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Abstract

m-d-Accretive mappings, which are totally different from m-accretive mappings in
non-Hilbertian Banach spaces, belong to another type of nonlinear mappings with
practical backgrounds. The purpose of this paper is to present some new iterative
schemes by means of convex combination methods to approximate the common
zeros of finitely many m-d-accretive mappings. Some strong and weak convergence
theorems are obtained in a real uniformly smooth and uniformly convex Banach
space by using the techniques of the Lyapunov functional and retraction. The
restrictions are weaker than in the previous corresponding works. Moreover, an
example of m-d-accretive mapping is exemplified, from which we can see the
connections between m-d-accretive mappings and the nonlinear elliptic equations.
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1 Introduction and preliminaries
Let E be a real Banach space with norm || - || and let E* denote the dual space of E. We use
‘-’ and ‘—’ to denote strong and weak convergence, respectively. We denote the value of
f eE*atx e E by (x,f).

The normalized duality mapping J from E to 2£” is defined by

Jei={f €E:uf) =l = IfI°), xeE.

We call / weakly sequentially continuous if {x,} is sequence in E which converges weakly
to x it follows that {Jx,} converges in weak* to Jx.

A mapping T : D(T) = E — E* is said to be demi-continuous [1] on E if Tx, — Tx,
as n — oo, for any sequence {x,} strongly convergent to x in E. A mapping T : D(T) =
E — E* is said to be hemi-continuous [1] on E if w-lim,¢ T(x + ty) = Tx, for any
x,y € E. A mapping T : E — E is said to be non-expansive if ||Tx — Ty| < |lx — y||, for
Vx,y € E.
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The Lyapunov functional ¢ : E x E — R* is defined as follows [2]:

o0, y) = %% = 2(x, Jy) + IylI%,

for Vx,y € E.
It is obvious from the definition of ¢ that

(el = llyll)* < @G 9) < (el + 11yl 1.1)
for all x,y € E. We also know that
9(x9) = p(x,2) + ¢(z,y) + 2(x - 2,Jz = ]y), 12)

for each x,y,z € E; see [3, 4].

We use Fix(S) to denote the set of fixed points of a mapping S : E — E. That is, Fix(S) :=
{x € E: Sx = x}. Amapping S : E — E is said to be generalized non-expansive [4] if Fix(S) #
# and ¢(Sx, p) < ¢(x,p), for Vx € E and p € Fix(S).

Let C be a nonempty closed subset of E and let Q be a mapping of E onto C. Then Q
is said to be sunny [4] if Q(Q(x) + t(x — Q(x))) = Q(x), for all x € E and ¢ > 0. A mapping
Q: E — Cis said to be a retraction [4] if Q(z) = z for every z € C. If E is a smooth and
strictly convex Banach space, then a sunny generalized non-expansive retraction of E onto
C is uniquely decided, which is denoted by Rc.

Let I denote the identity operator on E. A mapping A : D(A) C E — E is said to be accre-
tive if (Ax — Ay,J(x — y)) > 0, for Vx,y € D(A) and it is called m-accretive if R(I + AA) = E,
for VA > 0.

If A is accretive, we can define, for each r > 0, a single-valued mapping /4 : R(I + rA) —
D(A) by ],A = (I + rA)™, which is called the resolvent of A. And, ],A is a non-expansive
mapping [1]. In the process of constructing iterative schemes to approximate zeros of an
accretive mapping A, the non-expansive property of /4 plays an important role.

A mapping A : D(A) C E — E is said to be d-accretive [5] if (Ax — Ay,Jx — Jy) > 0, for
Vx,y € D(A). And it is called m-d-accretive if R(I + AA) = E, for VA > 0. However, the re-
solvent of an m-d-accretive mapping is not a non-expansive mapping.

An operator B C E x E* is said to be monotone if (x; — x2,y1 — ) > 0, for Vy; € Bx;,
i =1,2. A monotone operator B is said to be maximal monotone if R(J + AB) = E*, for
VA > 0. An operator B C E x E* is said to be strictly monotone if (x; — x,91 — y2) > 0, for
Vx1 # %0, Vy; € Bxy, i =1,2.

It is clear that in the frame of Hilbert spaces, (m-)accretive mappings, (m-)d-accretive
mappings and (maximal) monotone operators are the same. But in the frame of non-
Hilbertian Banach spaces, they belong to different classes of important nonlinear oper-
ators, which have practical backgrounds. During the past 50 years or so, a large number
of researches have been done on the topics of constructing iterative schemes to approx-
imate the zeros of m-accretive mappings and maximal monotone operators. However,
rarely related work on d-accretive mappings can be found.

As we know, in 2000, Alber and Reich [5] presented the following iterative schemes

for the d-accretive mapping T in a real uniformly smooth and uniformly convex Banach
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space:
Xnil =Xp — Uy Txn (13)
and
Tx,
Hopey = By — Gy —a® 1.4
n+l n n ” Tx,, ” ( )

They proved that the iterative sequences {x,} generated by (1.3) and (1.4) converge
weakly to the zero point of T under the assumptions that T is uniformly bounded and
demi-continuous.

In2007, Guan [6] presented the following projective method for the m-d-accretive map-
ping A in a real uniformly smooth and uniformly convex Banach space:

X € D(A),
IYn :];:xm
Cn = {V € D(A) : QD(V:yn) =< (P(V»xn)}, (15)

Qu={veD(A): (x, —v,Jx1 = Jxn) > 0},
KXn+l = HCnﬁQ,,xl, n>1,

where ]21 = (I +r,A)™, and T¢,nq, is the generalized projection from D(A) onto C, N Q,,.
It was shown that the iterative sequence {x,} generated by (1.5) converges strongly to the
zero point of A under the assumptions that A is demi-continuous, the normalized duality
mapping J is weakly sequentially continuous, and ];i satisfies

o(p.Jx) < 0(p,x), (1.6)

for Vx € E and p € A710. The restrictions are extremely strong and it is hardly for us to
find such an m-d-accretive mapping which both is demi-continuous and satisfies (1.6).

The so-called block iterative scheme for solving the problem of image recovery proposed
by Aharoni and Censor [7] inspired us. In a finite-dimensional space H, the block iterative
sequence {x,} is generated in the following way: x; = x € H and

m
KXn+l = Z Wi (an,ixn + (1 - an,i)Pixn): (17)
i=1
where P; is a non-expansive retraction from H onto C;, and {C;}}"
closed and convex subsets of H. {w,;} C [0,1], > /" w,; = 1, and {a,;} C (-1,1), for i =
1,2,...,mandn>1.

In [8], Kikkawa and Takahashi applied the block iterative method to approximate the

| is a family of nonempty

common fixed point of finite non-expansive mappings {7;}/; in Banach spaces in the fol-
lowing way and obtained the weak convergence theorems: x; = x € C, and

m

Xn+l = Z Wy, i (an,ixn + (1 - an,t’)Tixn)1 (18)
i=1

where {w,,} C [0,1], >/, wu; =1, and {a,,;} C [0,1], fori=1,2,...,mand n > 1.
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In this paper, we shall borrow the idea of block iterative method which highlights the
convex combination techniques. Our main work can be divided into three parts. In Sec-
tion 2, we shall construct iterative schemes by convex combination techniques for ap-
proximating common zeros of m-d-accretive mappings. Some weak convergence theo-
rems are obtained in a Banach space. In Section 3, we shall construct iterative schemes by
convex combination and retraction techniques for approximating common zeros of m-d-
accretive mappings. Some strong convergence theorems are obtained in a Banach space.
In Section 4, we shall present a nonlinear elliptic equation from which we can define an
m-d-accretive mapping. Our main contributions lie in the following aspects:

(i) The restrictions are weaker. The semi-continuity of the d-accretive mapping A and
the inequality of (1.6) are no longer needed.

(i) The Lyapunov functional is employed in the process of estimating the convergence
of the iterative sequence. This is mainly because the resolvent of a d-accretive
mapping is not non-expansive.

(iii) The connection between a nonlinear elliptic equation and an m-d-accretive
mapping is set up, from which we cannot only find a good example of
m-d-accretive mapping but also see the iterative construction of the solution of the
nonlinear elliptic equation.

In order to prove our convergence theorems, we also need the following lemmas.

Lemma 1.1 [1,9,10] The duality mapping] : E — 25 has the following properties:
(i) IfE is a real reflexive and smooth Banach space, then ] : E — E* is single-valued.
(i) IfE is reflexive, then ] is a surjection.
(ili) IfE is a real uniformly smooth and uniformly smooth Banach space, then
J7L: E* — E is also a duality mapping. Moreover, ] and J™* are uniformly
continuous on each bounded subset of E and E*, respectively.
(iv) E is strictly convex if and only if ] is strictly monotone.

Lemma 1.2 [10] Let E be a real smooth and uniformly convex Banach space, B C E x E*
be a maximal monotone operator, then B0 is a closed and convex subset of E and the
graph of B, G(B) is demi-closed in the following sense: ¥{x,} C D(B) with x, — x in E, and
Yy, € Bx, with y, — y in E* it follows that x € D(B) and y € Bx.

Lemma 1.3 [2] Let E be a real reflexive, strictly convex, and smooth Banach space, let C
be a nonempty closed subset of E, and let Rc : E — C be a sunny generalized non-expansive
retraction. Then, for Vu € C and x € E, ¢(x, Rcx) + ¢(Rex, u) < ¢(x, u).

Lemma 1.4 [3] Let E be a real smooth and uniformly convex Banach space, and let {x,}
and {y,} be two sequences in E. If either {x,} or {y,} is bounded and ¢(x,,y,) — 0, as

n— oo, then x,, — y, — 0, as n — 00.

Lemmal.5[11] Let{a,} and {b,} be two sequences of nonnegative real numbers and a,; <
Gy + by, forVn > 1.If Y22 by, < +00, then lim,,_, » a, exists.

2 Weak convergence theorems
Theorem 2.1 Let E be a real uniformly smooth and uniformly convex Banach space. Let
A;: E — E be a finite family of m-d-accretive mappings, {w,i}, {0} C (0,1], {ot,i}, {Bni} C


http://www.journalofinequalitiesandapplications.com/content/2014/1/482

Wei et al. Journal of Inequalities and Applications 2014, 2014:482
http://www.journalofinequalitiesandapplications.com/content/2014/1/482

[0,1), {ru:}, {sni} C (0,+00), for i =1,2,...,m. > " w,; =1 and Y 0, =1. Let D :=
N, A0 # B. Suppose that the normalized duality mapping ] : E — E* is weakly sequen-
tially continuous. Let {x,} be generated by the following iterative algorithm:

X1 € E,
In = ZZ] a)n,i[an,ixn + (1 - an,z’)(l + rn,iAi)ilxn]’ (21)
Xl = Zle nn,i[lgn,z’xn + (1 - ,Bn,i)(l + Sn,iAi)ilyn]: n= 1.

Suppose the following conditions are satisfied:
(i) limsup,_, o &n; <1, limsup,_ o Bui<l fori=12,...,m;
(ii) liminf,— o Ny > 0, liminf, 0o wy; >0, fori=1,2,...,m;
(iti) inf,>17y,; >0, inf,>18,; >0, fori=1,2,...,m.
Then {x,} converges weakly to a point vy € D.
Proof Fori=1,2,...,m,let ];:fi = (I +7,;A;)" and ];ifi =(I +s,,A)7
We split the proof into the following six steps.
Step 1. For p € D, ];1 \; and ];:lfi satisfy the following two inequalities, respectively:

@ (% L %) + QU % D) < 9, p), (2.2)
@ Joiyn) + 0 Us Y p) < @ p)- (2.3)

In fact, using (1.2), we know that for Vp € D,
Q@ p) = (xS} %) + Q1 2, p) + 200 = T 20, T3 20 = ). (2.4)

. . . xn—}f\",xn A
Since A; is d-accretive and —*— = AJ;,/ %y,
n,l 7!

A
<xn _/rnf,'xn

/e —]p> > 0.
Vi ’

From (2.4) we know that (2.2) is true. So is (2.3).
Step 2. {x,} is bounded.
Vp € D, using (2.2) and (2.3), we have

§0(xn+1,17) S Z nn,i [lgn,i(p(xmp) + (1 - ﬁn,l)w(]illymp)]

i=1

=< Z nn,i[ﬁn,ifp(xmp) +(1- ﬂn,i)(/)(yn’p)]

i=1

m
=< Z nn,iﬁn,i(p(xmp)

i=1

+ Z nn,i(l - ,Bn,i)z wn,i[an,iw(xmp) + (1 - an,i)q)(];«ifixmp)]

i=1 i=1

= <ﬂ(9€ml9)~

Lemma 1.5 implies that lim,,_, o, ¢(x,, p) exists. Then (1.1) ensures that {x,} is bounded.

Page 5 of 15
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Step 3. AJ"! C E* x E is maximal monotone, for each i, 1 <i < m.
Since A; is d-accretive, then Vx,y € E¥,

=y AT = AT YY) = (AT %) - AT Yy), T (%) = T(T1y)) > 0.

Therefore, A;J ! is monotone, for each i, 1 < i < m.

Since R(I + AA;) = E, A > 0, then Vy € E, there exists x € E satisfying x + AA;x =y, 1 > 0.
Using Lemma 1.1(ii), there exists x* € E* such that J'x* = x. Thus J'x* + AAJ 1x* = y,
which implies that RJ ™ + AA4;J™!) = E, A > 0. Thus A4;/~! is maximal monotone, for each i,
1<i<m.

Step 4. (AJ )70 #@, for each i, 1 < i < m.

Since D # (J, then there exists x € E such that A;x = 0, where i = 1,2,...,m. Using
Lemma 1.1(ii) again, there exists x* € E* such that /\x* = x. Thus A,J"'x* = 0, for each
i,1<i<m. Thatis, x* € (41710, for each i, 1 < i < m.

Step 5. w(x,) C D, where w(x,) denotes the set of all of the weak limit points of the weakly
convergent subsequences of {x,}.

Since {x,} is bounded, there exists a subsequence of {x,}, for simplicity, we still denote
it by {x,} such that x, — x, as n — oo.

For Vp € D, using (2.2) and (2.3), we have

<P(xn+1,l7) = Z nn,i[ﬁn,i(p(xmp) + (1 - ﬂn,i)(p(ymp)]

i=1

m
= Z ﬂn,iﬂn,i‘p(xn’p)

i=1

+ Z nn,i(l - ﬂn,i)z wn,i[an,iq)(xmp) + (1 - an,i)q)(]ﬁiixmp)]
i=1 i=1

m m m
= Z nn,iﬂn,i(p(xn,p) + Z ﬂn,i(l - ,Bn,i) Z wn,ian,iW(xmp)
i=1

i=1 i=1

Tn,i

+ Z Mni(1 = IBn,i)Z (1 - an,i)[(p(xmp) - QD(xm]Aivxn)]
i=1 i=1

m m
= 0@np) = D il = Bui) D il — ) (%, 1 2,
i=1

i=1 i=

which implies that
m m
Z nn,i(l - ﬂn,i) Z a)n,i(l - an,i)‘ﬂ(xnr]élfixn) E (/)(xmp) - (p(xn+1:p)-
i=1 i=1

Using the assumptions and the result of Step 2, we know that ¢(x,, ];:fixn) — 0,asn —
0o, for i =1,2,...,m. Then Lemma 1.4 ensures that x, —]f}tfix,, — 0,as n — oo, for i =
1L2,...,m.

Let u; = A;v, since A; is d-accretive, then

A
Xn _]rnl,,'xn
Uy———

Vi

,N—U%w>ZQ
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Since both {x,} and {];i 'x,} are bounded, then letting # — oo and using Lemma 1.1(iii),
we have

(ui, Jv—Jx) = 0,

i=1,2,...,m. Thatis, (AJ (Jv),Jv—Jx) > 0,fori=1,2,...,m. From Step 3 and Lemma 1.2,
we know that Jx € (4,/71)710, which implies that x € A7'0. And then x € D.

Step 6. x,, — vy, as 1 — 00, where v is the unique element in D.

From Steps 2 and 5, we know that there exists a subsequence {x,,} of {x,,} such thatx,, —
vy € D, as i — oo. If there exists another subsequence {x,,j} of {x,} such that Xy — V1 € D,
as j — 0o, then from Step 2, we know that

Jim [ (6, v0) = @ (s 11)] = Tim [@(6s,, v0) = (s 1) ]

tim [[1voll” v + 2 1~ J0)]

Ivoll* = vall* + 2(vo,Jv1 = Jvo). (2.5)

Similarly,

lim [ (%, v0) — @ (%0, v1)] = /lirgo[w(xn,, v0) — (%, v1) ]

n—00
= lim [[lvo | = 1v1 1 + 2 (%, /1 = Jvo) ]
J—> 00

= [[voll* = [[vill* + 2(v1,Jv1 = Jo). (2.6)

From (2.5) and (2.6), we have (v; — vy, Jv; — Jvo) = 0, which implies that v = v; since J is
strictly monotone.
This completes the proof. d

Remark 2.1 If E reduces to the Hilbert space H, then (2.1) becomes the iterative scheme

for approximating common zeros of m-accretive mappings.

Remark 2.2 The iterative scheme (2.1) can be regarded as two-step block iterative
scheme.

Remark 2.3 If m =1, then (2.1) becomes to the following one approximating the zero
point of an m-d-accretive mapping A:

X1 € E,
Vi = 0y + (1= ) + 1, A) Ly, (2.7)
K1 = Bk + A= BT + $,4) "y, n>1

If, moreover, «, =0, B, = 0, then (2.7) becomes the so-called double-backward iterative
scheme for the m-d-accretive mapping A:

X1 € E,
Y=+ rmA) %, (2.8)
KXnl = (1 + SnA)_lym n= L

Page 7 of 15
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3 Strong convergence theorems

Theorem 3.1 Let E be a real uniformly smooth and uniformly convex Banach space. Let
A;: E — E be a finite family of m-d-accretive mappings, {w,i}, {nn,i} C (0,1], {on,i}, {Bui} C
[0,1), {rui}, {sni} C (0,+00), for i =1,2,...,m. Y " w,; =1 and Y 7 n,; =1. Let D :=
N, A710 # 0. Suppose the normalized duality mapping ] : E — E* is weakly sequentially
continuous. Let {x,} be generated by the iterative scheme:

X0 € E,

U = D11 ity + (L= o)) (I + 1 A7) %],
Vn = Z:Zl nn,i[ﬁn,ixn +(1- ﬂn,i)(l + Sn,iAz')_lun]x
Hy =E,

Hyua ={z€ Hy: 9(un,2) < p(x4,2)},

(3.1)

Xn+l = RH,Hle) n= 0.

Suppose the following conditions are satisfied:
(i) limsup,_, o &n; <1, limsup,_ o Bui<l fori=12,...,m;
(i) liminf,_ o 1,,; > 0, liminf,_, o w,,; >0, fori=1,2,...,m;
(ili) inf,>07y; >0, inf,>058,; >0, fori=1,2,...,m.
Then {x,} converges strongly to po = Rpxo, where Rp is the sunny generalized non-
expansive retraction from E onto D, as n — oo.

Proof We split the proof into six steps.
Step 1. {x,,} is well defined.
Noticing that

P 2) <02 = luall® = 5l < 200 — %, J2),

then from Lemma 1.1(iii), we can easily know that H, (n > 0) is a closed subset of E.
For Vp € D, using (2.2), we know that

<P(Mmp) =< an,i[an,i(p(xmp) +(1- an,i)(/)(]éfixn’p)]
i=1

m
<Y Oui[ @@ p) + A - @) p)] = 9 p),
i=1

which implies that p € H,,. Thus @ # D C H,,, for n > 0.

Since H,, is a nonempty closed subset of E, there exists a unique sunny generalized non-
expansive retraction from E onto H,, which is denoted by Ry, . Therefore, {x,} is well
defined.

Step 2. {x,} is bounded.

Using Lemma 1.3, ¢(x,,1,p) < ¢(x0,p), Vp € D C Hy41. Thus {¢(x,,p)} is bounded and
then (1.1) ensures that {x,} is bounded.

Step 3. w(x,) C D, where w(x,) denotes the set of all of the weak limit points of the weakly
convergent subsequences of {x,}.

Since {x,} is bounded, there exists a subsequence of {x,}, for simplicity, we still denote
it by {x,} such that x, — x, as n — oo.

Page 8 of 15


http://www.journalofinequalitiesandapplications.com/content/2014/1/482

Wei et al. Journal of Inequalities and Applications 2014, 2014:482 Page 9 of 15
http://www.journalofinequalitiesandapplications.com/content/2014/1/482

Since x,,,1 € H,y1 C H,, using Lemma 1.3, we have

(p(xn»xnﬂ) + (p(x():xn) =< ¢(x07xn+1);

which implies that lim,,_, o, ¢(x0, %,,) exists. Thus ¢(x,,%,,1) — 0. Lemma 1.4 implies that
Xy —Xne1 — 0,28 1 — 00.

Since x,,,1 € H,;1 C Hy, then ¢(uy,, %,41) < ¢(%,,%,41) — 0, which implies that x,, — u,, —
0, as n — oo.

Vp € D, using (2.2) again, we have

m
ga(”mp) E an,i[an,i(p(xmp) + (1 - an,i)(p(];ifixn’p)]
i=1

<Y it @@ p) + Y il = i) [0 p) = 9 (% T )]

i=1 i=1

m
= (p(xn:p) - Z wn,i(l - an,i)(p(xm];:fixn)«
i=1

Then

m
Z @i (1= ) (%, T %)

i=1

=< (p(xmp) - <P(Mmp) = ||xn||2 - ||Ll,,||2 —2{x, — uu,Jp) = 0,

as n — 00. Lemma 1.4 implies that x,, —]2fix,, — 0,asn — oo, wherei=1,2,...,m.
The remaining part is similar to that of Step 5 in Theorem 2.1, then we have w(x,) C D.
Step 4. {x,} is a Cauchy sequence.
If, on the contrary, there exist two subsequences {#;} and {m} of {n} such that ||, ., —
X | > €0, VK> 1.

Since lim,,_, 5 (%9, x,) exists, using Lemma 1.3 again,

(p(xnk;xnk+mk) = (p(x07xnk+mk) - QD(xO;xnk)
= ¢(x0,xnk+mk) - lim ‘p(xOrxnkerk)
k— o0

+ lim @(x0,%,,) — @(x0,%4,) = 0,
k— o0

as k — 00. Lemma 1.4 implies that limg_, oo % +m; — %4, | = 0, which makes a contradic-
tion. Thus {x,} is a Cauchy sequence.

Step 5. D is a closed subset of E.

Let z, € D with z, — z, as n — oo. Then A;z, =0, for i = 1,2,...,m. In view of
Lemma 1.1(ii), there exists z € E* such that z, = J~!z¥. Using Lemma 1.1(iii), 2z, — Jz, as
n — 00. Since Ai]‘lz’; =0,z — Jzand A;J7! is maximal monotone, Lemma 1.2 ensures
that Jz € (AJ7")7'0. Thus, z € A;'0, for i = 1,2,...,m. And then z € D. Therefore, D is
closed subset of E, which ensures there exists a unique sunny generalized non-expansive
retraction Rp from E onto D.

Step 6. x,, = qo = Rpxy, as n — 00.
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Since {x,} is a Cauchy sequence, there exists g € E such that x, — ¢, as n — oco. From
Step 5, g0 € D.

Now, we prove that go = Rpxp.

Using Lemma 1.3, we have the following two inequalities:

@(x0, Rpxo) + ¢(Rpxo,q0) < ¢(%0,40) (3.2)

and

(%0, %) + (X0, Rpxo) < @(%0, Rpxo). (3.3)

Letting n — +00, from (3.3), we know that
@(%0,q0) + (g0, Rpxo) < ¢(x0, RpXo). (3.4)

From (3.2) and (3.4), 0 < ¢(Rpxo,q0) < —¢(q0, Rpxo) < 0. Thus ¢(Rpxo,qo) = 0. So in
view of Lemma 1.4, g = Rpxy.
This completes the proof. O

Remark 3.1 Combining the techniques of convex combination and the retraction, the
strong convergence of iterative scheme (3.1) is obtained.

Remark 3.2 It is obvious that the restrictions in Theorems 2.1 and 3.1 are weaker.

4 Connection between nonlinear mappings and nonlinear elliptic equations
We have mentioned that in a Hilbert space, m-d-accretive mappings and m-accretive map-
pings are the same, while in a non-Hilbertian Banach space, they are different. So, there are
many examples of m-d-accretive mappings in Hilbert spaces. Can we find one mapping
that is (m2-)d-accretive but not (m-)accretive?

In Section 4.1, we shall review the work done in [12], where an m-accretive mapping is
constructed for discussing the existence of solution of one kind nonlinear elliptic equa-
tions.

In Section 4.2, we shall construct an m-d-accretive mapping based on the same non-
linear elliptic equation presented in Section 4.1, from which we can see that it is quite

different from the m-accretive mapping defined in Section 4.1.

4.1 m-Accretive mappings and nonlinear elliptic equations
The following nonlinear elliptic boundary value problem is extensively studied in [12, 13]:
—div(ee(grad u)) + |uP2u + g(x, u(x)) = f(x), a.e. in L, (1)

—(,a(gradu)) € B.(u(x)), ae.onT. '

In (4.1), Q is a bounded conical domain of a Euclidean space RN with its boundary I' € C*
(see [14]). f € L5(R2) is a given function, ¥ is the exterior normal derivative of ', g: 2 x
R — R is a given function satisfying Carathéodory’s conditions such that the mapping
u € L¥(Q2) — g(x, u(x)) € L°(2) is defined and there exists a function T'(x) € L°(2) such


http://www.journalofinequalitiesandapplications.com/content/2014/1/482

Wei et al. Journal of Inequalities and Applications 2014, 2014:482 Page 11 of 15
http://www.journalofinequalitiesandapplications.com/content/2014/1/482

that g(x,£)t > 0, for |¢| > T(x) and x € Q. B, is the subdifferential of a proper, convex, and
semi-lower-continuous function. « : RN — RN is a monotone and continuous function,
and there exist positive constants ki, k», and k3 such that, for V&,&’ € RN, the following
conditions are satisfied:
(i) |a(®)] <kl&P

(i) |oe(§) — () < kol |EP2E — |&'P2E);

(i) ((«(§),§)) = ks|€17,
where ((-,-)) denotes the inner product in RV,

In [12], they first present the following definitions.

Definition 4.1 [12] Define the mapping B, : W'*(Q) — (W'*(Q))* by
(v,Byu) = / ((cr(grad u), grad v)) dax + / |u(x) |p_2u(x)v(x) dx,
Q Q

for any u,v € W (Q).

Definition 4.2 [12] Define the mapping @, : W'#(Q2) — Rby ®,(«) = fr ox(u|r(x)) dT (%),
for any u € W»(Q).

Definition 4.3 [12] Define a mapping A : L*(2) — 21 as follows:
D(A) = {u € L*(Q) | there exists an f € L*(2) such that f € Byu + 8d>p(u)}.
For u € D(A), Au={f € L*(Q) | f € Byu + 0P, (u)}.

Definition 4.4 [12] Define a mapping A; : L°(Q) — 28 as follows:
(i) If s> 2, then

D(Ay) = {u € L*(Q) | there exists an f € L*(S2) such that f € B,u + 8d>p(u)}.
For u € D(A,), we set Aqu = {f € L(Q) | f € Byu + 3, ()}
(i) If1<s <2, then define A; : L5(Q) — 2°® as the L*-closure of A : L2(Q2) — 21°®
defined in Definition 4.3.
Then they get the following important result in [12].

Proposition 4.1 [12] Both A and A, are m-accretive mapping.

Later, by using the perturbations on ranges of m-accretive mappings, the sufficient con-
dition on the existence of solution of (4.1) is discussed.

Theorem 4.1 [12] Iff € L*(R2) (% < p <5< +00) satisfies the following condition:

/Fﬂ_(x)df‘(x)+/Qg_(x)dx</ﬂf(x)dx</FﬂJ,(x)dF(x)+/Qg+(x)dx,

then (4.1) has a solution in L*(Q2).
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The meaning of B_(x), B, (x), g_(x), and g, (x) can be found in the following two defini-
tions.

Definition 4.5 [12, 14] For t € R and x € T, let B2(¢) € B.(¢) be the element with least
absolute value if B,(¢) # ¥ and B(f) = 00, where ¢ > 0 or < 0, respectively, in the case
B(t) = ¥. Finally, let B4 (x) = lim,—, £ B2(2) (in the extended sense) for x € I'. Then B (x)
define measurable functions on I'.

Definition 4.6 [12, 14] Define g, (x) = liminf;_, , g(x, £) and g_(x) = limsup,_, _, g(x,t).

4.2 Examples of m-d-accretive mappings
Now, based on nonlinear elliptic problem (4.1), we are ready to give the example of m-d-
accretive mapping in the sequel.

Lemma 4.1 [10] Let E be a Banach space, if B: E — 2F is an everywhere defined, mono-
tone, and hemi-continuous mapping, then B is maximal monotone.

Definition 4.7 Let1<p <2 and 119 + 1% =1.
Define the mapping B: W7 (Q2) — (W (Q))* by

(v, Bu) =/((cz(grad(|u|"’/’1 sgn1,t||1,t||127,_p/)),grad(|v|"’/’1 sgnvllvlli,_p/)»dx,
Q

for any u,v € W7 (Q).
Proposition 4.2 B: W (Q) — (W™ (Q))* (1 < p < 2) is maximal monotone.

Proof We split the proof into four steps.
Step 1. B is everywhere defined.
In fact, for u,v € W (Q), from the property (i) of o, we have

|(V,Bu)| Skl/;z!grad(lmpl_l sgnl,t||1,t||;7p/)|Izj_l|grad(|v|"’/_1 sgnv||v||;7p/)|dx

—)Q2-p) 2P 1 o _
= ko =1 Nl W [ eradul i rad vl d
Q

=

< ki(p' = 1) 1l &P )2 ( / | grad ul? |l dx) ’
Q

1
, P
X (/ | grad v|P|v|P P dx)
Q
_r_
/)2

-1)2-p' 2-p/ / w
<ki(p = 1) & ’“nvnp/"(f | gradul” dx)
Q
p-p

X (/ |ue|? dx)(p) </ | grad v|? dx)p (/ [v|P dx) o
Q Q Q

-1
< const.||u||1f’p/ Vil

Thus B is everywhere defined.
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Step 2. B is monotone.
Since « is monotone, then, for u, v € D(B),

(u—v,Bu— Bv)
- /5‘2«05(grad(|u|1’/_1 sgnullullzfp/)) - a(grad(|v|"’_1 sgn v||v||1277p/)),
grad(|u|‘”/’1 sgnu||u||;/_p/) - grad(|v|1’/_1 sgn v||v||127,_p/))> dx >0,

which implies that B is monotone.

Step 3. B is hemi-continuous.

To show that B is hemi-continuous. It suffices to prove that for u,v,w € W' (Q) and
t €[0,1], (w,B(u + tv) — Bu) as t — 0.

In fact, since « is continuous,
|(w, B(u + tv) — Bu))|
< /Q |t (grad(Ju + tvi” " sgn(u + tv)l|u + tv||;,"")) — ar(grad(jul” ! sgnu||u||;,‘”'))|
x |grad(|wl” " sgnwlwl?')| dx — 0,

ast— 0.
Step 4. B is maximal monotone.
Lemma 4.1 implies that B is maximal monotone.

This completes the proof. O

Remark 4.1 [10] There exists a maximal monotone extension of B from L? (Q) to L?(<),
which is denoted by B.

Definition 4.8 For 1 < p < 2, the normalized duality mapping J : 17 (Q) — LP(RQ) is de-
fined by

/_ 2-p
Ju = ul” " sgnullull)?

for u € L7 (Q).
Define the mapping A : L (Q2) — LP(2) (1 < p < 2) as follows:

Au=B]", uel’(Q).
Proposition 4.3 The mapping A : L (2) — LP(2) (1 < p < 2) is m-d-accretive.
Proof Since Bis monotone, for Vu,v € D(A),

(Au —Av,] u —]’1v> = (E]’lu - E]’lv,]’lu —]’1v> > 0.

Thus A is d-accretive.

In view of Remark 4.1, B is maximal monotone, then R(J + )J~3) =I?(R2), for VA > 0.

Page 13 0of 15
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For Vf € L7(2), there exists u € L () such that Ju + ABu = f. Using Lemma 1.1 again,
there exists u* € L(R) such that u = J ™ u*. Then u* + ABJ'u* = f. Thus f € R(I + AA) and
then R(I + LA) = LP(2), for A > 0.

Thus A is m-d-accretive.

This completes the proof. g

Proposition 4.4 A7'0 = {u € L”(RQ) : u(x) = const.}.

Proof 1t is obvious that {u € L#(S2) : u(x) = const.} C A710.
On the other hand, if u(x) € A710, then Au(x) = 0. Let u* € L” (2) be such that u = Ju*.
From the property (iii) of «, we have

0=(u*,AJu*) > k3/ |grad(ju* P sgnu® ||u*|Z,_p/)|p dx = k3/ |grad (Ju*) | dx,
Q Q
which implies that u = Ju* = const.
Thus A710 C {u € L?(R2) : u(x) = const.}.
This completes the proof. O

Remark 4.2 From Propositions 4.2 and 4.3, we know that the restriction on the m-d-
accretive mapping in Theorem 2.1 or 3.1 that A~10 # ¢/ is valid.

Remark 4.3 If (4.1) is reduced to the following:
- div(ot(grad u)) =0, ae.ing, (4.2)

then it is not difficult to see that u € A0 is exactly the solution of (4.2), from which
we cannot only see the connections between the zeros of an m-d-accretive mapping and
the nonlinear equation but also see that the work on designing the iterative schemes to

approximate zeros of nonlinear mappings is meaningful.
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