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Abstract

In this article, we introduce two recent results with respect to the integrality and exact
solutions of the Fisher type equations and their applications. We obtain the sufficient
and necessary conditions of integrable and general meromorphic solutions of these
equations by the complex method. Our results are of the corresponding
improvements obtained by many authors. All traveling wave exact solutions of many
nonlinear partial differential equations are obtained by making use of our results. Our
results show that the complex method provides a powerful mathematical tool for
solving a great number of nonlinear partial differential equations in mathematical
physics. We will propose four analogue problems and expect that the answer is
positive, at last.

MSC: Primary 30D35; secondary 34A05
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1 Introduction

Nonlinear partial differential equations (NLPDEs) are widely used as models to describe
many important dynamical systems in various fields of science, particularly in fluid me-
chanics, solid state physics, plasma physics and nonlinear optics. Exact solutions of
NLPDEs of mathematical physics have attracted significant interest in the literature. Over
the last years, much work has been done on the construction of exact solitary wave so-
lutions and periodic wave solutions of nonlinear physical equations. Many methods have
been developed by mathematicians and physicists to find special solutions of NLPDEs,
such as the inverse scattering method [1], the Darboux transformation method [2], the
Hirota bilinear method [3], the Lie group method [4], the bifurcation method of dynamic
systems [5-7], the sine-cosine method [8], the tanh-function method [9, 10], the Fan-
expansion method [11], and the homogenous balance method [12]. Practically, there is
no unified technique that can be employed to handle all types of nonlinear differential
equations. Recently, Kudryashov et al. [13-16] found exact meromorphic solutions for
some nonlinear ordinary differential equations by using Laurent series and gave some
basic results. Following their work, the complex method was introduced by Yuan et al.
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[17-19]. In this article, we survey two recent results with respect to the integrality and
exact solutions of the Fisher type equations and their applications. We obtain the suffi-
cient and necessary conditions of integrable and general meromorphic solutions of these
equations by the complex method. Our results are of the corresponding improvements
obtained by many authors. All traveling wave exact solutions of many nonlinear partial
differential equations are obtained by making use of our results. Our results show that
the complex method provides a powerful mathematical tool for solving a great number
of nonlinear partial differential equations in mathematical physics. We will propose four
analogue problems and expect that the answer is positive, at last.

2 Fisher type equations with degree two
In 2013, Yuan et al. [17] derived all traveling wave exact solutions by using the complex
method for a type of ordinary differential equations (ODEs)

Aw' +Bw+ Cw? +D =0, 1)

where A, B, C and D are arbitrary constants.

In order to state these results, we need some concepts and notations.

A meromorphic function w(z) means that w(z) is holomorphic in the complex plane C
except for poles. a, b, ¢, c; and ¢; are constants which may be different from each other
in different place. We say that a meromorphic function f belongs to the class W if f is an
elliptic function, or a rational function of e*?, a € C, or a rational function of z.

Theorem 2.1 Suppose that AC # 0, then all meromorphic solutions w of Eq. (1) belong to
the class W. Furthermore, Eq. (1) has the following three forms of solutions:
(I) The elliptic general solutions

__¢2 1[9'()+F]*|  ,AE B
Wld(z)—_66{—p(2)+z|:m:| }+6?_E

Here, 4DC = —12A%g, + B2, F? = AE® — g,E — g3, g3 and E are arbitrary.
(II) The simply periodic solutions
A, B

A
wis(z) = —66012 coth? %(z —2zp) — %a °C

where 4DC = —A?a* + B?, z, € C.
(III) The rational function solutions

A
64 B

wi,(2) = —m Yok

where 4CD = B?, z; € C.

Equation (1) is an important auxiliary equation, because many nonlinear evolution equa-
tions can be converted to Eq. (1) using the traveling wave reduction. For instance, the clas-
sical KdV equation, the Boussinesq equation, the (3 + 1)-dimensional Jimbo-Miwa equa-
tion and the Benjamin-Bona-Mahony equation can be converted to Eq. (1) [17].
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In 2013, Yuan et al. [20] employed the complex method to obtain first all meromorphic
solutions of the equation

Aw" + BW + Cw+Dw? + E =0, )
where A, B, C, D, E are arbitrary constants.

Theorem 2.2 Suppose that AD # 0, then Eq. (2) is integrable if and only if B = 0, j:% X

|-24D,/ & 4D2 £ j:\S[’ —2AD,/ £ 4D2 - Furthermore, the general solutions of Eq. (1) are
of the following form.
i) If B =0, then we have the elliptic general solutions of Eq. (2)

A ©'(z) + M7? AN C
waa(2) = - B{_p(z)+1|:p(z)——N] } F—E

Here, 12A%g, = C?, M* = 4N® — g,N — g3, g3 and N are arbitrary.
In particular, which degenerates to the simply periodic solutions

, C
et =
2D 2D

’

A o
Wwas(2) = —65(12 coth? E(z —20) —

where A%a* = C?, zy € C.

And the rational function solutions

64 c: E C

Wzr(z)z_(z—zo)z_ 4D2 D 2D’

where C* = 4DE, z, € C.

(i) IfB= :i:%, [—24D,/ £ 4D2 5 £ then the general solutions of Eq. (2)

) e 2 |2 [ E
=ex — ) — - =
82 P17V aVap b
X De bjc Ez 0
V2P T =\ 7 2 ~ oA S0 0
i T f AV ap: T D TR
[¢ E ¢
4ap> D 2D’

where ./ % = —2D, both sy and gs are arbitrary constants.
In particular, which degenerates to the one parameter family of solutions

c* E 1 c: E C
W) =2, = - = e

4D> D o) 4D0> D 2D’
(1-exp{E [~ [ C £y

C
=_EJZO eC.

c2

where "
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(iii) IfB= :I:%, [-2AD,/ % - %, then the general solutions of Eq. (2)

()= e 2i | 2D [ E
i(z) = ex ="V m TR
e PIT/6V aVap b
5 \/Ee i | D[cC E 0
—expy\F—=1/—— 5 — =Z{ —50;0,
& A P:F«/g Va2 "D 0;Y,83
| ¢ _E_3C
4D> D 2D’

where ./ % = —%, and both sy and gs are arbitrary constants.
In particular, which degenerates to the one parameter family of solutions

0| C E 1
Wi = TNy T b

(1-exp(£is2l |2 /.S —

E
% A\ 4D? B}}2
c2 E 3C
VaDp2 D 2D’
where,/%:—%,zoe(c.

The Fisher equation with degree two
Consider the Fisher equation

Us = VUy, + su(l — u),

which is a nonlinear diffusion equation as a model for the propagation of a mutant gene
with an advantageous selection intensity s. It was suggested by Fisher as a deterministic
version of the stochastic model for the spatial spread of a favored gene in a population in

1936.

Sett' =stand x’ = (%)%x and drop the primes, then the above equation becomes

Uy = Uy + u(l — u).
By substituting
ulx,t) =w(z), z=x-ct,
into Eq. (Fisher) and integrating it, we obtain
w +ew +w(l-w)=0.

It is converted to Eq. (2), where
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Three nonlinear pseudoparabolic physical models
The one-dimensional Oskolkov equation, the Benjamin-Bona-Mahony-Peregrine-Bur-
gers equation and the Oskolkov-Benjamin-Bona-Mahony-Burgers equation are the spe-
cial cases of our Eq. (2).

The one-dimensional Oskolkov equation has the form

Up — Myt — Ollyy + Uty = 0, (Oskolkov)

where A 70, @ € R.
Substituting

ulx, t) =w(z), z=x-ct,
into Eq. (Oskolkov) and integrating the equation, we have
/" / 1 2
AW —aWw —cw + EW =0.

It is converted to Eq. (2), where

The Benjamin-Bona-Mahony-Peregrine-Burgers equation is of the form
Up — Uyys — AUy + +Y Uy + OUlly, + Bhyyy = 0, (BBMPB)

where « is a positive constant, § and § are nonzero real numbers.
Substituting

ulx, t) =wl(z), z=x-ct,
into Eq. (BBMPB), we get
(c+BW —aw +(y —cw+ ng =0.
It is converted to Eq. (2), where
A=c+B, B=-q, C=y-g D:g, E=0.
The Oskolkov-Benjamin-Bona-Mahony-Burgers equation is of the form
Up — Ugyt — Qlyy + +Y Uy + Ouis, = 0, (OBBMB)

where « is a positive constant, 6 is a nonzero real number.

Substituting

ulx,t) =w(z), z=x-ct,

Page 5 of 15
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into Eq. (OBBMB), we deduce
/" / 0 2
cw' —aw +(y —c)w+ Ew =0.

It is converted to Eq. (2), where

0
A=c, B=—-qa, C=y-g D:E, E=0
The KdV-Burgers equation
The KdV-Burgers equation is of the form
Up + Ully + Uszy — QUyy = 0, (KdV-B)

where « is a constant.

Substituting the traveling wave transformation
ulx,t)=w(z), z=x+Ct,
into Eq. (KdV-B) and integrating it yields the auxiliary ordinary differential equation
W —aw + %w2 +Cw+E=0,

where E is an integral constant. It is converted to Eq. (2), where

3 Fisher type equations with degree three
In 2012, Yuan et al. [21] employed the complex method to find all meromorphic solutions

of the auxiliary ordinary differential equations

AW +Bw+Cw® + D=0, 3)
where A, B, C and D are arbitrary constants.
Theorem 3.1 [21] Suppose that AC # 0, then all meromorphic solutions w of Eq. (3) belong

to the class W. Furthermore, Eq. (3) has the following three forms of solutions:
(I) The elliptic function solutions

(@) :lzl,/ 2
w =+—/-—
3l 2 C

(—p + )4 + dp’c+20'd — g — cg2)
((12¢2 — g)go + 4¢3 — 3¢y’ + (43 + 12¢? — 3grp — cgr)d

Here, g3 = 0, d* = 4¢® — goc, go and c are arbitrary.
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() The simply periodic solutions

[ A
wss1(2) = o BYe (coth %(z—zo) — coth %(z—zo —2z1) —coth %zl)

and

A o
Wss2(2) = o/ ~3C tanh E(z —20),

_ 21 3 _ A tanh 5z ,
where zo € C, B= Aa*(5 + T §a ), D=\/-3¢ St 2 z1 # 0 in the former
2
formula, or B = A%, D=0.

(II1) The rational function solutions

@ i/2A 1
w3r1(2) = -—
3l C z-2z

and

2A z z
Wsr,z(Z)Zi‘/——2< — : —1>,
Czi\z-20 z-z0—-21

where zo € C. B=0, D = 0 in the former case, or given z; #0, B = i—‘;,
- —2413/2
D =F32C( ch) .

1

In 2013, Yuan et al. [22] considered the following equation:
AW +Bw+Cw* +w? + D=0, (4)

where A, B, C and D are arbitrary constants. They obtained the following result and gave
its two applications.

Theorem 3.2 Suppose that A # 0, then all meromorphic solutions w of Eq. (4) belong to
the class W . Furthermore, Eq. (4) has the following three forms of solutions:
(I) All elliptic function solutions

o A
Wa4(2) = -3 +/ ~3

(= + E)(4pE? + 49°E + 29'F — gy, — Egy)
x

((12E% — gy)gp + 4E3 — 3Egy)g’ + 4F 3 + 12FEp? — 3Fgy0 — FEg,'

where A(C? —9B) =12C,/-4,27D = C%, g3 = 0, F> = 4E° - g;E, g, and E are
arbitrary constants.

(II) All simply periodic solutions

| A a C
W4s,1(Z) =4 —506 coth E(Z—Z()) - g

Page 7 of 15
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and

A
Waso(2) = &4/ ——a| coth g(z—zo) — coth g(z—zo -2z1)
2 2 2
C | A tha
- 3 F —ZO[CO 221,

where zo € C. A(2C? + 9Aa® —18B) = 24C,/-4,27D - C® = 2702 /-4 in the

former case, or z; #0, 8C,/—4 + 6AB = 3A%a*(—3— +1),

sinh2 Sz

A A o
162D,/ —— = | 2C,/—— F 3Aa coth —z;
2 2 2
108Ac? [ A
X <fa +3C* F9Ca,/—= coth ga).
sinh® 3z 2 2

(III) All rational function solutions

2 /4
2 C
wyri(2) = £ -5
Z—29 3
and
A A A
-3 2y-3 23 C
W4r,2(z) =% + + )
Z—29 Z—20—21 Z1 3

where zo € C. A(C* - 9B) =12C,/-%, 27D = C? in the former case, or
2 3
A(% +C*-9B) =12C,/-4, % =(5 + % -D),/-4,z #0.

Very recently, Yuan et al. [23] studied the differential equation
Aw" + BW + Cw + Dw? = 0, (5)

where A, B, C, D are arbitrary constants.
They got the following theorem.

Theorem 3.3 Supposethat AD #0, then Eq. (5) is integrable ifand only if B= 0, %+ % VAC.
Furthermore, the general solutions of Eq. (5) are of the following form:
() [21] When B = 0, the elliptic general solutions of Eq. (5)

2A ' (z — 20;42,0)
Ws41(2) = £/ —— 70@,
D p(z—2z0;£,0)
where zo and g, are arbitrary. In particular, it degenerates to the simply periodic
solutions and rational solutions

A o
Wss1(2) = a4/ %) tanh E(z —20)
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and

@ j:/2A 1
wsr(2) = r ,
> D z-z

where C = ‘%“2 and zy € C.
(II) When B = :I:%\/AC, the general solutions of Eq. (5)

1 1 [c#( —%GXP{:F%\/EZ}—SO;@,O)
ng'l(Z)ZZi:EeXp{:FE ZZ}

Pl -2explF S5 /S2) - 5032, 0)

where ©(s : g2, 0) is the Weierstrass elliptic function, both sy and g, are arbitrary
constants. In particular, ws,,(z) degenerates to the one parameter family of solutions

C 1
wsr1(2) = £,/ ——

by —exp{xﬁ\/%z—z@)}

where zg € C.

All exact solutions of Eq. (Newell-Whitehead), the nonlinear Schrédinger Eq. (NLS) and
Eq. (Fisher 3) can be converted to Eq. (5) making use of the traveling wave reduction.

The Newell-Whitehead equation
The Newell-Whitehead equation is of the form

Upy — Uy — T8 + 51 =0, (Newell-Whitehead)

where r, s are constants.
Substituting

ulx,t) =w(z), z=x+wt,
into Eq. (Newell-Whitehead) gives
W' —ow +sw—rw®=0.

It is converted to Eq. (5), where

The NLS equation
The NLS equation is of the form

iy + Qe + BlulPu =0, (NLS)

where «, B are nonzero constants.

Page 9 of 15
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Substituting

ke-ot 2= x + ct,

u(x, t) = w(z)e
into Eq. (NLS) gives

aw’ +iQak —c)w + (a) - akz)w +Bw=0.
It is converted to Eq. (5), where

A=q, B =i(2uk —c), C=w-ak?, D=8.

The Fisher equation with degree three
The Fisher equation with degree three is of the form

U = Ugy + u(l - uz). (Fisher 3)
Substituting
ulx, t) =w(z), z=x-ct,
into Eq. (Fisher 3) gives
w'+ew +w(l-w?)=0.

It is converted to Eq. (5), where

4 The complex method and some problems
In order to state our complex method, we need some notations and results.

Setme N:=({1,2,3,...}, ;€ Ng =NU{0}, r = (r0,71,...,7m), j = 0,1,...,m. We define a
differential monomial denoted by

M, [W(2) = [w@)]°[W @] [ @] [w"(2)]™.

p(r):=ro+r + - +ry is called the degree of M, [w]. A differential polynomial is defined
by

P(w, w,..., w(’”)) = Z a,M,[w],

rel

where a, are constants, and / is a finite index set. The total degree is defined by deg P(w,

W, ..., w") = max,¢; {p(r)}.

We will consider the following complex ordinary differential equations:
P(w,w,..., w(’”)) =bw" +¢, (6)

where b # 0, ¢ are constants, n € N.

Page 10 of 15
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Let p,q € N. Suppose that Eq. (6) has a meromorphic solution w with a pole at z = 0. We
say that Eq. (6) satisfies the weak (p,g) condition if substituting Laurent series

w(z) = Z aZ, q>0,c47#0 @)
k=—q

into Eq. (6), we can determine p distinct Laurent singular parts as follows:

-1

chzk.

k=—q

In order to give the representations of elliptic solutions, we need some notations and
results concerning elliptic functions [24].

Let w1, wy be two given complex numbers such that Im z—; >0, L =L[2w,2w,] be a dis-
crete subset L[2wy,2w,] = {w | @ = 2nw; + 2mw,, n, m € Z}, which is isomorphic to Z x Z.
The discriminant is A = A(cy, ¢;) := ¢ —27¢3, and we have

Sy =8,(L) := Z %

wel\{0}

The Weierstrass elliptic function ©(z) := 9(z,£2,£3) is a meromorphic function with
double periods 2w, 2wy, satisfying the equation

(9'(2)" = 49(2)° - 20(2) - g, (8)
where g, = 60s4, g3 = 140s¢, and A(g,,g3) # 0.

Theorem 4.1 [24, 25] The Weierstrass elliptic functions £(z) := §(z, g2,g3) have two suc-
cessive degeneracies, and we have the addition formula:
(i) Degeneracy to simply periodic functions (i.e., rational functions of one exponential
%) according to

3d 3d
©(z,3d% -d’) = 2d - 5 coth? bk 9)

if one root e; is double (A(g2,g3) = 0).
(i) Degeneracy to rational functions of z according to

1
K’)(Z; 0: 0) = _2
z
if one root e; is triple (g = g3 = 0).
(iii) We have the addition formula

(10)

4 / 2
KJ(Z—Z()) = —6{)(2) _B/‘)(ZO) + l[p (Z) + (Z())] .

4| (2 - p(20)

By the above notations and results, we can give the following method, let us call it the
complex method, to find exact solutions of some PDEs.

Page 11 of 15
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Step 1. Substituting the transform T : u(x, t) - w(z), (x,£) — z into a given PDE gives
nonlinear ordinary differential equations (6).

Step 2. Substitute Eq. (7) into Eq. (6) to determine that the weak (p, g) condition holds,
and pass the Painlevé test for Eq. (6).

Step 3. Find the meromorphic solutions w(z) of Eq. (6) with a pole at z = 0, which have
m — 1 integral constants.

Step 4. By the addition formula of Theorem 4.1 we obtain all meromorphic solutions
w(z —zp).

Step 5. Substituting the inverse transform T~ into these meromorphic solutions
w(z — zp), we get all exact solutions u(x, t) of the original given PDE.

Proof of Theorem 2.2 in case E =0 By substltutlng Eq. (7) into Eq. (2) we have g =2, p =
_ 1 25AC-B? B 2 78* 118C2

64 6
Lea="T,¢1=-55€0%355"ap » 1= ~350425> © = 504D ~ 5000450’ 3 = 004D ~
_ 79 ond
75,0004%D
5V AC 5/ AC 5ivAC 5iv/AC
Oxc4+BZ(B— )(B+ )(B— ! )(B+ ! ):0.
V6 J6 V6 V6

For the Laurent expansion (7) to be valid, B satisfies this equation and ¢4 is an arbitrary

constant. Therefore, B=0 or B = + ‘\7 or B= j:SZf where 2 = —1. For other B it

would be necessary to add logarithmic terms to the expansion, thus giving a branch point

rather than a pole.
(i) For B =0, Eq. (2) is completely integrable by standard techniques and the solutions
are expressible in terms of elliptic functions (cf. [17]); i.e., the elliptic general solutions of

Eq. (2)

/ 2
wia(2) = - A{ o) + [7@8*;‘?“ AN _ S

Here, 12A%g; = C?, M? = 4N® — g2N — g3, g3 and N are arbitrary.
In particular, which degenerates to the simply periodic solutions

A A C

(2)= -6 th? A=,

wis(e) = ~6 " co 2(Z 2)=35% "3
where A%2a* = C2, 2, € C.

And the rational function solutions

6
(z-z0)%

Ol

er(z) ==

where C =0, zy € C.

For B = i@,i%, we transform Eq. (2) into the autonomous part of the first

Painlevé equation. In this way we find the general solutions.
(ii) For B = i%, setting w(z) = f(z2)u(s), s = g(z), and substituting in Eq. (2), we find
that the equation for u(s) is

_%(g’)zu” = ulf [2A'§( +Ai—/ +B} + %{ 7 +Bf +C} +fl/l (11)
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If we take f and g such that

Af—+ —+C=0,

fof

ZAJi +A— +B=0,
S g

12)

then Eq. (11) for u is integrable. By (12), one takes f(z) = exp{az} and

B
g(z) = ﬂexp{—(z + 2a>z},

where o = :F% %, B*= —%.
Thus Eq. (11) reduces to

u” = 6u>. (13)

The general solutions of Eq. (13) are the Weierstrass elliptic functions u(s) = g (s — so;
0,g3), where s and g3 are two arbitrary constants.

Therefore, when B = :l:s“f the general solutions of Eq. (2)

We1(2) = eXp{¢i\/§Z}@(,/—9 eXp{¢i\/§Z} _50§07g3);
VeV A A JeV A

where both sy and g3 are arbitrary constants. In particular, by Theorem 4.1 and g5 = 0
Wg,i(2) degenerates to the one parameter family of solutions

Wfl(Z) =3 )
D - exprez S

where zg € C.

(iii) For B=+ 5‘*?, setting w(z) = f(z)u(s) — D, s = g(z), and substituting in Eq. (2), we
obtain that the equation for u(s) is
u' = 6u?, (14)

where
B
f(2) =explaz}, glo)=p em{—(; + 2a>z},

where a = :Fﬁ\/g , B2 = 9 . The general solutions of Eq. (14) are the Weierstrass elliptic

functions u(s) = g (s — s0; 0 gg) where 5o and g3 are two arbitrary constants.

+ 5iv/AC

Therefore, when B = e we know the general solutions of Eq. (2),

ool 2 S B g o )

Page 13 0of 15
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where both sy and g3 are arbitrary constants. In particular, by Theorem 4.1 and g3 = 0,
Wg,i(2) degenerates to the one parameter family of solutions

— C 1 C
11,i(Z) = — : -
Pu-expie fGp P

where zo € C. O

Similarly, in the proof of Theorem 3.3, we transform Eq. (5) into the autonomous part
of the second Painlevé equation

u’ =2ub. (15)

Obviously, Egs. (14) and (15) are also special cases of Eqgs. (1) and (3), respectively. We
also know that there are six classes of Painlevé equations. Therefore, we ask naturally
whether or not there exist other four classes autonomous parts of Painlevé equations could
be transformed by w(z) = f(z)u(s), s = g(z) from the related equations; i.e, we propose the
following open questions.

Question 4.1 Find all meromorphic solutions of the other four classes autonomous parts
of Painlevé equations:

N2
(AP3) u’ =" 4 yud 4 2,
2
(APy) u’ = (’;2 + %ug - 2au5+ %;1
(AP5) o = (5 + 7)) + 2452,
(APg) u” =31+ L)W)%

where o, 8, y and § are arbitrary constants.

Question 4.2 Determine the related equations and find their meromorphic general solu-
tions for each of the above equations (AP;), i = 3,4,5, 6.
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