Cai Journal of Inequalities and Applications 2014, 2014:505 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2014/1/505 a SpringerOpen Journal

RESEARCH Open Access

Approximation properties of the modification
of g-Stancu-Beta operators which preserve x?

Qing-Bo Cai’

“Correspondence: gbcai@126.com
School of Mathematics and
Computer Science, Quanzhou
Normal University, Quanzhou,
362000, PR. China

@ Springer

Abstract

In this paper, we introduce a new kind of modification of g-Stancu-Beta operators
which preserve x* based on the concept of g-integer. We investigate the moments
and central moments of the operators by computation, obtain a local approximation
theorem, and get the pointwise convergence rate theorem and also a weighted
approximation theorem.
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1 Introduction
In 2012, Aral and Gupta [1] introduced the g analog of Stancu-Beta operators as

K(A I’l] x) oo/A u[n]qx 1

* f [n]gx
L"’q(f,x) B ([ nlgx; [nly +1) Jo [n qx+[n]q+1f(q ! M) dqt, (1)

for every n € N, g € (0,1), x € [0,00). They estimated moments, established direct result
in terms of modulus of continuity and present an asymptotic formula.

Since the types of operators which preserve x? are important in approximation theory,
in this paper, we will introduce a modification of g-Stancu-Beta operators which will be
defined in (5). The advantage of these new operators is that they reproduce not only con-
stant functions but also x2.

Firstly, we recall some concepts of g-calculus. All of the results can be found in [2]. For
any fixed real number 0 < g <1 and each nonnegative integer k, we denote g-integers by
[k];, where

Le 1
[k]q—i - 471
k, q=1

Also the g-factorial and g-binomial coefficients are defined as follows:

KLt o Kk =114, k=1,2,..;
g, k=0
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and

nl [n]y!
[k]q S Wm-k, "=k=0

The g-improper integrals are defined as

o0/A

f(x)dqx=<1—q>2f<§)§, 450, @

—00

provided the sums converge absolutely.

The g-Beta integral is defined as

o0/A t
where K(x;£) = 25/ (1+ 1)t(l +x);7, and (1 +x)] = (Hq(,l;)’g?;ffl)gaqfﬁ;}x)___, 1>0(r=t+53).
In particular for any positive integer #,
n(n-1) T () T(s)
Kgn)=q 7 , K(x;0)=1 and B,(t;s)= ——1-, 4
(x;m) =g (%;0) 4(5:5) Iyt +s) (4)

For f € C[0,00), g € (0,1), and n € N, we introduce the new modification of g-Stancu-Beta

operators L, 4(f,x) as

KWl ) A et -
Ln,q(f:x) = Bq([ ]an(x) [n]q +1) / [Vl]qvn )+[n]q+1f(q )d u, (5)
where
_ ‘I[”l]q - q 1 1
e -\/ T ©)

2 Some preliminary results

In this section we give the following lemmas, which we need to prove our theorems.

Lemma 1 (see [1, Lemma 1]) The following equalities hold:

([m] g + D)x

Lalix) =l Lg6a) = L, (¢5%) = =0

Lemma?2 Let g € (0,1), x € [0,00), we have

Il
x

N N 11 ). 9
Ln,q(lrx)—ly Ln,q(t:x)—\/ [n]q X%+ 4[;/[]5 Z[H]q’ L”,q(t ,x) . (7
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Proof From Lemma 1, we get L, ,(1;x) =1 and L, ,(t;x) = ‘I[F'iizq_qu + 4[;14]%] - ﬁ easily.
Finally, we have
Loy (£3%) = ([n]qvn(x) + v, (x)
q([nly -1)
__ [l ( 1 - qlnlg=q ,, 1 i _ 1 jale-q , 1 2)
qlnly —q \4[nl; [n], 4[nl  [nl, (n], 4[n]7
1 - 1 1
+ ( alnlq qx2 + 5 - > =2,
qlnlg—q [n]q 4[n]z  2[n],

Lemma 2 is proved. 0

Remark1 Let n € N and x € [0, 00), then for every g € (0,1), by Lemma 2, we have
Lyg(1+5x) =1+4% 8)

Lemma 3 Forevery q € (0,1) and x € [0, 00), we have

Ln,q((t—x)z;x):2x2—2x\/q[n]q_qx2+ 1 +i. o)

Proof Since L, ,((t — x)%x) = L, 4(£% %) — 2xL,, 4(¢;%) + x* and from Lemma 2, we get Lem-
ma 3 easily. O

Remark 2 Let the sequence g = {g,} satisfy that g, € (0,1) and g, — 1 as n — o0, then

for any fixed x € [0, 00), by Lemma 3, we have
i 2.0 =
,}EEOL”"I" ((t=x)%x%) =0. (10)

3 Local approximation
In this section we establish direct local approximation theorem in connection with the
operators Ly 4(f;x).

We denote the space of all real valued continuous bounded functions f defined on the in-
terval [0, 00) by Cg[0, 00). The norm || - || on the space Cz[0, 00) is given by ||f|| = sup{|f(x)| :
x € [0,00)}.

Further let us consider Peetre’s K-functional:

K5(f;8) = inf {If gl +5]¢"[},
gew

where § >0 and W2 = {g € Cp[0,00) : g',g" € Cp[0,00)}.
For f € C[0, 00), the modulus of continuity of second order is defined by

’

wy(f;8) = sup sup V(x+2h)—2f(x+h)+f(x)
)

0<h=<8 x€[0,00
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by [3, p.177] there exists an absolute constant C > 0 such that
Ky (f;8) < Can(f;v/3), 8>0. (11)

For f € Cp[0, 00), the modulus of continuity is defined by

o(f;8) = sup sup [f(x+h)—f(x)|.

0<h<8 x€[0,00)
Our first result is a direct local approximation theorem for the operators L, ,(f;x).

Theorem 1 For g € (0,1), x € [0,00), n € N, and f € Cg[0, 0), we have

|Lng(f%) —f ()]

: alnlg-q , 1 x 1 qlnl,—q Y
< sz(ﬁl 2x2 —Zx\/ il x2 4+ 4[}1]; + ol + (x+ 20, —\/ ool x2 4+ 4[}1];) )

: 1 qlnly —q 1
””(f’“z[nl[\/ (1], x2+4[n]2>' az)

q

Proof For x € (0,00], we define the auxiliary operators L, ,(f;x)

T (f. _ . _ q[n]q_q 1 _ 1
Ly q(f;%) = Lyg(f;x) f(\/ i, X2 + 4[’4]; 2[n]q> +f(x). (13)

Obviously, we have

L, (t—xx)=0. (14)
Let g € W2, by Taylor’s expansion, we have

t

g(t) =g(x) + g (x)(t —x) + / (t—u)g"(u)du, =x,te[0,00).
Using (14), we get

- . t

Lyg(g;x)=gx)+ Ly, ( / (t —u)g" (u) du; x),
hence, by Lemma 3, we have

|Linq(gsx) - g)|

Lug (/t(t— u)g" () du;x)
T T Y]

X
+ ‘/ |:u - (\/ —
s )
[t i il A 20,
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SLn,q(/(t_u)|g//(u)|du;x)
_ q[n]q_q 2 1 )‘ // d
f Bt i (/ ol A 30, )|
2 qlnly —q 1 x
< |:2x —2x\/ il x2 + 4[n]2 + ol

(e g - [T LY e,
2[n], [n], 4[nl;

On the other hand, using (13) and Lemma 2, we have

Lg(F9)] < [Lug(f50)] + 211
< Mg (56) + 21I£

=371

Thus,

|Ln,q(f;x) —f(JC)|
<|Lug(f —g5%) = (f =) ®)| + [Lglgs %) — g(x)|

qlnly —q 1 1
' ‘f(\/ (1], o 4[n]2 B 2[”‘]q> S
qlnl;—q 1 1
<4lf -l + P(\/ ), A 2[n]q> A
9 Q[H]q_q 1 *
+ [Zx —2x\/ [l x2 + 4[”]521 + m

+<x+ o q[n]q_qx2+ ! )2]“g””-
2[n], [nlq 4[n]2

Hence taking the infimum on the right-hand side over all g € W2, we get

L (f5%) = f ()|

- 1
§4K2<f;2x2_2x\/ﬂﬂ]q qx2+ +i

+(x+ 1 alg-a, 1 )2)
2, I, Al

+a)< JX + 1 - q[n]q_qx2+ 1 )
" 2[n), (1], 4[n]2

(15)
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By (11), for every g € (0,1), we have

|Ln,q(fx x) _f(x)|

<Cw2<f; 242 — 2 q[l’l]q—qx2+ ! +i+<x+ ! - q[n]q_qx2+ : >2>
< (1], 4[1’1],3 [n]4 2[n], (1], 4[,,,]‘2{

. 1 qlnly—q 1
+w<f,x+ 20, —\/ il x2 + 4[11];).

This completes the proof of Theorem 1. O

4 Rate of convergence

Let B,2[0,00) be the set of all functions f defined on [0,00) satisfying the condition
[f (%) < My(1 +x%), where My is a constant depending only on f. We denote the subspace
of all continuous functions belonging to B,2[0,00) by C,2[0,00). Also, let Ch [0,00) be
the subspace of all functions f € C,2[0, 00) for which lim,_, o, % is finite. The norm on
C5[0,00) is [|f ll2 = SuP,e(o,00) llff’;)zl . We denote the usual modulus of continuity of f on the

closed interval [0,4] (a > 0) by

w4(f,8)= sup sup [f(t)—f(x)|.

|t—x|<6 x,t€[0,a]

Obviously, for a function f € C,2[0, 00), the modulus of continuity w,(f,d) tends to zero
as 6 — 0.

Theorem 2 Letf € C2[0,00), g € (0,1) and w,,1(f,8) be the modulus of continuity on the
finite interval [0,a + 1] C [0, 00), where a > 0. Then we have

(1], 4[n]2  [nl,

||Ln,q(f)—fnqova]54Mf(1+a2)<2az_2a\/q[n]q—qa2+ 1 +L)

- 1
+2wa+1<f; 2a2—2a\/q[n]q qa2+ + a > @16)

[ a[n2 [,

Proof Forx € [0,a]landt >a+1,wehavet—x > t—a > 1. Hence (¢t —x)? > 1. Thus 2 + 3x2 +
2t—%)% < 2+36)(t—x)2+2(t—x)? = (4+3x2)(t—x)*> < (4 +3a*)(t—x)?> <41 +a®)(t—x)2.
Hence, we obtain

[f(6) = f(x)| < 4Mp (1 + a®) (¢ —x)*. (17)
For x € [0,a4] and t < a + 1, we have

|t —xl

V(t) _f(x)| = wu+1(f§ |t_x|) = <1 + )a)a+1(f;8)r §>0. (18)

From (17) and (18), we get

|t —x]

[f(6) = f()| < 4Mp(1 + a®)(t - %) + (1 + )wa+1(f; 8). (19)
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For x € [0,4] and ¢ > 0, by Schwarz’s inequality, Lemma 2, and Lemma 3, we have

|Ln,q(f; x) _f(x)|
< Ln,q(lf(t) _f(x)

;%)

< 4Mf(1 + aZ)L,,,q((t - x)z;x) + wg41(f38) (1 + % L,,,q((t - x)%x))
<4Ms(1+a®) (2a2 —2a qlnl, = 10, 1 ¥ i)
- (1], 4[nl;  [nl4

1 q[n]q -9 1 4
+ (Ua+1(f’8) (1 " 8 2% = 2a\/ [Vl]q @ 4[1’1]q ’ [}’l]q>.

By taking § = ,/2a? — 2a MWgdg g 1y 4 e get the assertion of Theorem 2. [
[Vl]q 4'[”].7 [Vl]q

5 Weighted approximation
Now we will discuss the weighted approximation theorems.

Theorem 3 Let the sequence {q,} satisfy 0 < q, <1 and q, — 1 as n — oo, for f €
C;‘Z [0, 00), we have

lim [[Zg, () - £, = 0. (20)

Proof By using the Korovkin theorem in [4], we see that it is sufficient to verify the fol-
lowing three conditions:

lim [Z,,g, (£%55) = 2" 2, v=0,1,2. (21)

Since L4, (1;x) = 1 and L4, (¢%x) = x> (see Lemma 2), (21) holds true for v=0and v =2.
Finally, for v =1, we have

|Lng, (£:%) — x|
[Enan 520 =l 2 = sup =

- 1 1
< (1 _|4lnlq q> - sup i
[”]q x€[0,00) 1+x 2[”]6] x€[0,00) 1+x

qlnl, —q 1
1 - - 5 ’
=N T, 20,

q[n]q—q
[”]q
condition of (21) holds for v =1 as n — 00, then the proof of Theorem 3 is completed. [J

since lim,,_, o g, = 1, we get lim,,_, o (1 — ) =0 and lim,,_, o, ﬁ =0, so the second

Competing interests
The author declares that they have no competing interests.

Page 7 of 8


http://www.journalofinequalitiesandapplications.com/content/2014/1/505

Cai Journal of Inequalities and Applications 2014, 2014:505 Page 8 of 8
http://www.journalofinequalitiesandapplications.com/content/2014/1/505

Acknowledgements

The author thanks the editor and referee(s) for several important comments and suggestions, which improved the quality
of the paper. This work is supported by the Educational Office of Fujian Province of China (Grant No. JA13269), the Startup
Project of Doctor Scientific Research of Quanzhou Normal University, Fujian Provincial Key Laboratory of Data Intensive
Computing and Key Laboratory of Intelligent Computing and Information Processing, Fujian Province University.

Received: 5 April 2014 Accepted: 2 December 2014 Published: 12 Dec 2014

References

1. Aral, A, Gupta, V: On the g analogue of Stancu-Beta operators. Appl. Math. Lett. 25(1), 67-71 (2012)

2. Kac, VG, Cheung, P: Quantum Calculus. Universitext. Springer, New York (2002)

3. DeVore, RA, Lorentz, GG: Constructive Approximation. Springer, Berlin (1993)

4. Gadjiev, AD: Theorems of the type of PP. Korovkin type theorems. Mat. Zametki 20(5), 781-786 (1976) (English
translation: Math. Notes 20(5-6), 996-998 (1976))

10.1186/1029-242X-2014-505
Cite this article as: Cai: Approximation properties of the modification of g-Stancu-Beta operators which preserve x*.
Journal of Inequalities and Applications 2014, 2014:505

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://www.journalofinequalitiesandapplications.com/content/2014/1/505

	Approximation properties of the modiﬁcation of q-Stancu-Beta operators which preserve x2
	Abstract
	MSC
	Keywords

	Introduction
	Some preliminary results
	Local approximation
	Rate of convergence
	Weighted approximation
	Competing interests
	Acknowledgements
	References


