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1 Introduction and preliminaries
Throughout this paper, we denote by N, R*, and R the sets of positive integers, positive
real numbers, and real numbers, respectively.

The Banach-contraction mapping principle is one of the pivotal results of analysis. It is
widely considered as the source of metric fixed point theory. Also its significance lies in
its vast applicability in a number of branches of mathematics. This principle is given by
the next theorem.

Theorem 1.1 ([1]) Let (X, d) be a complete metric spaces and T : X — X be a Banach-
contraction mapping, i.e.,

d(Tx, Ty) < kd(x,y) (1.1)
SJorall x,y € X, where k € [0,1). Then T has a unique fixed point.

Theorem 1.1 was used to establish the existence of a solution for an integral equation.
Since then, because of its simplicity and usefulness, it has become a very famous and pop-
ular tool in solving existence problems in many branches of mathematical analysis.
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In 1968, Kannan [2, 3] introduced a new type of contraction mapping, which is called
the Kannan-contraction type. He also established a fixed point result for such a type.

Theorem 1.2 ([2, 3]) Let (X, d) be a complete metric spaces and T : X — X be a Kannan-
contraction mapping, i.e.,

d(Tx, Ty) < k[d(x, Tx) + d(y, Ty)] (1.2)
forall x,y € X, where k € |0, %), Then T has a unique fixed point.

The Kannan fixed point theorem is very important because Subrahmanyam [4] proved
that the Kannan theorem characterizes the metric completeness of underlying spaces, that
is, a metric space X is complete if and only if every Kannan-contraction mapping on X has
a fixed point. There is a large literature dealing with Kannan-contraction mappings and
their generalizations, some of which are found in [5, 6], and [7].

A similar contractive condition and fixed point result for this contraction has been in-
troduced by Chatterjea [8].

Theorem 1.3 ([8]) Let (X,d) be a complete metric spaces and T : X — X be a Chatterjea-
contraction mapping, i.e.,

d(Tx, Ty) < k[d(x, Ty) + d(y, Tx)] (1.3)
forall x,y € X, where k € [0, %). Then T has a unique fixed point.

We see that the conditions (1.1), (1.2), and (1.3) are interesting to study because all con-
ditions are independent.

In 2008, Bashirov et al. [9] defined a new distance, the so-called multiplicative distance,
by using the concept of a multiplicative absolute value. After that, by using the idea of a
multiplicative distance, Ozavsar and Cevikel [10] studied multiplicative metric spaces and
some topological properties.

Definition 1.4 ([9]) Let X be a nonempty set. A mapping d : X x X — R is said to be a
multiplicative metric if it satisfies the following conditions:

1. d(x,y)>1forallx,y € X and d(x,y) =1 ifand only if x = y,

2. dx,y) =d(yx)forallx,y € X,

3. dx,z)<dx,y)-dyz) foralx,yzeX.
Also, (X, d) is called a multiplicative metric space.

Example 1.5 ([9]) Let d*: (R*)” x (R*)” — R be defined as follows:

* * *

X1

X2
N

Y2

Xn
Yn

d*(x,y) =

)

where x = (x1,...,%,),y = ¥1,...,¥x) € (R")" and | - |* : R* — R* is defined as follows:

. a, ifa>1,
lal* = 1 .
= ifa<l.

It is easy to see that all conditions of the multiplicative metric are satisfied.
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Example 1.6 ([9]) Let a > 1 be a fixed real number. Then d,, : R” x R” — R defined by
d,(x,y) = azi-1 iyl
where x = (x1,...,%4),7 = (01, ...,¥x) € R”, holds for the multiplicative metric conditions.

Remark 1.7 One can extend the multiplicative metric in Example 1.6 to C” by the follow-

ing definition:
da(w,2) = a>im 1o,
where w = (w1,...,w,),z=(z1,...,2,) € C".

Definition 1.8 ([10]) Let (X, d) be a multiplicative metric space, x € X and ¢ > 1. We now
define a set

B.(x) := {y € X|d(x,y) < e},

which is called a multiplicative open ball of radius & with center x. Similarly, one can de-

scribe a multiplicative closed ball as
B.(x) := {y e X|d(x,y) < s}.

Definition 1.9 ([10]) Let (X, d) be a multiplicative metric space, {x,} be a sequence in X,
and x € X. If, for every multiplicative open ball B, (x), there exists a natural number N such
that n > N = x, € B(x), then the sequence {x,} is said to be multiplicative convergent
to x, denoted by x,, —, x as n — oo.

Lemma 1.10 ([10]) Let (X, d) be a multiplicative metric space, {x,} be a sequence in X and
x € X. Then

Xp—>x asn— oo ifandonlyif d(x,x)—>.1 asn— oo.

Lemma1.11 ([10]) Let (X, d) be a multiplicative metric space and {x,} be a sequence in X. If

the sequence {x,} is multiplicative convergent, then the multiplicative limit point is unique.

Definition 1.12 ([10]) Let (X, d) be a multiplicative metric space and {x,} be a sequence
in X. The sequence {x,} is called a multiplicative Cauchy sequence if, for all ¢ > 1, there
exists N € N such that d(x,,,x,) < ¢ for m,n > N.

Lemma 1.13 ([10]) Let (X, d) be a multiplicative metric space and {x,} be a sequence in X.
Then {x,} is a multiplicative Cauchy sequence if and only if d(x,,%,,) —. 1 as m,n — 00.

Definition 1.14 ([10]) Let (X, d) be a multiplicative metric space. The multiplicative met-
ric spaces X is said to be complete if and only if every Cauchy sequence {x,} in X for all
n € N converges in X.
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Definition 1.15 ([10]) Let (X, d) be a multiplicative metric space. A point x € X is said to
be a multiplicative limit point of § € X if and only if (B (x) — {x}) NS # @ for every ¢ > 1.
The set of all multiplicative limit points of the set S is denoted by §'.

Definition 1.16 ([10]) Let (X, d) be a multiplicative metric space. We call a set S € X mul-
tiplicative closed in (X, d) if S contains all of its multiplicative limit points.

Ozavsar and Cevikel also introduced the concepts of Banach-contraction, Kannan-
contraction, and Chatterjea-contraction mappings in the sense of multiplicative metric

spaces.

Definition 1.17 ([10]) Let (X, d) be a multiplicative metric space. A self-mapping f is said

to be multiplicative Banach-contraction if

d(fx.fy) < d(x,y)" (1.4)
for all x,y € X, where X € [0,1).

Definition 1.18 ([10]) Let (X, d) be a multiplicative metric space. A self-mapping f is said
to be multiplicative Kannan-contraction if

d(fef) < (d(fe2) - d(f.9) ", (15)
for all x,y € X, where A € [0, %).

Definition 1.19 ([10]) Let (X, d) be a multiplicative metric space. A self-mapping f is said

to be a multiplicative Chatterjea-contraction if

d(fx. fy) < (d(fe,y) - d(f,x))", (1.6)
for all x,y € X, where X € [0, %).

By using these ideas, they proved some fixed point theorems on complete multiplica-
tive metric spaces. In fact, fixed point results in the framework of multiplicative metric
spaces of Ozavsar and Cevikel [10] can be directly obtained as a consequence from the
corresponding results in metric spaces.

In this paper, we introduce new types of nonlinear mappings, the so-called («, 8)-
Banach-contraction, (o, 8)-Kannan-contraction and (e, 8)-Chatterjea-contraction map-
pings, in the sense of multiplicative metric spaces and establish the existence of fixed point
theorems for such mappings in multiplicative metric spaces by using the concept of cyclic
(o, B)-admissible mappings.

Definition 1.20 ([11]) Let X be a nonempty set, f be a self-mappingon X, and o, 8: X —
[0, 00) be two mappings. We say that f is a cyclic (o, 8)-admissible mapping if

xeX, ax)>1 = Bfx)=>1
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and
xeX, Bx)>=1 = alfx)>1

We also give the example of a nonlinear mapping which is not in the range of applica-
tion of the results of Ozavsar and Cevikel [10], but it can be applied to our results. Our
fixed point results generalize, extend, and improve results on the topic in the literature.
Moreover, our results cannot be directly obtained as a consequence of the correspond-
ing results in metric spaces. Finally, we apply our main results for proving a fixed point

theorem involving a cyclic mapping.

2 Fixed point results in multiplicative metric spaces
First of all, we will introduce the concept of a (¢, 8)-Banach-contraction mapping in the
sense of a multiplicative metric distance.

Definition 2.1 Let (X, d) be a multiplicative metric space and let o, 8 : X — [0, 00) be two

mappings. The mapping f : X — X is said to be a multiplicative (¢, 8)-Banach-contraction
if

a(®)BW) - d(fx, fy) < dx,y)* 2.1)
for all x,y € X, where X € [0,1).

Example 2.2 Let X = [0.1,100] and d* : X X X — R be defined as follows:

*
X

d*(x,y) =

for all x,y € X, where | - | : X — X is defined by

a, a>1;
al* = - (2.2)
i [%, a<l.

Then (X, d*) is a multiplicative metric space.
Define the mappings o, 8 : X — [0,00) and f : X — X as follows:

1, 0.1,0.8];
o= b *cl0L08] (23)
0, otherwise,
1, x€[04,0.8];
mm:: ) (2.4)
, otherwise,
and
1% 0.1,0.8
- _m, S 1,0.0[
fe=150 rel : (2.5)
Bl xe(0.8,100].

Now we will show that f is a multiplicative («, 8)-Banach-contraction with A = 0.952.
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For x,y € [0.4,0.8] and x > y, we get

*

fx
fy
|

3.3
*°—y
= |e"’y’ 0 |*

a®)BW) - d*(fx.fy) =

*

2 2
- | @) - () |*

2 2
_ |e(x—y><1—%)|*
2 2
B e
2 2 2
< e(x—y)(l— (0.4) +(oiz(1)) +(0.4) )

x-y)(0.952)

(
o0\ 0952
()
0.952
G)
y
x|*) 0952
(5/)
“(

[d x,y)]k.

e

=<

Similarly, for x,y € [0.4,0.8] and x < y, we get

*

C(BY) - d" (f o) = "3
fy

*

3

‘ & 1T

= 3
y

-1

3_.,3
XY %
= |ex Y=710 ’

2 2
_ | - () |*
_Peyn? ) |*

= [e@0-5

2 2
= QM-I

2 2 2
S e(yfx)(lf (0.4) +(0i4(l)) +(0.4) )

= 0-9(0.952)
&\ 0952
(%)
0.952
_(?
X
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(‘ x *)0.952
Y

= [@*@p)]".

In the other cases, it is easy to see that condition (2.1) holds since a(x) 8(y) = 0. Therefore,

a(®)BY) - d*(fx.fy) < d*(x,9)"

for all x,y € X, where A = 0.952. Hence, f is a multiplicative (o, 8)-Banach-contraction
mapping.

Remark 2.3 In Example 2.2, f is not a multiplicative Banach-contraction mapping. In-
deed, for x = 5 and y = 10, we get

* *

fx = d*(x,9) = [d*x,9)]"

Sy

* |14

d*(fx.fy) = =139

5 *_‘x

>2.07>2=|—
E

forall A € [0,1). Therefore, the class of multiplicative (¢, 8)-Banach-contraction mappings

is a real wider class of Banach-contraction mappings.

Next, we give some fixed point result for multiplicative («, 8)-Banach-contraction map-
pings in complete multiplicative metric spaces.

Theorem 2.4 Let (X,d) be a complete multiplicative metric space and f : X — X be a
multiplicative («, B)-Banach-contraction mapping. Suppose that the following conditions
hold:
(1) there exists xg € X such that a(xg) > 1 and B(xg) > 1;
(2) f is a cyclic («, B)-admissible mapping;
(3) one of the following conditions holds:
(3.1) f is continuous;
(3.2) if {x,} is a sequence in X such that x, — . x € X as n — 0o and (x,) > 1 for all
neN, then B(x) > 1.
Then f has a fixed point. Furthermore, if a(x) > 1 and B(x) > 1 for all fixed point x € X,
then [ has a unique fixed point.

Proof Starting from a point xy € X in condition (1), we get a(xg) > 1 and S(xp) > 1. We
will construct the iterative sequence {x,}, where x, = fx,_; for all n € N. Since f is a cyclic
(o, B)-admissible mapping, we have

alx) =1 = Bx1)=B(fxo) =1 (2.6)
and

Bxo) =1 = alwn)=alfr)>1 (2.7)
By a similar method, we get

a(x,)>1 and Bx,)>1
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for all #» € N. This implies that

a(x,-1)B(x,) =1

for all » € N. From the (o, 8)-Banach-contractive condition of f, we have

Ay K1) = d(fxn—l’fxn)
=< a(xn—l)ﬂ(xn) : d(fxn—lrfxn)

=< d(xn—lr xn))\

< d(x0,%1)""
for all n € N. Let m, n € N such that m < i, then we get

d(xmrxn) = d(xm;xmﬂ) : d(xm+1;xm+2) te d(xn—bxn)

A amtly L gn-1
< d(xo,x1)

m

A
< d(x0,%1)1-7.

Letting m, n — oo, we get d(x,,,x,) — . 1 and so the sequence {x,,} is multiplicative Cauchy.
From the completeness of X, there exists z € X such that x, —, zas n — oo.
Now, we assume that f is continuous. Hence, we obtain

2= lim % = lim fr, = f( lim x) - fz.
n— 00 n— 00 n— 00

Next, we will assume that condition (3.2) holds. Hence B(z) > 1. Then we have, for each
neN,

d(fz’ Z) = d(fz’fxn) : d(fxn’ Z)
= d(fxn,fz) - d(fx,, z)
=< a(xn)ﬁ(z) . d(fxm Z) - d(fxn; z)
S d(xn; Z)A : d(xn+1: Z).
Letting n — 00, we get d(fz, z) = 1, that is, fz = z. This shows that z is a fixed point of f.

Finally, we show that z is the unique fixed point of /. Assume that y is another fixed point
of f. From the hypothesis, we find that «(z) > 1 and B(y) > 1, and hence

d(z,y) = d(fz,fy)
< a(2)By) - d(fzfy)
<d(zy)’.

This shows that d(z, y) = 1 and then z = y. Therefore, z is the unique fixed point of f. This
completes the proof. d

Page 8 of 15
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Now, we give some illustrative examples to the claim that our results properly generalize
the results of Ozavsar and Cevikel [10].

Example 2.5 Let X = [0.1,100] and d* : X x X — R be defined as follows:

for all x,y € X, where | - | : X — X is defined by

a, a>1;
al* = - 2.8
al {1 N 2:8)

It is easy to see that (X, d*) is a complete multiplicative metric space.
Define mappings «, 8 : X — [0,00) and f : X — X as follows:
1, €[0.1,0.8];
o= | * 10108 (2.9)
0, otherwise,
1, x€[04,0.8];
Blx) = : (2.10)

0, otherwise,

and
{ex—l—’fz, x€[0.1,0.8];
fim (2.11)
el x € (0.8,100].
From Remark 2.3, we can see that f is not a multiplicative Banach-contraction mapping.
Therefore, the results of Ozavsar and Cevikel [10] cannot be used for this case.

Here, we show that by Theorem 2.4 can be guaranteed the existence of a fixed point.
From Example 2.2, we find that f is a multiplicative (o, 8)-Banach-contraction with A =
0.952. It is easy to see that there exists xy = 0.4 € X such that a(xo) = «¢(0.4) =1 and B(xo) =
B(0.4) = 1. This implies that condition (1) in Theorem 2.4 holds. Also, it is easy to prove
that f is a cyclic (@, B)-admissible mapping. Furthermore, it is easy to see that condition
(3.2) in Theorem 2.4 holds.

Therefore, all the conditions of Theorem 2.4 hold and so f has a unique fixed point,
0.7411317711 € X.

Corollary 2.6 ([10]) Let (X,d) be a complete multiplicative metric space and f : X — X be
a multiplicative Banach-contraction mapping. Then f has a unique fixed point. Moreover,

for any x € X, the iterative sequence {f"x} converges to the fixed point.
Proof Setting «(x) =1 and B(x) =1 for all x € X in Theorem 2.4, we get this result. O

Here we give the concepts of multiplicative (o, 8)-Kannan-contraction and multiplica-
tive (o, B)-Chatterjea-contraction mappings. Also, we establish the fixed point result for
these mappings.

Page 9 of 15
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Definition 2.7 Let (X, d) be a multiplicative metric space and let «, 8 : X — [0, 00) be two
mappings. The mapping f : X — X is said to be a multiplicative («, 8)-Kannan-contraction
if

a(®)B) - d(fi,fy) < (d(fc,x) - d(fy,9))"
for all x,y € X, where X € [0, %)
Definition 2.8 Let (X,d) be a multiplicative metric spaces and let «, 8 : X — [0,00) be

two mappings. The mapping f : X — X is said to be a multiplicative («, 8)-Chatterjea-

contraction if

a()B0) - d(fi.fy) < (d(fi.y) - d(fy,x))"
for all x,y € X, where X € [0, %)

Theorem 2.9 Let (X,d) be a complete multiplicative metric space and f : X — X be a
multiplicative (a, B)-Kannan-contraction mapping. Suppose that the following conditions
hold:
(1) there exists xg € X such that a(xg) > 1 and B(xg) > 1;
(2) f is a cyclic (o, B)-admissible;
(3) one of the following conditions holds:
(3.1) f is continuous;
(3.2) if {xy} is a sequence in X such that x, — . x € X as n — oo and (x,) > 1 for all
neN, then B(x) > 1.
Then f has a fixed point. Furthermore, if a(x) > 1 and B(x) > 1 for all fixed point x € X,
then f has a unique fixed point.

Proof Starting from a point xy € X in condition (1), we get «(x9) > 1 and B(xo) > 1. We
will construct the iterative sequence {x,}, where x, = fx,_; for all n € N. Since f is a cyclic
(o, B)-admissible mapping, we have

alxo)>1 = Bx1) = B(fxo) > 1 (2.12)
and

Blxo)>1 = alx)=alfx)>1 (2.13)
By a similar method, we get

a(x,)>1 and Bx,)>1

for all » € N. This implies that

a(xn—l)ﬂ(xn) > 1
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for all » € N. From the («, 8)-Kannan-multiplicative contractive condition of f, we have

d(xnrxnﬂ) = d(fxn—l:fxn)
< O5(~7C;'1—1)ﬂ(x}1) : d(fxn—l:fxn)
< (d(fxn—lrxn—l) . d(fxn’xn))A:

for all n € N. Thus we have
d(xnrxwrl) = d(xn—hxn)h
for all » € N, where /1 = ﬁ < 1. Let m, n € N such that m < i, then we get

d(xmrxn) = d(xm:xmﬂ) : d(xm+l:xm+2) e d(xn—lxxn)

m pm+l o pn-1
Sd(xo,x1)h R

th

< d(x0,%1)1-h.

Letting m, n — 0o, we get d(x,,,x,) — . 1 and so the sequence {x,} is multiplicative Cauchy.
From the completeness of X, there exists z € X such that x, —, zas n — oo.
Now, we assume that f is continuous. Hence, we obtain

z= lim x,,; = lim fx, :f( lim x,,) = fz.
n— 00 n—00 n— 00
Next, we will assume that condition (3.2) holds. Hence (z) > 1. Then we have

d(fz,z) < d(fz,fx,) - d(fxy,z)
= d(fx,,[fz) - d(fx,, z)
< a(xn)B(2) - d(fxn, f2) - d(fn, 2)
E d(xm Z)}L : d(xn+lyz)~
Letting n — 00, we get d(fz, z) = 1, that is, fz = z. This shows that z is a fixed point of f.

Now we show that z is the unique fixed point of f. Assume that y is another fixed point
of f. From the hypothesis, we find that a(z) > 1 and 8(y) > 1, and hence

d(z,y) = d(fz.fy)
< a(2)B(y) - d(fz.fy)
<d(zy).

This shows that d(z,y) =1 and then z = y. Therefore, z is the unique fixed point of f. This
completes the proof. O

Corollary 2.10 ([10]) Let (X, d) be a complete multiplicative metric space andf : X — X be
a multiplicative Kannan-contraction mapping. Then f has a unique fixed point. Moreover,
for any x € X, the iterative sequence {f"x} converges to the fixed point.
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Proof Setting «(x) =1 and B(x) =1 for all x € X in Theorem 2.9, we get this result. O

Theorem 2.11 Let (X,d) be a complete multiplicative metric space and f : X — X be a
multiplicative (o, B)-Chatterjea-contraction mapping. Suppose that the following condi-
tions hold:
(1) there exists xy € X such that a(xg) > 1 and B(xg) > 1;
(2) f is a cyclic (o, B)-admissible;
(3) one of the following conditions holds:
(3.1) f is continuous;
(3.2) if {x,} is a sequence in X such that x, — . x € X as n — oo and (x,) > 1 for all
neN, then f(x) > 1.
Then f has a fixed point. Furthermore, if a(x) > 1 and B(x) > 1 for all fixed point x € X,
then f has a unique fixed point.

Proof Starting from a point x € X in condition (1), we get a(xp) > 1 and B(xo) > 1. We

will construct the iterative sequence {x,}, where x, = fx,_; for all n € N. Since f is a cyclic

(@, B)-admissible mapping, we have

a(xo) =21 = Blx) = B(fxo) > 1 (2.14)
and

Bxo) =1 = alx1)=alfxo) > 1. (2.15)
By a similar method, we get

a(x,)>1 and Bx,)>1
for all #n € N. This implies that

a(%,-1)B(xn) = 1
for all n € N. From the multiplicative («, 8)-Chatterjea-contraction condition of f, we have

A, %ns1) = A1, fxn)
< a(xp-1)B(xn) - A1, fx)
< (d(ftnt %) - d(ftn 201))”
= d(xp-1,%n1)"

< (d(xn—h xn) : d(xm xn+1))k
for each n € N. Thus we have

d(xm xn+1) = d(xn—lr xn)h
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for all » € N, where /1 = ﬁ < 1. Let m, n € N such that m < n, then we get

d(xmr xn) = d(xm: xm+l) : d(xmﬂ: xm+2) e d(xn—l; xn)

m pm+l =1
Ed(xO:xl)h +H" el

o

< d(x9,%1)1-h.

Letting m, n — 0o, we get d(x,,,,x,) — . 1 and so the sequence {x,} is multiplicative Cauchy.
From the completeness of X, there exists z € X such that x, —, z as n — 0.
Now, we assume that f is continuous. Hence, we obtain

z= lim x,,; = lim fx, :f( lim xn) =fz.
n— 00 n—00 n— 00
Next, we will assume that condition (3.2) holds. Hence B(z) > 1. Then we have

d(fz,z) < d(fz,fx,) - d(fxy,z)
= d(fx,.fz) - d(fx,, 2)
< a(x,)B(2) - d(fxn,f2) - d(fxy, 2)
S d(xn: Z)}L : d(xn+1: Z)~
Letting n — 00, we get d(fz, z) = 1, that is, fz = z. This shows that z is a fixed point of f.

Now we show that z is the unique fixed point of f. Assume that y is another fixed point
of f. From the hypothesis, we find that «(z) > 1 and 8(y) > 1, and hence

d(z,y) = d(fz.fy)
< a(z)B(y) - d(fz,fy)
<d(zy).

This shows that d(z,y) = 1 and then z = y. Therefore, z is the unique fixed point of f. This
completes the proof. d

Corollary 2.12 ([10]) Let (X,d) be a complete multiplicative metric space and f : X —
X be a multiplicative Chatterjea-contraction mapping. Then f has a unique fixed point.
Moreover, for any x € X, the iterative sequence {f"x} converges to the fixed point.

Proof Setting «(x) =1 and B(x) =1 for all x € X in Theorem 2.11, we get this result. O

3 Some cyclic contractions via cyclic (¢, 8)-admissible mapping
In 2003, Kirk ez al. [12] introduced the concept of cyclic mappings and cyclic contractions.

Definition 3.1 ([12]) Let A and B be nonempty subsets of a metric space (X, d). A mapping
f:AUB— AUBis called cyclic if f(A) € B and f(B) € A.

Definition 3.2 ([12]) Let A and B be nonempty subsets of a metric space (X, d). A mapping
f:AUB— AUBis called a cyclic contraction if there exists k € [0,1) such that d(fx, fy) <
kd(x,y) for allx € A and y € B.
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Notice that although a Banach-contraction is continuous, a cyclic contraction need not
to be. This is one of the important gains of fixed point results for cyclic mappings. Follow-
ing [12], a number of fixed point theorems on a cyclic mappings have appeared (see, e.g.,
[13-21]).

In this section, we apply our main results for proving a fixed point theorems involving a

cyclic mapping in multiplicative metric spaces.

Definition 3.3 Let A and B be nonempty subsets of a multiplicative metric space (X, d).
A mapping f: AUB— A UBis called cyclic if f(A) € B and f(B) C A.

Theorem 3.4 Let A and B be two closed subsets of a complete multiplicative metric space
(X,d) such that ANB#@ and f : AU B — AU B be a cyclic mapping. Assume that

d(fx,fy) < d(x,y)* 3.1)
forallx € A and y € B, where ) € [0,1). Then f has a unique fixed point in A N B.
Proof Define mappings «, 8 : X — [0,00) by

1, €A; 1, € B;
a@=1" "= and pw=q TS
0, otherwise, 0, otherwise.

For x € A and y € B, we get

a(®)B) - d(fx,fy) < dx,9)". (3.2)

In other cases, we see that the contractive condition (3.2) holds. Therefore, f is a mul-
tiplicative («, 8)-Banach-contraction mapping. It is easy to see that f is a cyclic («, 8)-
admissible mapping. Since A N B # @, there exists xyp € A N B such that «(xg) > 1 and
Bxo) > 1.

Next, we show that condition (3.2) in Theorem 2.4 holds. Let {x,} be a sequence in X
such that B(x,) > 1for all » € N and x,, — x as n — 00. Then we have x,, € Bfor all » € N.
Since B is closed subset of X, we get x € B and then S(x) > 1. Now, the conditions (1), (2),
and (3.2) of Theorem 2.4 hold. So, f has a unique fixed point in A U B, say z. If z € A, then
z = fz € B. Similarly, if z € B, then we have z € A. Therefore z € A N B. This completes the
proof. d

Similarly, we can prove the following theorems.

Theorem 3.5 Let A and B be two closed subsets of a complete multiplicative metric space
(X,d) such that ANB#@ and f : AUB — AU B be a cyclic mapping. Assume that

d(f, fy) < (d(fe,x) - d(fy,9))" (3.3)

forallx € A and y € B, where ) € [0, %). Then f has a unique fixed point in A N B.
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Theorem 3.6 Let A and B be two closed subsets of a complete multiplicative metric space
(X,d) such that ANB#W@ and f: AUB— AU B be a cyclic mapping. Assume that

d(fx, fy) < (d(fx,y) - d(fy,x))" (3.4)

forallx € A and y € B, where )\ € [0, %). Then f has a unique fixed point in A N B.
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