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which are involved in a product of R-function and a general class of multivariable
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on. Our main results are also shown to be further specialized to yield a large number
of known and (presumably) new formulas involving, for instance, Saigo fractional
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Mittag-Leffler function, generalized Wright hypergeometric function, generalized
Bessel-Maitland function.
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1 Introduction, definitions, and preliminaries

Fractional calculus deals with the investigations of integrals and derivatives of arbitrary
orders. A remarkably large number of works on the subject of fractional calculus have
given interesting account of the theory and applications of fractional calculus operators
in many different areas of mathematical analysis (see, for very recent works, [1-8]).

The fractional integral operators, especially, involving various special functions have
found significant importance and applications in various fields of applied mathematics.
Since last five decades, a number of researchers like Love [9], Srivastava and Saxena [10],
Debnath and Bhatta [11], Saxena et al. [12-15], Saigo [16], Samko et al. [17], Miller and

Ross [18], and Ram and Kumar [19] and so on have studied, in depth, certain properties,
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applications, and different extensions of various hypergeometric operators of fractional
integration.

Throughout this paper, let C, R, R,, Z;, and N denote the sets of complex numbers, real
numbers, positive real numbers, nonpositive integers and positive integers, respectively,
and Ny := N U {0}.

Leta,a’, B, 8,y € C. Then the fractional integral operators 13,;;’"‘*’5/” and IZ2PP of 2
function f(x) are defined, for R(y) > 0, as follows (see Saigo and Maeda [20]):

(13,}?/"3”3,” )(x) = ;f(_y) / (=) Y Fy(a, 0, B, Byl — i, 1 —x/t)f () dt  (L.1)
0
and
(LB P f) () = :f;y) / (t -2 Fs (.o, B, B yil —alt, 1 — tix) (D dt,  (1.2)

where Fj is one of the Appell series defined by (see, e.g., [21, p.23, Eq. (4)])

/ , = (@) (@) (D) (b)) X™ y"
Fy(a,d,bb;cxy) =) R

m,n=0

(max{|x], [y} <1) 1.3)

and (), is the Pochhammer symbol defined (for A € C) by (see [22, p.2 and pp.4-6]):

(ei=] 01=0)
ArA+1)---(A+n-1) (neN)
(A +n) _
= TG (A e C\ Zp). (1.4)

Here I" denotes the familiar gamma function.
These operators reduce to the following simpler fractional integral operators (see [16]):

PP ) =1 (v €©) (1.5)
and
L2PF fa) = 2P f(x) (v €. (16)

Let o,&, 8, B,y € C with R(y) > 0 and x € R,. Then the generalized fractional differ-
entiation operators involving the Appell function F; in the kernel are defined as follows

(see [20]):
DEE PP @) = (1™ P f) ) (1.7)
d\" —a/ —a,~B +n,—B,~y +n
=<%) (L2 PPy ey () (R(y) > 0sme= [R(p)] +1)  (1.8)

_ 1 d\" o * n-y-1,a
() @0 [

t
><F3<—o/,—oz,n—/3/,—,3,n—)/;1——,l—f)j(t)dt (1'9)

X t
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and
(D" PP ) () = (177 P P ) () (1.10)
_ (_ d% >”( [ BBy ) )
(R(y)>0;m=[%R(y)] +1) (1.11)
e [
« F3 (—a’, —a, =B n—Byn—yil— ’—; 1- ;C)j(t) d. (1.12)

These operators reduce to the Saigo derivative operators as follows (see [16, 20]):

(Do 7)) = (D) @) (91(r) > 0) (113)
and

(D?‘“,’ﬂ'ﬂ/'yf)(x) - (Dz,a’fy,ﬁ’fyf) (x) (m(y) > ()). (1.14)
Furthermore we also have (see [20, p.394, Egs. (4.18) and (4.19)])

Ia:a/:ﬁ:ﬁ/vyxp—l =T pHPp+Yy - —-o —ﬁ,p + ﬁ/ -d xp—a—o/ﬂ/—l
0+ - ’ ’ /
pty—a—a,p+y—-o' -B,p+p

(R(y) > 0,9%(p) > max{0,R(x + o' + B—y),R(e' - B)}) (1.15)

and

[a’a/'ﬁ’ﬂ/'yxp_lzr 1+0l+a’_y_p,l+a+/3/_y_p,1—/3—p xp—a—v/ﬂf—l
- l1-p,l+a+d’+8 -y -p,l+a-B-p

(E}i(y) >0,N(p) <1+ min{*ﬁ(—ﬁ),iﬁ(a +ao - y),iﬁ(a +p - y)}), (1.16)

where the notation I'[- - - ] represents the fraction of gamma functions, for example,

- [a,ﬂ,y} _T@rPre)
a,b,c | T@r(®I(c)

Saxena and Saigo [23] presented the generalized fractional integral and derivative for-
mulas of the H-function involving Saigo-Maeda fractional calculus operators. Similarly,
generalized fractional calculus formulas of the Aleph function associated with the Appell
function F; is given by Saxena et al. [14, 15], and Ram and Kumar [19].

Following Saxena and Pogény [24, 25], we define the Aleph function in terms of the
Mellin-Barnes type integrals as follows (see also [26—28]):

(bj’Bj)l,M) ceey [T}(bp Bj)]m+1,q,v
(ﬂijj)l,m cees [Tj(aj’Aj)]nH,p,v

1
Rz] =R |:z :| == / Qi E)ZCdE, (117)
Tl Jg
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where i = /-1 and

[T5 T +B&) [T, T~ a,» —Af)

_ , (1.18)
Zi:l Ti l—qu=lm+1 F(l - bﬁ - B/’E) ] n+1 F(aﬂ + Aﬂé)

m,n _
Qpiqu‘vfz‘;r (S) -

The integration path L = L;, o, ¥ € 0 extends from y — ico to y + ioo, and is such that the
polesof '(1-a;—A;§),j = 1,1 (the symbol 1, nis used for 1,2, ..., n) do not coincide with the
poles of T'(b; + Bj£), j = 1, m. The parameters p;, q; € Ny satisfy 0 <n < p;, 1 <m < q;, and
7;,>0fori=1,r The parameters A;, B, A;;, Bj; > 0 and aj, bj, aj;, b;; € C. An empty product
in (1.18) is interpreted as unity. The existence conditions for the defining integral (1.17) are
given below:

>0, |ag@|<Tor (=T (119)
and

@ >0, |arg(z)‘ < %(p; and N(g) +1<0, (1.20)
where

n m Py 9
T Y05 SR D 3TN 3P a2
j=1 j=1 j

j=n+1 j=m+1

and

Zb Za, + rl< > bi- Z a,;) —q) (=17 (1.22)

Jj=m+1 j=n+1

Remark For 7; =1, i=1,n, in (1.17), we get the /-function defined as follows (see Saxena
[29]):

m,n m,n _\mn
Ip, qisr [Z] sz qi» 1,[2] - Npi,q,ul;r |:Z

(b]’ B/')l,m: e (b]’ B/')m+l,q,'
(dj!Aj)l,n: ceen (aijj)VHl,p,'

1
S / Qe ()2 F de, (123)

where the kernel Qp ; 1,+(£) is given in (1.18). The existence conditions for the integral in

(1.23) are the same as given in (1.19)-(1.22) with 7; =1 and i = 1, .
If we set r = 1, then (1.23) reduces to the familiar H-function as follows (see [30]):

m,n m,n mn (bP’ BP)
Hy'lel =R (2 =8 |:Z (apAy)
1
= % Pt ql 1; I(E)Z d%_ (1.24)

where the kernel QZ:Zivlﬁl(%- ) can be obtained from (1.18).
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A general class of multivariable polynomials is defined and studied by Srivastava and
Garg [31]:

hyky+---+hsks<L xkl ka
Spt =N (Dt ALy k) T
/(1! ks'
ki y..ks=0
(h;eN,i=1,...,s), (1.25)

where /1, ..., ks are arbitrary positive integers and the coefficients A(L; ki, ..., k), (L, h; €
No;i=1,...,s) are arbitrary constants, real or complex. Evidently the case s = 1 of the poly-
nomials (1.24) would correspond to the polynomials due to Srivastava [32] as

Ifh

& (~Dk

S16) =2

Apx* (e Ny).

k=0

Some multidimensional fractional integral operators involving the polynomial given as
(1.25) are defined and studied by Srivastava et al. [33].

Here, in this paper, we aim at presenting four unified fractional integral and derivative
formulas of Saigo and Maeda type [20], which are involved in a product of X-function
(1.17) and a general class of multivariable polynomials (1.25). The main results, being of
general nature, are shown to be some unification and extension of many known formu-
las given, for example, by Saigo and Maeda [20], Saxena et al. [13], Srivastava and Garg
[31], Srivastava et al. [33] and so on. Our main results are also shown to be further spe-
cialized to yield a large number of known and (presumably) new formulas involving, for
instance, Saigo fractional calculus operators, several special functions such as H-function,
I-function, Mittag-Leffler function, generalized Wright hypergeometric function, gener-
alized Bessel-Maitland function.

2 Fractional integral formulas
Here we establish two fractional integration formulas for X-function (1.17) and a general
class of polynomials defined by (1.25).

Theorem 1 Suppose that o,o/,B,8,y,2,0 € C,R(y) >0, u>0,1,€N, (j=1,...,5), and

R(p) + 1 min SR; ) > max{O,fT%(a +o' +B— y),?)’t(a’ - /3’)}.
J

1<j<m

Further suppose that the constants aj,bj,a;;,b; € C, A;,Bj,A;;, By e R, (i=1,...,p;; j =
1,...,q:), and t; > 0 for i = 1,r. If the conditions given in (1.19)-(1.22) are satisfied, then
the following relation holds true:

(ﬂj,A/)l,m cees [T/(ﬂ

j,A/)]ml,pi
(Bj» Bi) 1y -+ +» [Ti(bi’B/)]'”*l’q’:|> }(x)

hyky+-+hsks <L

J+y-1 ylfl yh Sk
=yl E (=L ngry s sk AL Ky oy K)o S 22190
k! k!
k1,....ks=0

m,n )
X Nﬂi»qiﬂ'iir |:Zt

Page 5 of 15


http://www.journalofinequalitiesandapplications.com/content/2014/1/499

Choi and Kumar Journal of Inequalities and Applications 2014, 2014:499
http://www.journalofinequalitiesandapplications.com/content/2014/1/499

A-p = Mkpu), (A —p+a+a’ +B—y =3, Ak ),
(Bjp B, L= p + o+ o' —y =375, Ak, ),

nm,n+3 ;4
X Np,'Jr?;,q,'+3,'[,';r |:Z.X

U= p+a =B =0 Ak, 1), (@ A (5@ Ao, ] @)
Q-p+o'+p-y~ Z,Sel )‘jk/" w,(l—p-p - Z;:l )‘/kjrﬂ)r cees [Tj(bj:B/)]erl,qi

Proof Inorder to prove (2.1), first expressing the general class of multivariable polynomials

occurring on its left-hand side as the series given by (1.25), replacing the RX-function in

terms of Mellin-Barnes contour integral with the help of (1.17), interchanging the order of

summations, we obtain the following form (say /):

hyky+---+hsks<L ykl yks
I= Z (=L +--shsk; AL Ky, .. "kS)L; o L1
k1 yeeks=0 kl' ks‘
1 (BB kg
P e e e T
hyky+---+hsks<L ykl yks
= Z (—L)h1k1+---+hsksA(L; k.. wks)% T L,
k1 yeerks=0 kl. ks‘
% 1 : /xp—a—a/+y+2;:1 Ajkj=1 (leb)7S
2ri Jp

« l_[;zl F(bl+B]§)l_Ln:1 F(l—a,—A,S)
YT Hfimu I'(1-b;; — B;i§) fim ['(aj; + Aji§)
5 Lo+ 3 ik — ué)
L(p+3 Mk —pE +y —a—o)
Lo+ Aki—pé +y —a—o =BT (o + 35 Aki— ué + p' —a)
Do+ Aki— g +y =o' = BT (0 + D5, Ak — né + B)

dE.

Finally, re-interpreting the Mellin-Barnes contour integral in terms of the X-function, we
are led to the right-hand side of (2.1). This completes proof of Theorem 1. d

In view of the relation (1.5), we obtain a (presumably) new result concerning the Saigo
fractional integral operator [16] asserted by the following corollary.

Corollary1 Leta,B,v,0,2€ C, R(a) >0, u>0,1, €N, (j=1,...,5), and

N(p) + © min (S]%éb,-)) >max{0,R(B - y)}.
J

Then the following relation holds true:

m,n n
x &Pi:ql‘:fﬁr |:Zt

(aj;A/')l,n’ [EES} [Tj(aj:Aj)]nH,p,v (x)
(b]'rBj)l,m’ [RX¥} [r/'(bj’B/')]mH,q,v

hpky+--+hgkg<L

k1 ks g’
= a7 Z (=L ky+-rnsk AL ks oy ks)yi e &xz,zl Ajkj
k... ks=0 kl‘ ks'

Page 6 of 15


http://www.journalofinequalitiesandapplications.com/content/2014/1/499

Choi and Kumar Journal of Inequalities and Applications 2014, 2014:499
http://www.journalofinequalitiesandapplications.com/content/2014/1/499

(L= p =5 Ak ), A= p + B =y = Xy ik 1),
(B By (L= p + B = 3751 Aikiy 1),

(aj:Aj)l,m cee [q(aj,Aj)]nJrl,pi
(1 —p-e—-Yy - le'zl )\jkjr M)r cees [Tj(bjrBj)]erl,qi '

mn+2 n
X Npi+2,q,v+2,r,-;r |:Zx

(2.2)

where the conditions of the existence of (2.2) follow easily with the help of (2.1).

It is remarked in passing that the corresponding results concerning Riemann-Liouville
and Erdélyi-Kober fractional integral operators can be obtained by putting 8 = —« and
B =0, respectively, in (2.2).

Theorem 2 Suppose that a,a', 8,8, v,2,p € C,R(y) >0, u>0,1 €N, (j=1,...,5), and

N(p) + 4 max

1<i<mn

(.‘Tt(ai) -1

i

) <l+min{R(-B),R(ae+a' —y),R(a+p -y)}.
Further suppose that the constants a;, b, aj;, bj; € C,
Aj,Bj,A,‘i,BjiER+ (izl,...,pi;jzl,...,qi),

and t; > 0 for i = 1,r. If the conditions given in (1.19)-(1.22) are satisfied, the following rela-
tion holds true:

x| o (@) A 1s o [T @) A e, *)
P (Bjs Bi) 1,05 - - [T1(Djy B) lims1,4;

hpky+-+hgkg<L

k1
_ paaey . NI T
=AY Dk ALk k)7 2R
(@, Apim, (L= p —Z,s':1 Ak ), L+ a =B —p _st‘:l Ajkj 1),
Q+a+a -y —-p —ijl Ajkj, ), (1 =B —p —Z;s‘:l Ajkj 1),
Ata+a +B =y —p =30 ki 1), [, APl p,
A+a+p =y —p=2 0k, (b, By, ..., [5(bj, Bl i1,

m+3,n n
X &pi+3,qlv+3,ri;r |:Zx
(2.3)

Proof A similar argument as in proving Theorem 1 will establish the result (2.3). Indeed,
first expressing the general class of multivariable polynomials occurring on its left-hand
side as a series given by (1.25), replacing the X-function in terms of Mellin-Barnes contour
integral with the help of (1.17), interchanging the order of summations, we obtain the
following form (say /):

Ik +e-+hsks <L qu J/ks
1
1= Z (_L)hllir"'*hsksA(L;kl’""kS)_ S
k! k!
k1 yeeks=0

> { 1 /Qm,n Z—E (If,a/,ﬁ'ﬂ/vytp+zls':1 )‘iki—ﬂé—l)(x) d‘i:}
L

27i PirgisTist
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hyky+---+hsks<L ky ks
L ALikyyo k)22
= (_ )h1k1+---+hsks ( XS ERRRS] S)F e F
kln~':kx=0 I s
1 p—o—a+y+3 5 Ajkj—1 -£
x — [« 715 (zx)

2ri Jp
) [T7, T(b + BE) [T T - ;- A)
DT l_ljlzierl I'(1 - bj; — B;&) Hf:in+1 [(aj; + Aji&)
PA+a+a =y —p=237 ki + pé)
P =p =300 Ak + pé)
L TQrasp =y —p= 35k + uECA-B—p =35 ki + )
PA+a+a +p —y—p=3 0 hki+ n&) LA +a—p—p—3 1 Ak + )

de.

Finally, re-interpreting the Mellin-Barnes contour integral in terms of the X-function, we
are led to the right-hand side of (2.3). This completes the proof of Theorem 2. O

In view of the relation (1.6), we obtain a (presumably) new result concerning Saigo frac-
tional integral operator [16] asserted by the following corollary.

Corollary 2 Leto,B,y,0,z2€ C,R() >0, u>0, A €N, (=1,...,5), and

N(p) + 1 max

1<i<n

ﬂi(ai) -1
("%

i

) <1+min{R(B), R(y)}.

Then the following relation holds true:

x N;;n,; . Ztﬂ (aj!Aj)l,nr veey [Tj(aj’Aj)]}’Hl,p,' (x)
v (bj’Bj)l,mwnx [tj(bj!Bj)]m+l,qi
hyky+-+hsks<L ykl yk‘ <k
= PP Z (=LY +-+hsksAL; k1,~.,ks)ﬁ 2 %xz’“ 7
Kperks=0 1 s
5 RN w ‘ (aj:Aj)l,m 1-p- le‘zl )ijj: W),
pi+2.qi+ 2, 1+B8-p- Z;=1 Aki, ), (L+y —p — Z;S‘=1 Aiki, 1),

Ata+B+y—p=2" Mk, [f/(“/'A/)]"“'Pf] (2.4)

(bp B]); oo [T](b], Bj)]WHl,qi
where the conditions of existence of (2.4) follow easily from Theorem 2.

It is also remarked in passing that the corresponding results concerning Riemann-
Liouville and Erdélyi-Kober fractional integral operators can be obtained by putting 8 =
—a and B = 0, respectively, in (2.4).

3 Fractional derivative formulas
Here we establish two fractional derivative formulas for ®-function (1.17) and a general
class of polynomials defined by (1.25).
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Theorem 3 Suppose that a,a', 8,8, v,2,0 € C,N(y) >0, u>0,1 €N, (j=1,...,5), and

R(b;

R(p) + u min ( ( })> +max{0,N(x - B),N(e' + B +a—y)}>0.
lsjsm\ B,

Further suppose that the constants aj,bj, a;,b;; € C, A;,Bj,A;;, By e R, (i=1,...,p;; j =

1,...,q:), and t; > 0 for i = 1,7 If the conditions given in (1.19)-(1.22) are satisfied, then
the following relation holds true:

(a'fA‘)lmu-:[t‘(a‘:A‘)]nH i
x @ | g | (@A 7\ Aj)lns1p;
p”q"z”r|: (b, B)ryms - -5 [Ti(bjs B lmarg; ()

hyky+--+hsks<L

k1 ks
—y-1 Z N ) gy
= xPretey (_L)h1k1+---+h3ksA(L; klt ey kS) A A
k! k!
kty.iks=0

(=p =2 k), A= p—a+ B =30, Ak, o),

m,n+3 "
X Npsarsr [” (b B (L=~ =+ y = 33 by ),

l-p-a-a'-p'+y- Z,S'zl Aikiy 1), (@ A 1s -5 [Ti(@js A e, (3.1)
(1 —p—0— ﬂ/ L Z/S‘:l )‘jkjr M)’ (1 —-p+ ﬂ - Z}s‘:l )‘jkj’ /’L)r cees ["-’j(bj’Bj)]erl,qi ' ’

Proof Inorder to prove (3.1), first expressing the general class of multivariable polynomials
occurring on its left-hand side as a series given by (1.25), replacing the X-function in terms
of the Mellin-Barnes contour integral with the help of (1.17), and interchanging the order
of summations, we obtain the following form (say I):

hyky+---+hsks<L ykl yks
§ 1
1= (_L)h1k1+---+hsksA(L;kl)'--’ks)—' e L'
k' k!
k1 yeerks=0

1 188 S ki —
* { % / QZ;:Zi,ri;rZ_g (Dgfl f ,Vt»0+z,-:1 Wkihg 1)(x) dé}
L

d n hiky+-+hsks<L y/q yks
1
= <a> ) Ek (L) iy teeishk AL Kty o K k—l'kis'
Toeeer s=0

« L xp+oz+o/—y+2;:1 rjkj+n-1 (qu)—f
2mi Jp
H;:l F(bl + B/E) l_[;lzl F(l — ﬂ/‘ —AIE)
X . -
Z;:l Ti H/q;mﬂ F(l - b/i - BJZE) Hf:lwrl F(ﬂﬁ + Aﬂg)
y Lo+ 300 ki — né)
Lo+ 35 hkj—ug +a+ao' —y)

Lo+ Aki—pE +ata’ + B —y)T(p+ 30 bk — né +a - p)
X 5 5
Lo+ 3 Ak — g +a+ B =)L (o + 3y Ajkj — ué — B)

Here n:= [-90(y)] + 1, and by using

dk . I'(m+1)

_ S \mrA  m-k

ﬂx = Ton—k+ 1)x (m,k € No;m > k), (3.2)
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and re-interpreting the Mellin-Barnes counter integral in terms of the R-function, we are
led to the right-hand side of (3.1). This completes the proof of Theorem 3. g

In view of the relation (1.13), we obtain a (presumably) new result concerning Saigo
fractional derivative operator [16] asserted by the following corollary.

Corollary 3 Leta,B,y,p,z€C, R(a) >0, u>0,A €N, (j=1,...,5), and

N(p) + 4 min (f)’f(;,-)) + max{O,tR(,B),ER(/S +o+ y)} > 0.
J

Then the following relation holds true:

| g (@) Ay - [Ti(@), A s *)
A (bj’B]')l,mr"': [Tj(bjrBj)]erl,q[
hyky+---+hsks<L ykl yks S ik
= x[)*ﬁ—l Z (_L)h1k1+---+hskSA(L; kl) (RN ks) # e ﬁxzj:l 7
Kppooks =0 I s

(I-p=2 5 Mk ), A= p—a = B—y =3, ki, ),
(bijj)l,m’ (1 i /3 - Z;:l )“Jkl’ M)’

(@) A1 -5 [Ti(@) A i,
- p—=Y - Z}S’:I )\jkj, U)x EREY) [l'j(bjrBj)]mH,qi '

m,n+2 n
X Np,'+2,q,dr2,'l,',v;1" |:Zx

(3.3)

where the conditions of existence of (3.3) follow easily with the help of (3.1).

It is remarked in passing that the corresponding results concerning Riemann-Liouville
and Erdélyi-Kober fractional integral operators can be obtained by putting 8 = —« and
B =0, respectively, in (3.3).

Theorem 4 Suppose that oo/, 8,8,v,2,0 € C,R(y) >0, u>0,1,€N, (j=1,...,5), and

N(a;) -1
N(p) + n max (%

1+ min{R(-B),R(y —a —a' k), RN (-’ - )
max i )< +min{R(-B),R(y —a -’ —k),R(-a' - B+y)}
here k = [M(y)] + 1. Further suppose that the constants aj, bj, aj;, bj; € C,

Aj;BjrAjixBji € IR+ (l = 1;~~~1Pi;j: 1’---»611‘),

and T; > 0 for i = 1,r. If the conditions given in (1.19)-(1.22) are satisfied, the following rela-
tion holds true:

(ﬂj,Aj)l,n""’ [T}‘(ﬂj’Aj)]m'l’pi (x)
(bjrBj)l,m’ ooy [‘L’j(b]‘, Bj)]m+l,qi

m,n yra
X Npi:qirfi;f |:Zt
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hyky+-+hsks<L ykl yks
R 1 I—y-1 1 S Ak
= (<) gprecezy > (L ALKy k)T T
k! k!
k1 ek =0

(ﬂj;Aj)l,nr (1 - p _Z}S'=1 )¥jkjr /’L)r (1 -a'+ ﬂ, - P _Z]S'=l )‘1‘](1" 'u’)’
(L—a—a' +y=p =30 Ak w), (L+ B = p =325, Ak ),

m+3,n nw
2 &pi+3,qi+3,r,’;r |:Z'x

(1 -0 — a/ - ﬂ ty—p- Zj’:l )\]k]! M)! ey [Tj(ﬂj!Aj)]VHl,pi i| (3 4)

(1 - a/ - /3 +yY—-p- Z;:l )"]k]; /J'): (b}rB]); ey [rj(bjrBj)]MJrl,q,'

Proof In order to prove (3.4), first expressing the general class of multivariable polyno-
mials occurring on its left-hand side as a series given by (1.25), replacing the X-function
in terms of Mellin-Barnes contour integral with the help of (1.17), and interchanging the
order of summations, we obtain the following form (say I):

hky+--+hsks<L ykl yks
= Z (=L gk +--+hsks AL kl,..,,ks)i' T
KL ks=0 k! k!
1 ’ / 'S
§ - BBy Pty g Ajki—puE-1
o [ (e 0 ) |
hyky+--+hsgks<L P .
d )k noowe
\ Z (_L)h1k1+”'+hsksA(L; kl"nyks)_ L
! 1
( dx Kpks=0 k! k!
x % w el R bk ()
i),

« H;Zl F(b]-l-B/E)H]n:lF(l—ﬂ]—A]%—)
Y T T TA = by = Bif) [T} 1 T (@i + Aji)
F(l—a—ot’+y—/(—p—ijl)Li/(j+u§)
(L -p =37 Ak + pg)
5 FA-a' =B+y—p=2 0 hki+nE)TA+ B = p =3, Ajkj + &)
Tl-a-a' =B+y—p=2  hki+u&)TA—a'+ B = p— 30 Mkj+pug)

Here k := [(y)] + 1, and by using (3.2) in the above expression, and re-interpreting the

Mellin-Barnes contour integral in terms of the X-function, we are led to the right-hand

side of (3.4). This completes the proof of Theorem 4. d

In view of the relation (1.14), we obtain a (presumably) new result concerning Saigo
fractional derivative operator [16] asserted by the following corollary.

Corollary 4 Leta,B,v,0,z2€ C, %) >0, u>0,1, €N, (j=1,...,5), and

ﬂi(ui) -1

1<i<n

R(p) + 1 max( ) <1+ minf0, [R(e)] - R(B) -1, R(x + y)}.

1

Then the following relation holds true:

(@), Aprns - [T A i, ]) } )

R e
podv |: (b]: Bj)l,m, cee [q(bj,Bj)]mH,qi
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hiky+--+hsks<L ki ks
= (=1)M@l+1yppl Z (~L)itissni AL; k1,...,ks)yi o yix 51 bk
/(1! ks'
k1 yerks=0
Nm+§n ) z ‘ (“/’A )1 n (1 P - Zl 1)\ k/, /,L)
Dit 2+ 2,70 1-B-p- Z] Ak u),L+a+y —p - ijl Mk, ),

A=+ =p =L dikiithreos 5@ Ay )hw] (35)

(bjrBj)’ [T,(b],B )]m+1 i
where the conditions of existence of (3.5) follow easily from Theorem 4.

It is remarked in passing that the corresponding results concerning Riemann-Liouville
and Erdélyi-Kober fractional derivative operators can be obtained by putting = —« and
B =0, respectively, in (3.5).

4 Special cases and applications
Here we consider further interesting special cases of Theorem 1. Similarly we can present
certain interesting special cases of Theorems 2-4, which are omitted.

(i) If we put 7; =1, i = I, 7 in Theorem 1 and take (1.23) into account, then the Aleph
function reduces to the I-function as follows (see [29]):

{13‘” BB V<t” Ly (34, L yst™)

(“',A’)l reees (ﬂ, ) +1,
X Imn Ztll- )5/ Ln ] n+Lp; X
pdir |: (bj:Bj)l,m, cee ( j» B )m+1,q, ( )
hiky+-+hgks<L ykl y
= xp—a—a vl Z (_L)h1k1+m+hsksA(L; kl, IR k )kill o kS' Z =1 Ajkj
ki ..ks=0
g | g | @0 = bk 1), A= prata’+ By =35, Ak, ),
pit3.qi+3ir (pr)Lmr(l p+a+a —y— lel)»k,, )

(1 -p+ o — 'B ZI 1 /L) a}r )l n e (aj;Aj)rHl,p,' (4 1)
A-p+a' +B-y =2 Mk, (1 p—-p - Zj:l )‘Jki’“)’ coor (Bjy Bp)msrg; | ’

(ii) If we put 7; = 1, i = 1,7 and set 7 = 1 in Theorem 1 and take (1.24) into account, then
the Aleph function reduces to the H-function as follows (see [30]):

(ap,Ap)
&, B>D}‘x’

hpky+-+hgkg<L qu yks
—a—o +y -1 1 HEpW &
=yl E (~L) it shk AL iy k)2 e 25 g2 Hh

{Ig;a BBy (tP—ISIZL-.-,hx (ylt)»l, A )LS)Hm Nl [Ztﬂ

i %o

S S
x H™ g+33 za™ j=1 j=1
proq (byBy),(1—p+a+ad —y— Z;:I Aikis 1),

(1 —-p+ O[/ — ﬂ/ - Z;:l )&1/(/; M), (aprp)
Q-p+d+B-y —le»zl)\jkj,ﬂ);(l—ﬂ -B - Z;s‘:l)‘jk/’“)

4.2)

Page 12 of 15


http://www.journalofinequalitiesandapplications.com/content/2014/1/499

Choi and Kumar Journal of Inequalities and Applications 2014, 2014:499
http://www.journalofinequalitiesandapplications.com/content/2014/1/499

(iii) If we use a known relation between the Mittag-Leffler function E;Sﬂ,y and the
H-function (see Mathai et al. [30, p.25, Eq. (1.137)]):

5 _ Lo 0,1),A-y,B)
Ep,(2) = F((S)Hl,z |:—Z ’ 1-8.1) ] , (4.3)

in (4.2), we obtain the following interesting formula:

hpky+-+hgkg<L

ky ks
—a—a+y-1 N ). s Ak
=xf e E (=LY 4 +hshk ALs K1y ooy K)o - - o= 1 Y

k1,..ks=0 kl' ks‘
X LHM el 1-p- Z;:l Ajkis w,l-p+a+ad’ +B-y-— 2,11 )‘jkj»ﬂ);
re) 1), (1= 1,0),(1-pra+a’—y = X5 ks ),

(U=p+a' =B =30 Ak ), (1-8,1) } (4.4)

(1—,0+0l/+/3—]/—Z;ZI)\jkjr/’L)!(l_p_ﬁ,_Z}s'zl)“jkj’u)

(iv) If we use a known relation involving the generalized Wright hypergeometric func-

tion , ¥, (see [30, p.25, Eq. (1.140)] in (4.2), we obtain the following interesting formula:

el )
(b By

hpky+-+hgkg<L y]q yks
—a—a/+y-1 Z . 1 s > Ak
=Ty (_L)h]k1+~~-+h5ksA(L1 kly .. -;ks)_' e _‘x J=LY
k! k!
k15..rks=0

(L= p =2 Mk ), A= p+a+a’ +B—y =3 Ak ),
(0,1),(1= by, By), (L= p+a+a' —y = 3, hikj, o),

(=o' Sk (- )
(1—,0+0l/+ﬁ—]/—Z;ZI)\jkjnu')r(l_p_ﬁ,_st‘:l)"jkj’ﬂ)

1p+3 "
X Hp+3,q+4 |:_Zx

(4.5)

(v) If we use the following known relation between the H-function and the generalized
Bessel-Maitland function ]ﬁl (z) (see Mathai et al. [30, p.25, Eq. (1.139)]):

11 i (A +v/2,1) o
13 [ 4 ’ (A +v/2,1), /2,1), (w(rh +v/2) =& —v, u)} 1@ (46)

in (4.2), we get the following interesting formula:

hiky+-+hsks<L

ka ks S ki
=a TN Dyt ALk k)T T
1 s*

(zx)?

» A=p =2 ki), A= p+a+a' +B—y =3 Ak, ),
XH4,6 —4

A +v/2,1),/2,1),(n(A +v/2) = A -v,n),1-p-p —Z,s':1 Aikj, 1),
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Ql-p+a'-p - Z;zl Ak ), (0 +v/2,1) 47)
A-pra+a —y =37 k), A=p+a' +B—y =30 bk, | ’

It is noted that many other relations involving some known special functions can be
obtained as special cases of (4.2).

(vi) If we set a general class of multivariable polynomials Sﬁl"‘”hs to unity, then we easily
get the results given by Ram and Kumar [19].

(vii) Further, if we set a general class of multivariable polynomials Sﬁ“""hs to unity, and
reduce the R-function to Fox’s H-function, then we can easily obtain the known results

given by Saxena and Saigo [23].

5 Conclusion

In the present paper, we have given the four theorems of generalized fractional integral
and derivative operators given by Saigo-Maeda. The theorems have been developed in
terms of the product of R-function and a general class of multivariable polynomials in a
compact and elegant form with the help of Saigo-Maeda power function formulas. Most
of the given results have been put in a compact form, avoiding the occurrence of infinite
series and thus making them useful in applications.

In view of the generality of the R-function, on specializing the various parameters, we
can obtain from our results, several results involving a remarkably wide variety of useful
functions, which are expressible in terms of the H-function, the I-function, the G-function
of one variable and their various special cases. Secondly, on suitably specializing the vari-
ous parameters of the general class of multivariable variable polynomials, our results can
be reduced to a large number of fractional calculus results involving the general class
of polynomials, Jacobi polynomials, Legendre polynomials, Hermite polynomials, Bessel
polynomials, Gould-Hopper polynomials, and their various particular cases. Thus, the re-
sults presented in this paper would at once yield a very large number of results involving
a large variety of special functions occurring in the problems of science, engineering, and
mathematical physics etc.
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