : x € E} < 00, for any bounded subset E of C.
Then {x,} converges strongly to an element » € (-, Fix(S,) N VI(C,A) N GMEP, where

o = P2 mixs)nvic.anamen/ (@).

)], we obtain

Proof Forallx,y € Cands, € [0, 2(Al—5u2

| = s, - (I - 5,4)y”
= ||9c—y—s,4(Ax—Ay)||2
= lx = ylI* = 28, (x — y,Ax — Ay) + s> Ax — Ay|?
<l = y11* = 2s,[ - [Ax — Ay||* + Allx — y[1] + 55| Ax — Ay|?
< |l = ylI* + 2sup’ellx = y11* = 2s,A 16 = yII* + sl -y

= (L+2s,u%0 = 28,4 + s lx = ylI* < llx =yl

This shows that 7 — s,A is nonexpansive for each # € N. By Lemma 3.3, it implies that

Tn+1

oo
Z sup{ || TEDy - T,(f'“’)xn :x € E} <00,
n=1

for any bounded subset E of C. In addition, the mapping T59) | defined by Ty o=
limnqooTr(f’w)x for all x € C, satisfies Fix(T,(F"p)) =M, Fix(T,(:,F "p)) = MEP.

Put T, := S,Pc( - s,A)TE(I - r,B) = S,Pc(I - s,A)U,. Then, by Lemmas 3.2, 3.1, and
(1.3), we find that T}, is a nonexpansive mapping from C into itself and Fix(7T,) = Fix(S,) N
VI(C,A) NFix(TE# (I - r,B)) = Fix(S,) N VI(C,A) N GMEDP, for all # € N, and so

ﬂ Fix(T,,) = ﬂ Fix(S,) N VI(C,A) N GMEP.

n=1 n=1

Also we note that

1 Tpx - Tyx|l = ||Sn+1PC(I — S A)Up1x — S, Pc(l - SnA)Unx”

= ||Sn+1PC(I _Sn+1A)un+1x - SnPC(I - Sn+1A)un+1x||
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+ || SuPcl = 81 A)Upiix — SyPc(I — s, A) U |

< 11 = Suvall + | (I = $p1A)Upsrx — (I = 5, A) U

< 11 = Suvall + [ (I = 851 A) U1 — (I = 5,0 A) U |
+ | (I = sy AU — (I - 5, A) U

< 1SV = Suvall + | TEOUT = ryaB)x = TEO (I = 1, B)x|
+ [Sne1 = Sul | AU

< ISV = Suvall + | TEOU = raB)x = TEOI = 11 B)x|
+ ” Tr(f"”)(l — Iy B)x — Tr(f"”)(l - r,,B)x”
+ [Sne1 — Sul | AU

< 1SnsVn = Suvall + | TEO W, — TEw, |

+17ne1 = Tul |1 Bx|| + |Sna1 = sul AU x|,

where v, = Pc( —8,11A)Uy1x and wy, = (I —r,,,1B)x. Moreover, for any bounded subset E of
C,F={Pc(~-s,,1A)U,1x:x€ E;neNyand G = {(I - r,,1B)x : x € E,n € N} are bounded
and

oo
Zsup{ll Tpax—Tyx| :x GE}

n=1

o0 [o¢]
<> sup{lISu1y - Syl sy € F} + > _sup{ | TF¥z - Tz : 2z € G}
n=1

n=1

oo o0
+ 3 Nru = ral sup{ 1Bzl :x € E} + ) " [su1 — sul sup{ | AU 1 x € E} < 0.

n=1 n=1

Therefore, by Theorem 2.1, {x,} converges strongly to an element w € (7, Fix(S,) N
VI(C,A) N GMEP, where w = P wixsnviicanamerf (@). This completes the proof. U

3.2 W-Mappings
The concept of W-mappings was introduced in [21, 22]. It is now one of the main tools in
studying convergence of iterative methods to approach a common fixed point of nonlinear
mapping; more recent progress can be found in [23] and the references cited therein.

Let {S,} be a countable family of nonexpansive mappings S, : H — H and 8;,8,,... be
real numbers such that 0 < §, <1 for every n € N. We consider the mapping W, defined
by

Un,n+l =1,
un,n = Snsnun,wrl +(1—-8,)1,

Un,n—l = (Sn—lsn—lun,n + (1 - 6n—l)L

Uy = 8xSclppan + (1 - 8)1, (3.2)

Page 12 of 15


http://www.journalofinequalitiesandapplications.com/content/2014/1/513

Bagherboum et al. Journal of Inequalities and Applications 2014, 2014:513 Page 13 0of 15
http://www.journalofinequalitiesandapplications.com/content/2014/1/513

U1 = ka1 Sk Uk + (1= 8k1)1,

Uy = 8,8 U3 + (1 -8,

Wn = L[,,,l = 3151[,[”,2 + (1 - 51)1
One can find the proof of the following lemma in [24].

Lemma 3.5 Let H be a real Hilbert space. Let {S,} be a sequence of nonexpansive mappings
from H into itself such that (., Fix(S,) # 0. Let 81,65, ... be real numbers such that 0 < §,, <
b<1forallneN. Then
(1) W, is nonexpansive and Fix(W,,) = (i, Fix(S;) foralln € N;
(2) limy,ooU, xx exists, for all x € H and k € N;
(3) the mapping W : C — C defined by Wx :=lim,,_, 0o Wyx = lim,_, o U, 1%, for all x € C
is a nonexpansive mapping satisfying Fix(W) = (2, Fix(S,,); and it is called
W -mapping generated by S1,S,,...,Sy, and 81,682, ..., 8,.

Theorem 3.6 Let C be a nonempty closed convex subset of a real Hilbert space H. Assume
that {S,} is a sequence of nonexpansive mappings from C into itself such that (-, Fix(S,) #
@, and f a contraction from H into C with constant k < % Let {a,.}, {Bn}, {yu} and {A,} be
real sequences in (0,1). Also, suppose W, are the W-mappings from C into itself generated
by 81,82, ...,Su, and 81,63, ...,8, such that 0 <8, < b <1 for every n € N. Set x1 € C and let
{x,} be the iterative sequence defined by

Yn = Pc(1—Ap)xn,
Xpl = OpXy + ﬁrzf(xrl) + Vu Wnym neN,

satisfying the following conditions:

(1) ay+But+yn=1,

(2) lim,_ 0B, =0, Z:iﬂgn =00,

(3) 0<liminf,_, oy, <limsup,_,  v» <1,

(4) limyoory =0, Y 021 Ay =00, D ooy [Aps1 — Al < 00.
Let W be a mapping from C into itself defined by Wx := lim,,_, oo W,x for all x € C. Then
{x} converges strongly to an element € (2, Fix(S,), where @ = Py, pix(s,)f ().

Proof Since S; and U,,; are nonexpansive, by (3.2), we deduce that, for each n € N,

|Whax = Wyl = (16151 Uns2x — 83151 Uy o]
< 1l Unsrp% — Upnpx|l
= 81110282 Uns1,3% — 8252 Uy 3 ||
< 80182 | Uns1,3% — Uns||

n
<818y SullUnsapr® — Uppaxll < M ] 85
i=1
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where M > 0 is a constant such that sup{|| U,,41,,11% — Uy 1% : x € B} < M, for any bounded
subset B of C. Then

oo
Zsup{ll Woax — Wox| :x eB} < Q.

n=1

Now, by setting S,, := W, in Theorem 2.1 and using Lemma 3.5, we obtain the result. [
Applying Lemma 3.5 and Theorem 3.4, we obtain the following result.

Corollary 3.7 Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from C x C into R satisfying (A1)-(As) and ¢ : C — R a lower
semicontinuous and convex function. Assume that either (B1) or (By) holds. Let A be a
wu-Lipschitzian, relaxed (o, \)-cocoercive mapping from C into H, B a B-inverse strongly
monotone mapping from C into H and f a contraction from H into C with constant
k< % Suppose that S, is a sequence of nonexpansive mappings from H into C such that
ﬂzil Fix(S,) N VI(C,A) N GMEP # (. Let {y,.}, {u,}, and {x,} be generated by x; € C,

Yn = Pc(1—Ap)xy,
Uy = T;gflw)(%l - rnByn):
Xnil = OpXy + /gr(f(xn) + Vn W, Pc(uy — snAuy,), neN,

where {a,}, {Bn}, {vn}, and {),} are real sequences in (0,1) and {r,}, {s,} C (0, 00) satisfying
the following conditions:

D) an+Bu+vn=1

(2) 1im,soeB = 0, 07,8 = 00,

(3) 0<liminf,_, oy, <limsup,_,  v» <1,

(4) lim,_ oA, =0, Z;ﬁl Ap =00, 2321 [Ans1 = Aul < 0O,

(5) 0<a<r,<2B, Y oo |1 —Tul <00,

(6) 0 <5, < 2] 57 g1 —s,| < 00

I
Then {x,} converges strongly to an element w € (-, Fix(S,) N VI(C,A) N GMEP, where

o = Prpe, Fix(s,)nvic.anemeef (@)
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