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Abstract

We present some operators for one-sided approximation of Riemann integrable
functions on [0, 1] by algebraic polynomials in L,-spaces. The estimates for the error of
approximation are given with an explicit constant.
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1 Introduction
Let L,[a,b] (1 < p < 00) be the space of all real-valued Lebesgue measurable functions,
f:la,b] = R, such that

b 1/p
I llp,tab) = (/ lFo° dt) <00

and let C[0,1] be the set of all continuous functions f : [0,1] — R with the sup norm
Iflloo = sup{|f(£)| : x € [0,1]}. We simply write ||f |, = ||fll5,j01]- Let R[0,1] be the set of all
Riemann integrable functions on [0, 1] (recall that Riemann integrable functions on [0, 1]
are bounded). As usual, we denote by WI} [0,1] the space of all absolutely continuous func-
tions f : [0,1] — R such that f* € L,[0,1]. We also denote by P, the family of all algebraic
polynomials of degree not greater than ».

The local modulus of continuity of a function g : [0,1] — R at a point x is defined by

w(g,x,t) = sup{|g(v) —g(w)| v,wex—-tx+t]N[O, 1]}, t>0.
For p > 1, the average modulus of continuity is defined by

(g, = Jote.- ),

This modulus is well defined whenever g is a bounded measurable function.
For a bounded function f € L,[0,1] and # € N, the best one-sided approximation is de-
fined by

E,(f)y = inf{|IP - Qll,: P,Q € P, Q) < f(x) < P(x),x € [0,1]}. )
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It was shown in [1], with A, = #72 + n7'4/1 — 2, that there exists a constant C such that,
for any bounded measurable function f : [0,1] — R,

Eu(f)p < Ct(f, Ay )
The analogous result for a trigonometric approximation was given in [2]. It is well known
that lim;_, ¢, 7(g,£); = 0 if and only if g € R[0,1] (see [3]). That is the reason why we only
consider Riemann integrable functions.

In this paper, we present some sequences of polynomial operators for one-sided L,,-
approximation which realize the rate of convergence given in (2). Our construction also
provides a specific constant. We point out that a one-sided approximation cannot be re-
alized with polynomial linear operators.

Let us consider the step function

0, if-1<t<o0,
G(t) = . 3)
1, if0o<et<l,

and fix two sequences of polynomials {P,} and {Q,} (P,, Q, € P,;) such that

Py(t) < G() < Qu(2), tel-L1]
and

1Qn = Pully-10) = 0, asn— oo. (4)
The existence of such sequences of polynomials P, and Q, satisfying (4) is well known
(see, for example, [4]). Probably, the first construction of the optimal solution for (4) is
due to Markoff or Stieltjes (cf Szegé [5, Section 3.411, p.50]).

Fix p € [1,00). In [4] we constructed a sequence of polynomial operators as follows. For
neN, fe WI}[O, 1], and x € [0, 1], define

1 1
Jnlf %) = £(0) + f Pt —x)(f), () de - / Qult— () (0)dt (5)
0 0
and
1 1
M) =10+ [ Que-0(F), 0t~ [ Pe-(F) O, (6)
0 0
where, as usual,
&) =max{0,g(x)} and g (x)=max{0,-g(x)}.
Also in [4], it is proved that A,,(f), A, (f) € P,

Aa(frx) <f(x) < Au(fox), x€0,1] (7)
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and

max{[[f = 2.(N)] ,» [f = 2N, } = cu|f"]], 8)
where

oy = ”Qn _Pn”l,[—l,l]' (9)

For a function f € R[0,1], & € (0,1) and x € [0, 1], set

1
Ly(f,x) = / [f (- h)x + hs) — o(f, A — h)x + hs, h) | ds (10)
0
and
1
My (f,x) = / [f (= h)x + hs) + o(f, A — h)x + hs, h) ] ds. (11)
0
It turns out (see Section 2) that L, (f), M;(f) € WI} [0,1], for p > 1, and therefore we can
define
Aun(f%) = a(Li(f) %) and  Byu(f,x) = Au(Mi(f), %), (12)

where 1, and A, are given by (5) and (6), respectively. We will prove that

An,h(f’x) Sf(x) =< Bn,h(f:x)’ X € [Oy 1];

and present upper estimates for the error f — A,,,(f) and B,,;4(f) — f in L,[0,1] in terms of
the average modulus of continuity.

In the last years, there has been interest in studying open problems related to one-sided
approximations (see [4, 6—8] and [9]). We point out that other operators for the one-sided
approximation have been constructed in [10, 11] and [12]. In particular, the operators pre-
sented in [12] yield the non-optimal rate O(z(f,1/4/n);) whereas the ones considered in
[10, 11] give the optimal rate, but without an explicit constant.

The paper is organized as follows. In Section 2 we present some properties of the Steklov
type functions (10) and (11). Finally, in Section 3 we consider an approximation by means
of the operators defined in (12).

2 Properties of Steklov type functions
We start with the following auxiliary results.

Proposition 1 Iff € R[0,1], h € (0,1), and the functions Ly(f) and M (f) are defined by
(10) and (11), respectively, then the following assertions hold.
(i) The functions Ly(f) and My(f) are absolutely continuous. Moreover, if
Wy (x) := Ly(f, x) and Vo (x) := My(f, %), then

—h
W) = (7@~ h )~ (0 )

+ (—1)i#(w(f, A-hx+hh)-of,1-hxh), j=12. (13)
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(ii) Foreach x € [0,1],
Lu(f,x) < f(x) < Myu(f, ). (14)

(iif) For1<p < oo one has Ly(f)', My(f) € L,[0,1]

max{ } l/pr(f 1)ps (15)

[7H) = LutH, = - h)l,pr(f h)p (16)
and

max{ L], M0, )} < 5 70 )

Proof (i) Let g € L;1[0,1]. Then the function

1
H(x) = / g((l —h)x + hs) ds,
0
is absolutely continuous with Radon-Nikodym derivative

—h
HI(5) = = (g — iy + ) g (1 )

This, together with (10) and (11), shows (13).
(ii) Observe that

fx) = My(f,x) = /(f(x (A-h)x+5) - o(f,A-hx+s,h))ds <0,

as follows from the definition of w. Similarly, Ly (f, x) < f(x).
(iii) We present a proof for a fixed 1 < p < 0o (the case p =1 follows analogously). As
usual, take g such that 1/p + 1/¢g = 1. Using (14) and Hoélder inequality, we obtain

(r|Mu(H) - 11,) < (r]| M () - LutH] )"

1/ ph p
Y _
2 /0 (/0 a)(f,(l h)x+s,h)ds> dx

1 prh
< 2Pl / / P (f, (1= h)x + 5, h) dsdx
0 Jo

2P ppla h o pl-hts
= &P (f,y,h)dyds
0 Js

1-h
thp/q h rl
=< / a)p(f’y; h) dyds
op [l+plq P P
- P - p
17 T (f,h)p l—hr (f’h)[r

For ||f — Ly(f)ll, the proof follows analogously.
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Finally, in order to estimate [|L;(f)'|l, and ||M(f)']l,, we use the representation of the
derivative given in (13). Recall that the usual modulus of continuity for f € L,[0,1] is de-
fined as follows:

1-t 1/p
w(f,h), = sup ( [f(x+ t) —f(x)|1J dx) .
0

0<t<h

It can be proved (see the proof of Lemma 4 in [2]) that, for any f € R[0,1],

olf, h), < T(f,h),.

Therefore
1
([ r@-meen-sa-mapras)
1 - P off, ) t(f, h)
i (ﬂ 0 o _f(y)|de> =Tomr = QR "
On the other hand

1 1/p
(/ ‘w(f,(l—h)x+h,h) a)(f 1 - h)x, )‘ dx)
0
1 1/p 1 1/p
5(/ wp(f,(l—h)x+h,h)dx) +(/ w”(f,(l—h)x,h)dx)
0 0

1 1 Up 1-h Up

2
< ot (19)

From (13), (18), and (19), we obtain (17). The proof is complete. a
3 Approximation of Riemann integrable functions

Theorem 1 Fix p € [1,00), n €N, h € (0,1), and f € R[0,1]. Let A, ;(f) and B, ;(f) be as
in (12) and let a,, be as in (9). Then A,.;(f), Buu(f) € Py,

Anp(f,x) <f(x) <Buu(f,x), x€l0,1],

sl ) = (252 e, 00

max{1f - Auudp,

and

6w,

Bt - A0, = (5 + 552 )t @

Proof Let Ly(f) and My(f) be as in (10) and (11), respectively. We know that A, (f),
B,u(f) € P,. Moreover, from (7) and (14) we have

Aui(f) = Ma(Li(f)) < Lu(f) <f < Mi(f) < Au(Mi(f)) = Bua(f).
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On the other hand, from (8), (15), and (17) one has

If = 40D, = If = LD, + [246) = Ans D],

2 /
< mf(f,h)p + 0oy ” (L}Lf) Hp

2 3oy,
< (i 5 )0
2 3oty
< <m + Z )T(f,h)p.

The estimate for ||f — B, 4(f) ||, follows analogously. Finally, (21) follows immediately from
(20). O

For n € N the Fejér-Korovkin kernel is defined by

Kt = n+2

2sin?(r /(1 + 2)) ( cos((n +2)¢/2) )2

cos(m/(n +2)) —cost
for t # +m/(n +2) and K,(t) = (n + 2)/2 for t = £7/(n + 2).

Let F : R — R be the 27 -periodic function such that

Fo) - {1, ifxe[-n/2,7/2], 22)

0, ifxe[-m,m]\[-7/2,7/2],
and, for x, u,t € [-m, ], set
U(F,x,t,u) = a)(F,x +t, |u|) + w(F,x +u, |t|).

For n € N define

T, (x) = ﬁ / ’ ( / ’ [F(x +t) = U(F, %, t,u) |K,(2) dt)](n(u) du

-7
and

T (x) = 1 /n (/ﬂ [F(x +t) + U(F,x,t, u)]K,,(t) dt)](,,(u) du.

Can? )\,
The following result was proved in [4].

Proposition 2 Let G be given by (3). For n € N and x € [-1,1], define
P,(x) =T, (arccosx) and Q,(x)= T, (arccosx).
Then P,,Q,, € P,,

P,(x) < G(x) < Qulx), xe[-1,1]
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and

2

4
1Qn = Pylly -1,y < Ty (23)

From Theorem 1 and Proposition 2 we can state our main results.

Theorem 2 Fix p € [1,00). For n € N, let P,, Q, be the sequences of polynomials con-
structed as in Proposition 2. For f € R[0,1] and n > 2, set

An(f) =An,%(f): Bn(f) =Bn,%(f):
where A,y and B,,, are given by (12). Then

Au(f), Bu(f) € P,
Au(fsx) < fx) < Ba(f,x),  x€[0,1],

max{”f—An(f)Hp,

n

f = Bu(H],} <21+ 6n2)r(f, 3) (24)
P
and

1B.(1) - Au(f)], < 2(1+ 6n2)r<f, %) .

p

Proof The first two assertions follow from Proposition 2 with /# = 1/n. So, in order to prove
the theorem it remains to verify (24). Taking into account (9) and (23), we have «, <
472/(n + 2). Then, from (20) with / = 1/n and n > 2, we obtain

2n 127%n 1
max( - 401, 1= B0 = (25 oy )e(73)
p
52(1+6712)7:(f,l) .
"/ p
This completes the proof. d

Finally, from Theorem 2 we have immediately the following.

Corollary1 Fixp >1landneN,n> 2. Forany f € R[0,1] we have

E.(f)y <4(1+ 6n2)t<f, %) ,

p

where E,(f )p is the best one-sided approximation defined in (1).

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.


http://www.journalofinequalitiesandapplications.com/content/2014/1/494

Adell et al. Journal of Inequalities and Applications 2014, 2014:494
http://www.journalofinequalitiesandapplications.com/content/2014/1/494

Author details
'Department of Statistics, Universidad de Zaragoza, Zaragoza, Spain. Department of Mathematics, Benemérita
Universdad Auténoma de Puebla, Puebla, Mexico. *Department of Mathematics, Universidad de Jaén, Jaén, Spain.

Acknowledgements

The authors are partially supported by Research Project MTM2011-23998 and by Junta de Andalucia Research Group
FQM268. This work was written during the stay of JAA and JB at the Department of Mathematics of the University of Jaén
in May 2014,

Received: 1 July 2014 Accepted: 25 November 2014 Published: 12 Dec 2014

References

1.
2.

3.

Stojanova, M: The best one-sided algebraic approximation in L,[-1,1] (1 < p < 00). Math. Balk. 2, 101-113 (1988)
Andreev, A, Popov, VA, Sendov, B: Jackson-type theorems for best one-side approximations by trigonometrical
polynomials and splines. Math. Notes 26, 889-896 (1979)

Dolzenko, EP, Sevastyanov, EA: Approximation to functions in the Hausdorff metric using pointwise monotonic (in
particular, rational) functions. Mat. Sb. 101, 508-541 (1976)

. Bustamante, J, Quesada, JM, Martinez-Cruz, R: Polynomial operators for one-sided approximation to functions in

W,[0,1]. J. Math. Anal. Appl. 393(2), 517-525 (2012)
Szeg®, G: Orthogonal Polynomials. Am. Math. Soc,, Providence (1939)

. Bustamante, J, Quesada, JM, Martinez-Cruz, R: Best one-sided L; approximation to the Heaviside and sign functions.

J. Approx. Theory 164(6), 791-802 (2012)

. Wang, J, Zhou, S: Some converse results on onesided approximation: justifications. Anal. Theory Appl. 19(3), 280-288

(2003)

. Motornyi, VP, Pas’ko, AN: On the best one-sided approximation of some classes of differentiable functions in L;. East J.

Approx. 10(1-2), 159-169 (2004)

. Motornyi, VP, Motornaya, OV, Nitiema, PK: One-sided approximation of a step by algebraic polynomials in the mean.

Ukr. Math. J. 62(3), 467-482 (2010)
Hristov, VH, Ivanov, KG: Operators for one-sided approximation of functions. In: Constructive Theory of Functions
(Proc. Intern. Conference, Varna, Sofia, 1987), pp. 222-232 (1988)

. Hristov, VH, Ivanov, KG: Operators for onesided approximation by algebraic polynomials in L,([-1, 119). Math. Balk.

2(4),374-390 (1988)

. Lenze, B: Operators for one-sided approximation by algebraic polynomials. J. Approx. Theory 54, 169-179 (1988)

10.1186/1029-242X-2014-494
Cite this article as: Adell et al.: Polynomial operators for one-sided L,-approximation to Riemann integrable
functions. Journal of Inequalities and Applications 2014, 2014:494

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 8 of 8


http://www.journalofinequalitiesandapplications.com/content/2014/1/494

	Polynomial operators for one-sided Lp-approximation to Riemann integrable functions
	Abstract
	Keywords

	Introduction
	Properties of Steklov type functions
	Approximation of Riemann integrable functions
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


