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Abstract

In this paper, we first introduce the concepts of generalized (, f),-expansive
mappings and generalized (¢, g, h),-weakly expansive mappings designed for three
mappings. Then we establish some common fixed point results for such two new
types of mappings in partial b-metric spaces. These results generalize and extend the
main results of Karapinar et al. (J. Inequal. Appl. 2014:22, 2014), Nashine et al. (Fixed
Point Theory Appl. 2013:203, 2013) and many comparable results from the current
literature. Moreover, some examples and an application to a system of integral
equations are given here to illustrate the usability of the obtained results.
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1 Introduction and preliminaries

Fixed point theory in metric spaces is an important branch of nonlinear analysis, which is
closely related to the existence and uniqueness of solutions of differential equations and
integral equations.

There are many generalizations of the concept of metric spaces in the literature. In par-
ticular, Matthews [1] introduced the concept of a partial metric space as a part of the study
of denotational data for networks and proved that the Banach contraction mapping the-
orem can be generalized to the partial metric context for applications in program verifi-
cation. After that, fixed point results in partial metric spaces have been studied by many
authors (see [2-7]). On the other hand, the concept of a b-metric space was introduced
and studied by Bakhtin [8] and Czerwik [9]. Since then, several papers have been published
on the fixed point theory of the variational principle for single-valued and multi-valued
operators in b-metric spaces (see [8—15] and the references therein). We begin with the

definition of b-metric spaces.

Definition 1.1 ([8]) Let X be a nonempty set and A > 1 be a given real number. A function
d: X x X — R" is said to be a b-metric on X if, for all x,y,z € X, the following conditions

are satisfied:
(by) d(x,y)=0ifand onlyifx =y,
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(ba) d(y,x) =d(x,y),
(bs) d(x,z) < Ald(x,y) + d(y,2)].

In this case, the pair (X, d) is called a b-metric space.

Recently, Shukla [16] introduced the notion of a partial b-metric space as a generaliza-
tion of partial metric spaces and b-metric spaces.

Definition 1.2 ([16]) Let X be a nonempty set and A > 1 be a given real number. A map-
ping py : X x X — R* is said to be a partial b-metric on X if for all x, y,z € X, the following

conditions are satisfied:

(pe1) pu(%,%) = pu(3,9) = po(,y) if and only if x = y,
(pr2) po(%,%) < pp(x, ),
(ps3) po(%,9) = pp (3, %),
(Pra) Po(x,2) < Alpp(x,y) + Po(3:2)] = Po (9, ).
A partial b-metric space is a pair (X, pp) such that X is a nonempty set and p,, is a partial
b-metric on X. The number A > 1 is called the coefficient of (X, py).

In [17], Mustafa et al. introduced a new concept of partial b-metric by modifying Defi-
nition 1.2 in order to guarantee that each partial b-metric p; can induce a b-metric. The
advantage of the new definition of partial b-metric is that by using it one can define a de-
pendent b-metric which is called the b-metric associated with partial b-metric p;,. The
new concept of partial b-metric is as follows.

Definition1.3 ([17]) Let X be anonemptysetand A > 1be a given real number. A mapping
Pp: X x X — R* is said to be a partial b-metric on X if for all x,y,z € X, the following
conditions are satisfied:

(Pn1) po(x,%) = pp(y,y) = po(x, y) if and only if x = y,

(Pr2) pu(x,%) < pu(x,y),

(Ps3) po(%,9) = pp(y, %),

(Pha) Po(6:2) < Alps(x,9) + po(3,2) — po(3r )] + 52 [ (%, %) + Py (2, 2)].

The pair (X, b) is called a partial b-metric space with coefficient A > 1.

Since A > 1, from (p),,), we have

pu(%,2) < A[po(x,9) + po(0:2) = pb(1,9)] < Ao, 9) + Po(3:2) ] - P63, ).

Hence, a partial b-metric in the sense of Definition 1.3 is also a partial b-metric in the
sense of Definition 1.2.

In a partial b-metric space (X, pp), if py(x,y) = 0, then (pp1) and (py) imply that x = y.
But the converse does not hold always. It is clear that every partial metric space is a partial
b-metric space with coefficient A = 1 and every b-metric is a partial b-metric space with
same coefficient and zero distance. However, the converse of these facts need not hold. The
following example shows that a partial b-metric on X might be neither a partial metric,
nor a b-metric on X.
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Example 1.1 ([17]) Let X =R, g > 1 be a constant and p; : X x X — R* be defined by

Po(x,y) = lx—y|1+3,

for all x,y € X. Then (X, p}) is a partial b-metric space with the coefficient A = 297! > 1, but
it is neither a b-metric nor a partial metric space.

Each partial b-metric p, on X generates a topology 7,, on X, which has a subbase of
the family of open p,-balls {B,, (x,€) : x € X, e > 0}, where B, (x,¢) = {y € X : pp(x,) <
pu(x,x) + ¢}, for all x € X and € > 0. The topology space (X, pp) is To, but does not need to
be T. The topology 7, on X is called a p,-metric topology.

Definition 1.4 ([17]) A sequence {x,} in a partial b-metric space is said to be:
(1) pp-convergent to a point x € X if lim,,—, oo pp (%, %) = pp(x, x).
(2) a pp-Cauchy sequence if limy, ;00 i (%4, X) exists and is finite.
(3) A partial b-metric space (X, pp) is said to be p,-complete if every p,-Cauchy
sequence {x,} in X p,-converges to a point x € X such that

lim,,—, oo P (%, %) = i (%, %).

It should be noted that the limit of a convergent sequence in a partial b-metric space
may not be unique (see [16, Example 2]).

In [17], using Definition 1.3, Mustafa et al. proved the fact if p, is a partial b-metric on X,
then the function p; : X x X — R* given by pj (x,¥) = 2p(x,y) — ps(x,%) — pp(y,y) defines
a b-metric on X. Using Definition 1.3, Mustafa et al. also obtained the following lemma
which is the key to the proof of our theorems.

Lemma 1.1 ([17]) Let (X, pp) be a partial b-metric space. Then:
(1) A sequence {x,} in X is a py-Cauchy sequence in (X, pp) if and only if it is a b-Cauchy
sequence in b-metric space (X, pj,).
(2) A partial b-metric space (X, pp) is pp-complete if and only if the b-metric space
(X, pj,) is b-complete. Moreover, lim,,_, o, py, (%, %,) = 0 if and only if

limn,m%oopb(xm xm) = limn%oopb(xi xn) =Pb(x» x)

It should be noted that in general a partial 5-metric function p;(x,y) for A > 1 is not
jointly continuous for all variables. The following example illustrates this fact.

Example 1.2 Let X = N U {oo}, and let p, : X x X — R* be defined by

0, ifm=n,

6, if one of m, n is even and the other is even (m # n) or oo,
pylm,n) = | rln - %|, if one of m, n is odd and the other is odd or oo,

3, otherwise.

Then considering all possible cases, it can be checked that, for all m, n, p € X, we have

po(m,p) < 2[py(m, n) + py(n,p)]

1-2

= 2[pp(m, n) + py(n, p) — pp(n,n)| + — [6(m, m) + py(p, p)].
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Thus, (X, pp) is a partial b-metric space (with A = 2). Let x,, = 2n + 1 for each n € N. Then

pp(2n +1,00) = 51— — 0 as n — oo, that is, x, — 00, but pj(x,,2) =3+ 6 = py(c0,2).

Since in general a partial b-metric is not continuous, we need the following simple
lemma about the pj,-convergent sequences in the proof of our results.

Lemma 1.2 ([17]) Let (X,py) be a partial b-metric space with the coefficient A > 1 and
suppose that {x,} and {y,} are p,-convergent to x and y, respectively. Then we have

pb(;’y) - ph(;c’x) — po(yy) < iminf py (s, ) < lim sup py (6, y)

< App(x,x) + A2pp(5,9) + X2 py(x, ).

In particular, if py(x,y) = 0, then we have lim,,_, o pp(%4,y,) = 0. Moreover, for each z € X,
we have

pb(;f’ 2) — pr(x,x) <liminf py(x,, z) < limsup py(x,, z) < App(x,2) + App(x, x).

In particular, if py(x,x) = 0, then we have

Pb(ic,Z) <liminf py(x,,z) < limsup py(x,,2z) < App(x, 2).
n—0oQ

n—00

Jungck [18] introduced the concept of weakly compatible mappings as follows.

Definition 1.5 ([18]) Let X be a nonempty set, A and T': X — X be two self-maps. A and
T are said to be weakly compatible (or coincidentally commuting) if they commute at their
coincidence points, i.e., if Az = Tz for some z € X, then ATz = TAz.

It is worth mentioning that most of the preceding references concerned with fixed point
results of contractions in partial metric spaces and b-metric spaces, but we rarely see fixed
point results of expansions in such two types of spaces. Recently, in [19], Karapinar et al.
considered a generalized expansive mapping and proved the fixed point theorem in metric
spaces. Nashine et al. [20] introduced ¥s-contractive mappings and proved some fixed
point theorems in ordered metric spaces. Here, we recall the relevant definition.

Definition 1.6 ([20]) Let (X, d, <) be an ordered metric space, and let S, 7 : X — X. The
mappings S, T are said to be Ys-contractive if

d(Sx, Ty) < 1/f(d(x,y), d(x,8x),d(y, Ty), d(x, Ty), d(y, Sx)),

for all x > y, where ¢ ‘R > Rtisa strictly increasing and continuous function in each
coordinate, and for all £ € R*\{0}, ¥ (¢,£,¢,0,2¢) < ¢, ¥(¢¢,t,2¢60) < &, ¥(0,0,£¢0) < £,
¥(0,¢,0,0,t) < t and ¥ (¢,0,0,¢,¢) < £.

Inspired by the notions of s-contractive mappings of [20], we first introduce the con-
cepts of generalized (Y, f); -expansive mappings and generalized (¢, g, 1), -weakly expan-
sive mappings. Then we establish some common fixed point theorems for these classes of
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mappings in complete partial b-metric spaces. The obtained results generalize and extend
the main results of [15-23]. We also provide some examples to show the generality of our
results. Finally, an application is given to illustrate the usability of the obtained results.

2 Main results
The study of expansive mappings is a very interesting research area in fixed point theory
(see [19,21-23]). In this section, inspired by the notion of ¥s-contractive mappings of [20],
we first introduce the notions of generalized (v, f),-expansive mappings and generalized
(¢, g, h),-weakly expansive mappings in partial b-metric spaces.
For convenience, we denote by W the class of functions v : R*> — R* satisfying the
following conditions:
(i) ¥ is a nondecreasing and continuous function in each coordinate;
(i) fort; € R*,i=1,2,...,5, ¥(t1, fa, b3, ta, £5) > minfty, 252}, where min{t;, 252} > 0;
(iii) ¥ (0,0,0,0,0) = 0 and v (t1, t2, t3, ta, t5) > min{ty, 5}, where min{z, 5} > 0.
The following are some easy examples of functions from class WV:
Y(ty, b, t3, Ly, b5) = aty, for a > 1;
Y (t, by, t3, Ly, t5) = max{a min{z;, tz;ts }, emin{ty, t5}}, for a,c > 1;
Y (t1, by, 13, b, t5) = max{aty + b2, cmin{ty, t5}}, for a,b > 0,a+ b >1,and ¢ > I;

Y (t1, b, £3, b, t5) = max{aty + 252, cty + dt5), for a,b,c,d > 0,a+b>1,andc+d > 1;

¥ (11, 12, 3, ta, £5) = max{min{t;, 232}, min{, £5}} + ¢(max{minfs, 252}, min{s, 5}}),

where ¢ : R* — R* is a nondecreasing and continuous function, and ¢(s) = 0 if and

only if s = 0.

Definition 2.1 Let (X,p;) be a partial b-metric space with the coefficient A > 1, A, S,
and T : X — X be three mappings. Then A, S, and T are said to be generalized (¥,f),-
expansive mappings if

¥ (Pb (Sx, Ty)

: po(Ax, Ty) py(Ay, Sx)), (2.1)

)z w(pb(Ax,Ay),pb(Ax,Sx),pb(Ay, Ty), PR

for all x,y € X, where ¢ € W, f : [0,00) — [0,00) is a nondecreasing and continuous

function, f(0) = 0, and for all t > 0, ¥ (t,t, t3,ta,t5) > f(¢t), where min{z, t2;t3} =t or

min{ty, t5} = t.

Definition 2.2 Let (X, p;) be a partial b-metric space with the coefficient A > 1, A, S, and
T : X — X be three mappings. Then A, S, and T are said to be generalized (¢, g, k), -weakly

expansive mappings if

Pu(Sx, Ty)
o255

> > h(M;.(Ax, Ay)) + ¢ (M;.(Ax, Ay)) (2.2)

for all x,y € X, where M, (Ax, Ay) = max{min{p,(Ax, Ay), ’w}, min{p,(Ax, Ay),
’M}}, ¢,g,h: Rt — R* are continuous and nondecreasing functions, g(0) = 4(0) = 0,
¢(s) =0 ifand only if s = 0, and for all £ > 0, K(¢) + ¢(¢) > g(t).

It is easy to acquire the following example of generalized (¥, f); -expansive mappings or
generalized (¢, g, 1), -weakly expansive mappings.

Page 5 of 19
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Example 2.1 Let X = R*? be endowed with the partial b-metric p;, : X x X — R* given by

0, if %1 =%, and y1 = ¥,
pu(u,v) = Ger +202)%, if x1 # % and y1 = y5,
, (01 +92)%, if %1 =xp and y1 # ¥,

(x1 +x2)% + (y1 +92)?, otherwise,
for u = (x1,71),v = (¥2,y) € X, where A = 2. Let ¢/ : R*> — R* and f : R* — R* be given by

ty + 13

W(tl, t2; t3) t4¢ t5) = max{2min{t1, },2min{t1, t5}}’ f(t) = t:
forall ¢, 2,,...,t5,t € R*,and A, S, T : X — X be given by
S(x,y) = (3%, €7 —1+y), T(x,y) = (3%, €7 —1+y),

3 3
Alx,y) = <Ex, Zy), for all (x,y) € X.

Then A, S, and T are generalized (¥, f),-expansive mappings. In fact, if ¢,g,/: R* — R*

are defined by
q0=3  hO=m  $O=0-nk,

for all £ € R*, where 0 < < 1. Then A, S, and T are also generalized (¢, g, k), -weakly

expansive mappings.

Now, we first prove some fixed point results for generalized (v, ), -expansive mappings

in pj,-complete partial b-metric spaces.

Theorem 2.1 Let (X, pp) be a py-complete partial b-metric space, A, S, and T : X — X be
three mappings satisfying the generalized (y,f),-expansive condition (2.1). Suppose that
the following conditions are satisfied:

(i) AX) C S(X), AX) C T(X), and A(X) is a closed subset of (X, pj,);

(ii) A is an injective and A and T are weakly compatible.

Then A, S, and T have a unique common fixed point in X.

Proof Letxy € X be an arbitrary point in X. Since A(X) C S(X), there exists an x; € X such
that Axy = Sx;. Since A(X) C T(X), there exists an x, € X such that Ax; = Tx,. Continuing

this process, we can construct a sequence {Ax,} in X such that
szn = Sx2n+1, Ax2n+l = Tx2n+2, forn = 0,1,2,....

We will complete the proof in three steps.
Step 1. We prove that

lim py(Ax,, Ax,ui1) = 0. (2.3)

n—00
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Suppose that p,(Ax,,Ax,.1) = 0 for some n = ny. In the case that ny = 2k, p,(Axy,
Axoii1) = 0 gives pp(Axoks1, Axors2) = 0. Indeed, by (2.1), we have

0 =f<Pb(Ax2krAx2k+1)> =f<l9h(5x2k+1: Tx2k+2)>

A2 A2

>y (Ph (Axgrs1, A%ora2)s Po(AXo1, SXoke1)s

Pu(Axoki2, Txoks2)s ,

Po(A%oki1, Txoke2) Po(AXokra, SXoke1) )
A A

Pi(Axokr2, Axok)
=Y (Pb(Ax2k+1;Ax2k+2);O’ Pu(Axois1, Axppys), 0, 22 220 )

A

which implies that ’w = 0, that is, pp(Axoks1, A%oks2) = 0. Similarly, if ny =
2k + 1, then pp(Axori, Axoiyss) = 0. Consequently, py(Ax,, Ax,,1) = 0 for n > ny. Hence,
lim,,—, oo pp (A%, AXyin) = 0.

Now, suppose that p,(Ax,, Ax,,1) > 0, for each n. By (2.1), we have

f (Pb (Ax2mAx2n+l)

52 ) =f (Pp(Sx2ns1, Th2n42))

>y <Pb (A%2111, A%2142), Pb(AX011, SX241),

Po(A%15 Thoni2) Po(A%2ni2, Sx2n+l))

pb(Ax2n+2’ Tx2n+2)¢ 1 ’ Y

=Y (Ph (A%241, A%242), P ( A%y AX211), P (AX2011, AX21r42),

(2.4)

’

Pb (Ax2n+1’ Ax2n+1) Pb (Ax2n+2: Ax2n) )
A A ‘

) Pb(AernAertﬂ)*Ph(Ax2n+1vAx2n+2)} _ Pu(Ax25,A%0041) 4Py (A%21141,A%20142) >0
) 2 - 2 ’

If min{pb(Ax2n+erx2n+2
then we have pj,(Ax2,, Ax2,41) < pp(Axopy11, AXoyy2). It follows from (2.4) and the properties
of ¢ and f that

Pb (AxZVnAxZnH)

f(Pb(AmeAxZnﬂ)) Zf( )\2 ) > w(pb(Ax2n+1’Ax2n+2)1pb(Ax2mAx2n+1)r

Po(Axopi1, AXopi2), . , .

>f (Pb(AmeszMl) +pb(Ax2n+1vAx2n+2))

Pu(Axop11, A%X41) pb(Ax2n+2;Ax2n)>

2

Since f is nondecreasing, we get p,(Axa,, Ax2441) > Pu(Axop41, AX2ys2), which is a contra-
diction. Thus,

Pb (AxZn,Ax2n+l)

f(pb(szn,Ax2n+l)) Zf( 22

) > f (pp(A%201, AX2142)).

Hence, we deduce that, for each n € N, py(Ax2,41, A%on12) < pp(Axoy, AXoyer). Similarly, we
can prove that p,(Axy,, Axa,.1) < pp(Axa,_1,Axyy), for all m > 1. Therefore, {py(Ax,, Ax,i1)}
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is a decreasing sequence of nonnegative real numbers. So, there exists » > 0 such that
1im,,, 0o P (A%, A1) = 7.

From Definition 1.3(p},), we have

pb(AxnrAerZ) < pb(Axn:AerZ) +pb(Axn+1:Axn+1)

< App(Axy, Axi1) + APp(AXpi1, AXnia). (2.5)

It follows from (2.5) that {py(Ax,,Ax,2)} and {py(Ax,.1,Ax,,1)} are two bounded se-
quences. Hence, the sequence {p;(Ax,,Ax,.2)} has a subsequence {ps(Ax,, A%, 2)}
which converges to a real number o < 247, and the sequence {p;(Ax,, .1, A%y, 1)} has a
subsequence {pb(Ax,,k(l,)ﬂ,Axnkmﬂ)} which converges to a real number 8 < 2Ar. By (2.4),

we have

f Pb (AxZVlk(i) ’ Axan(i) +1)
A2

) :f(Ph(Sxan(i)H, sznk(i)+2))

>y <pb(Ax2nk(i)+1’Ax2nk(l~)+2);pb (Axan(,v) :Ax2nk(i)+1),

pb (AxZHk(i) +11Ax2rlk(t)+2),

)

Pb (sznk(i) +1> AxZ}’lk(i) +1) Pb (sznk(i) +2> sznk(i) ) )
A A '

Letting #i(;) — oo in the above inequality, by the properties of ¥ and f, we have f(r) >
f(fz) >y(r,r,r, g, %), which implies that r = 0. Hence, lim,,_, o, p(Ax,,, Ax,41) = 0.

Step 2. We show that {Ax,} is a p,-Cauchy sequence.

Indeed, we first prove that lim,,; ,_, o ps(Ax,, Ax,,) = 0. Because of (2.3), it is sufficient to
show that limy,,,—, oo P (A%, A%2,) = 0. Suppose on the contrary, then there exists ¢ > 0
for which we can find two subsequences {Axy,)} and {Axy,,} of {Ax,,} such that m(k)

is the smallest index for which

m(k) > n(k) >k,  pp(A%mp), Azny) = €, for every k. (2.6)
This means that

Po(A%omk)—2, Aony) < €. (2.7)
From (2.6), using the triangular inequality, we can see that

0 < & < pp(Ax2mr), Ax2n(k) < APp(AX2m(k), A%an)+1) + APb(AX2nk) 11, AX2(k))
and

0 < & < pp(Axom), A%onk)) < APp(AX2m(t) s AXom(t)-1) + APb(AX2m(t)-1, AXon(k))

< Ap (A%, AXoum(i)-1) + A Pb(AXom() -1, Ao 1) + AP (A% 11, AX2(y)-
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By means of (2.3), taking the lower limit as kK — oo in the above inequality, we get

e < likm iogfpb(Ame(k)rAxZn(k)) < limsup pp(AXom(k), AXon(k))- (2.8)
- k— 00
e . .
— < liminf py(AX2(k), A%2n(k)+1) < limsup pp(Axomx), A%2u(i)1)s (2.9)
A k—o00 k— 00
e .. .
IV hkm g.}fpb (A%2m(r)-1, A%2n(r)+1) < imsup py(Axm(k)-1, AX2n(k)+1)- (2.10)
- k—00

On the other hand, we have

Pi(A%an(, Axomi)-1) < App(A%on(), AXomik)-2) + APb(AX2m(k)-25 AX2m(i-1)-

With the help of (2.3) and (2.7) and taking the upper limit as k — oo in the above inequal-
ity, it is not difficult to see that

lim sup py (Axou(), AXom(y-1) < A€. (2.11)

k— o0

From (2.1), we have

Po(A%on AX2m(i)-1)
S 2

_f (Pb(szn(k)+1, Tx2m(k)) >

)\2

> <Pb (AX2(0)+1s A%2m(k) )s P (AX2n(1) 415 SH2n(k)+1)

Po(A%omir Thom))s

Po(A%200+15 Thomk))  Po(A%2m(k)s Son(k)+1) )
A ’ X

=y (pb(AxZn(k)+erx2m(k)); Pu(A%ou(0+1, A%20(k))»

Po(A%om() AX2m(i-1)5

(A% 41, AXmi)-1) pb(Ame(k)yAx%(k)))
A ’ X ‘

Now, taking upper limit as kK — oo in the above inequality, the properties of ¥/, f, and
(2.8)-(2.11) guarantee that

€ limsupy_, o, po(A%2u(k)> AX2m(k)-1)

o (imsupy_, o po(S%20(0)415 Txom(k))
_f 2

> (ﬁm inf pp(A%2n(k)+1, AX2m()), iminf py (Axos 041, A%2n(k))s
k—o0 k— o0

liminf pp (A% k), A%2m(t)-1)5
k— o0

liminfi_ o0 Po(A%2n(k)+1, AXomty—1) iminfy_, oo Pp(AXomk), A%2n(k)) )
X ’ X ’
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which implies that f($) > ¥(£,0,0, ;—3, £). Thus, ¢ = 0, a contradiction. Hence,
limy,; ;00 Pu(A%x,, Axy,) = 0, that is, {Ax,} is a pp-Cauchy sequence.

Step 3. We will show that A, S, and T have a unique common fixed point.

Since {Ax,}is a pp-Cauchy sequence in (X, p;), and thus it is also b-Cauchy sequence in
the b-metric space (X,p}) by Lemma 1.1. Since (X, pp) is pp-complete, from Lemma 1.1,
(X,p}) is also b-complete, so the sequence {Ax,} is b-convergent in the b-metric space
(X,p}). Therefore, there exists x* € X such that lim,_ . pj(Ax,,%x*) = 0. Then
1imy,; s 00 Pu (A%, Axyy) = limy,, oo pu(Ax,, x*) = pp(a™,x2*) = 0.

Since A(X) is a closed set of (X, p}), A(X) C T(X), and lim,,_, o p} (A%, x*) = 0, we get
x* € A(X) C T(X). Hence, there exists z; € X such that Tz; = x*. This together with (2.1)
ensures that

Pu(Axoy, Tz1) Pu(Sxoni1, Tz1)
f(b ;2 1>:f<b 2)"21 1)

> (pb (Axoy41,Az1 );pb (Axon11, SHo41),

pb(AZb Tzl), ’

Po(Axoni1, T21) pu(Azi, Sxopi1) )
A A

=y (pb(sznu,AZﬂ,pb (Ax2p41, A%2p),

pu(Azy, Tz1), , (2.12)

Pu(Axopi1, Tz1) Pb(AZhszn))
A A '

Since lim,,—, oo pp(Axy, x*) = pp(x*,4*) = 0 and Tz; = x*, we can find by Lemma 1.1 that

Tz, A
lim sup pp(Axy,, Tz1) = 0, liminf p,(Axyy.1,Az1) > M, (2.13)
n— 00

n— 00

Az, T:
M (2.14)

liminf py (Ax2,41, T21) = O, liminf p,(Az, Axy,) >
n— 00 n—0o0

Taking the upper limit as # — 0o in (2.12), using the properties of ¥ and f, (2.13), and
(2.14), it is clear that

0=£(0) =f(lim sup pp(Axyy, TZ1))

n—0o0

Az, T Az, T:
Z W <M: O,pb(Aer TZl)r 0; pb(iilza))>

which implies that p,(Az, Tz1) = 0. Hence, Az; = Tz; = x*. Similarly, since x* € A(X) C
S(X), there exists z, € X such that Sz, = x*, we have Az, = Sz, = x*. Hence, Az; = Azy = x™.
Since A is an injective, we get z; = z5.

Letz =z; = z9. Then Az = Sz = Tz = x*. Since A and T are weakly compatible, it is obvious
that Ax* = AAz = ATz = TAz = Tx*. By (2.1), we get

Az, Ax* Az, Ax* Sz, Tx*
f(pb( i x)) zf(pb( ; x)) =f<Pb( ; x))

> <pb (Az, Ax*), py(Az, Sz), pi (Ax", Tx"),
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’

Po(Az, Tx*) pp(Ax*, Sz)
A A

=y (pb (Az,Ax*), pp(Az, Az), pp(Ax*, Ax™),

)

Pr(Az, Ax*) pp(Ax*, Az)
A A ’

which implies that p,(Az, Ax*) = 0. Thus, Az = Ax*. Since A is an injective, we get z = x*.
Hence, Az = Sz = Tz = z, that is, z is a common fixed point of A, S, and T.

Now, we prove the uniqueness of common fixed points of A, S, and T. Suppose that
x*,y* € X such that Ax* = Sx* = Tx* = x* and Ay* = Sy* = Ty* = y*. By means of (2.1), we
have

Pu(x*,y) Pu(x*,y%) Po(Sx*, Ty*)
f( = )2f< e >:f< e )

> (pb (Ax*,Ay*),pb (Ax*, Sx*),pb (Ay*, Ty*),

’

DPo(Ax*, Ty*) pp(Ay*, Sx*)
A A

Y o () (o ), PEETYT) Py xT)
= I/I(Pb(x ) ),pb(x )X )rpb(x ,y ),Pb )L Y ,Pb(yk >’

which implies that p;,(x*, y*) = 0. Hence, x* = y*. This completes the proof. O

Remark 2.1 Let I be the identity mappings on X. Taking A =1, f(¢) = ¢, for all t € R* in
Theorem 2.1, we have the following corollary, which extends and generalizes Theorem 2.1
in [19] and Theorem 2 in [20].

Corollary 2.1 Let (X, pp) be a p,-complete partial b-metric space, S and T : X — X be two
bijective mappings. Suppose that

Sx, T
PR =y (pb<x,y>,ph<x, ), o009,

’

(%, Ty) puly, Sx))
A A ’

forallx,y € X, where € V. Then S and T have a unique common fixed point in X.
Now, in order to support the usability of our results, we present the following example.

Example 2.2 Let C[0,1] be the set of all real continuous functions defined on [0,1] and
X ={x > 6 :x € C[0,1]}. Define a partial b-metric p; : X x X — R* by

maxefo %61, ifx=y,
max;c(o,1)(x(2) + y(t))*, otherwise.

Po(x,y) = {

It is easy to see that (X, p) is a pp-complete partial b-metric space with > =3. Let A, S, T:
X — X be defined by

(Ax)(¢) = % /0 tx(s) ds, (Sx)(t) =4 /0 tx(s) ds,

Page 11 of 19
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(Tx)(t) = 7/ x(s)ds, forallxe X.
0

Then it is easy to show that all the conditions (i)-(ii) of Theorem 2.1 are satisfied. Define v :

R*®> — R*andf:R* — R* by ¥ (t1, 1, 3, ta, 5) = max{ 2 min{sy, 52}, ¢ min{ty, 5}}, f(£) = ¢.

Now, we consider following cases:
Casel.Ifx =y =6, then ‘M =0 = 2py(Ax, Ay).
Case 2. If x =y #0, then

Pu(Sx, Ty)  maxeejo (4 fot x(s) ds + 7f0ty(s) ds)?
9 9

121 t > 8 ¢ > 6
- ds| > — ds| = —pp(Ax, Ay).
5 g}ﬁ’ﬁ( /0 x(s) S> 2 fﬁﬁ,’ﬁ( /0 x(s) S) 5Pb( x,Ay)

Case 3. If x # y and 4x = 7y, then

Sx,Ty) 16 t 28 t 4 [t 2
‘M = — max / x(s)ds ) > — max / x(s)ds + —/ x(s) ds
9 9 teo,11\ Jg 15 tefo,11\ Jo 7 Jo

6
= gpb (Ax, Ay).

Case 4. If x # y and 4x # 7y, then

Pu(Sx, Ty)  maxeejo (4 fot x(s) ds + 7f0ty(s) ds)?
9 N 9

16 ! ! 2
> 5 tren[gl)lcl(/‘o x(s) ds +f0 y(s) ds)

That is,

Pi(Sx, Ty) - g

2 = gpAndy)

(Ax, Ty) py(Ay, Sx)
21/f<pb(Ax,Ay),pb(Ax,Sx),pb(Ay, Ty),ph . J ,pb )yL ,

for all %,y € X. Thus, all conditions of Theorem 2.1 are satisfied. Hence, A, S, and T have

a unique common fixed point x = 6.

Now, we state and prove some fixed point results for generalized (¢, g, /1), -weakly ex-
pansive mappings in partial b-metric spaces.

Theorem 2.2 Let (X, py) be a p,-complete partial b-metric space, A, S, and T : X — X be
three mappings satisfying the generalized (¢, g, h);-weakly expansive condition (2.2). Sup-
pose that the following conditions are satisfied:

(i) AX) C S(X), AX) C T(X), and A(X) is a closed subset of (X, pj,);

(i) A isan injective and A and T are weakly compatible.
Then A, S, and T have a unique common fixed point in X.
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Proof Let xp € X. Repeating the proof of Theorem 2.1, we know that there exists a se-
quence {Ax,} in X such that Ax,, = Sxy,,,; and Axy,,1 = Tk, forn=0,1,2,....

We will complete the proof in three steps.

Step 1. We prove that lim,,_, oo pp(Ax,, Ax,41) = 0.

Suppose first that pj(Ax,, A%,.1) = 0 for some n = ny. Then Ax,,, = Ax,,.1. In the case
that ny = 2k, then pp(Axak, Axoxi1) = 0 gives pp(Axaki1, Axoysa) = 0. Indeed, by (2.2), we
have

0 Po(A%o, Axoi1) \ — ( Po(Sx2ks1, Thokso)
_g )\’2 _g )‘12

> h(M; (Axok1, Axoii2)) + (M (Axoii1, A%oi2))s

where

0 + pu(Axops1, A%oks2) }
2 )

Pi(Axoi, Axopsz) } }
([

M (A%opi1, AXokyo) = max { min { Pu(Axoki1, AXoki2),
min { Pu(A%2ps1, AXoks2)s

Thus, ¢(M;(Axaki1,Axoxs2)) = 0, implies that py(Axori, Axoks2) = 0. Similarly, if ny =
2k + 1, then pp(Axari2, Axorss) = 0. Consequently, py(Ax,, Ax,,1) = 0 for n > ny. Hence,
limy,, o0 pp(A%p, AXyi1) = 0.

Now, suppose that p;(Ax,, Ax,.1) > 0, for each n. By (2.2), we have

Po(Axpn; Axopin) _ ([ Pb (821415 Th2142)
S )T e
> h(M; (A1, Axani2)) + G (Mo (Axoni1, A%onia)), (2.15)

where

M; (Ax2y41, AXoy40) = max { min {pb (A%2y41,A%2042),

P(A%20, A1) + Po(A%o1, AXiia) }
2 )

Pb(Ax2n+2:Ax2n) } }
— > 0.

min {pb(Ax2n+1:Ax2n+2); Y

. A A A A, A
If min{py(A%ss1, A%osa), Pb(Ax21,A%2141)+Pp (AX2n41 x2n+2)} = oA A% ) 4P (Axons1, A%ome) 0,

2 2
then we have pj,(Axy,, Ax3,41) < pp(Axoy41,AXoyen). It follows from (2.15) and the prop-
erties of ¢, g, i that
(Ax n:Ax n+ )
g(Pb(szn,szml) > g(pb 2 2l

jul h (MA (Ax2n+1 ) Ax2n+2)) + ¢> (MA (Ax2n+1; Ax2n+2))

> g (M (A1, A%osa))

(Pb (Ame Ax2n+l) + Pb (Ax2n+l: Ax2n+2) )

Page 13 0of 19
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Since g is nondecreasing, we get p,(Axy,, A%2,11) > Pu(A%oy41, AXoys2), which is a contra-
diction. Thus, M; (Ax2,41, AX2u42) > Pu(A%2141, A%242). From (2.15), using the properties
of ¢, g, h, we have

pb(AmeAxZ;Hl)

XZ ) >g(pb(Ax2n+erx2n+2))~

g(Po(Axy, Axryin)) = g(

Hence, we deduce that, for each n € N, pp(Ax,41, A%2142) < pp(AXoy, AX2y41). Similarly, we
can prove that pj,(Axy,, Ax2,41) < pp(Axo,_1,Ax,), for all n > 1. Therefore, {p;(Ax,, Axyi1)}
is a decreasing sequence of nonnegative real numbers. So, there exists » > 0 such that
lim,,, oo pu(Ax,, Ax,,1) = r. Following the proof of Theorem 2.1, we know that the sequence
{pp(A%xo, AXoyio)} has a subsequence {py (A%, , A%y, +2)} which converges to a real number
a < 2Ar. By (2.15), we get

pb(Axan:sznkﬂ) _ pb(stnkH’ Txan+2)
g )\,2 - g )\‘2

> WM (A% a1, Ao 42)) + & (Mo (A 11, Ay 12)).-

Letting 7z — o0 in the above inequality, using the properties of ¢, g, &1, we can see that

g(r) 2g<k—};) > h<max{min{r, r},min{r, % } }) + ¢(max{min{r, r},min{r, % } })

> h(r) + ¢(r),

which implies that r = 0. Therefore, lim,,_, o p(Ax,, Ax,11) = 0.

Step 2. We now show that {Ax,} is a p,-Cauchy sequence.

Indeed, we first prove that lim,,, ,,—, oo ps(Ax,,, Ax,,) = 0. Since lim,,_, o, pp(Ax,, Axy11) = 0,
it is sufficient to show that lim,, ,,—, oo ps(A%x2,, Ax2,,) = 0. Suppose on the contrary, then
there exists ¢ > 0 for which we can find two subsequences {Ax2,x)} and {Axy,,x)} of {Ax,}
such that m(k) is the smallest index, for which m(k) > n(k) > k, pp(Ax2mi), Azni)) = €, for
every k. This means that p;(Axo00-2, A2u) < €.

Repeating to the proof of Theorem 2.1, we also have (2.8)-(2.11). By means of (2.2), we
get

P ( Pi(A%00, AXmi)-1) )

P(Sx200+15 Th2m(k))
)»2

)LZ
> (M. (A%an(y+1, A%am)) + & (M (A% 41, AX2m(i)) s

(2.16)

where

M (A% 11, AXomk)) = max{ min { Pu(A%2n0)+1, AXom(i))»

DA% 41 AXon(r)) + Po(AX2m(k) AX2m(k)-1) }
2 ’

Pu(AXm(), A%2n(k)) } }

min {ph(AxZn(k)Jrl:Ame(k)), N
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Taking the lower limit as kK — o0, using (2.8), (2.9), and (2.10), it is clear that

I3 £ I3
liminf M, (A% +1, A%2m(i)) = max{min{ -0 }, min{ - = } } =—. (2.17)
k—00 A

Taking the upper limit as k — oo in (2.16), using the properties of ¢, g, /1, (2.11), and (2.17),
we obtain

& lim Supnaoopb(AxZVl(k)rAme(k)—l) & &
— > >hl| — -,
£ (A) = ( 22 =M ) %

which implies that ¢ = 0, a contradiction. Hence, we obtain lim,, ;. py(Ax,, Ax,,) = 0,

that is, {Ax,} is a p,-Cauchy sequence.

Step 3. We will show that A, S, and T have a unique common fixed point.

Since {Ax,} is a p,-Cauchy sequence in (X, pp). Similar to the proof of Theorem 2.1, we
know that there exists x* € X such that lim,,_, o p}, (A%, x*) = 0.

Since A(X) is a closed set of (X, p}), A(X) C T(X), and lim,,_, o p}, (A%, x*) = 0, we get
x* € A(X) C T(X). Hence, there exists z; € X such that Tz = x*. This together with (2.2)

ensures that

Pu(Axy, T21)
g 2

P(S%241, T21)
)\2

> h(M;(Axoni, Az1)) + (M5 (Axoni, Az1)), (2.18)

where

A VA Az, T
M (AXopi1,Az1) = max{min{pb(Ax2n+1,Az1),pb( Fanets Axn) + ol Zl)},

2

Az, Axyy,) } }

min {Ph(szmhAZl), -

Taking the upper limit as # — oo in (2.18), using the properties of ¢, g, /1, (2.13), and (2.14),

we get
0 =g(0)
- . poAz, Tz1) pu(Az1,Tz1) | . [ po(Az, Tz1) pu(Azi, Tz:)
> k[ max{min , ,min )
A 2 A A2
. | pr(Az1, Tz1) pp(Azy, Tzy) . | pr(Az, Tz1) pp(Azi, Tzy)
+ ¢ | max{ min . R ) ,min i , 2 ,

which implies that p(Az;, Tz;) = 0. Hence, Az; = Tz = x*. Similarly, since x* € A(X) C S(X),
there exists z, € X such that Sz, = x*, we have Az, = Sz, = x*. Hence, Az; = Az, = x*. Since
A is an injective, we get z; = z5.

Letz =z = zp. Then Az = Sz = Tz = x*. Since A and T are weakly compatible, it is obvious
that Ax* = AAz = ATz = TAz = Tx*. Then we can find by (2.2) that

g(pb(Az,Ax*)) _ g(pb(Sz, Tx*)

2 2 ) > h(M; (Az, Ax™)) + ¢ (M, (Az, AxY)),
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where

* *
M; (A2, Ax") = max{min {Pb (Az,Ax¥), plAr Ax') },

2
- o Pp(Ax", Az) pu(Ax*, Az)
min pb(Az,Ax ), > n )
Thus,
(PPAZAR) | (PA2AX) | (poldx'42)) | (pyldxtA2))
A A2 A A

which implies that p,(Az, Ax*) = 0. Thus, Az = Ax*. Since A is an injective, we get z = x*.
Thus, Az = Sz = Tz = z and z is a common fixed point of A, S, and T.

Now, we prove the uniqueness of common fixed points of A, S, and T. Suppose that
x*,y* € X such that Ax* = Sx* = Tx* = x* and Ay* = Sy* = Ty* = y*. By means of (2.2), we
have

g(pb(x*,y*)) :g<pb(5x*, Ty*)

5 ) o (4 ) + (447,

where

M, (Ax*, Ay*) = max{min{pb(x*,y*),pb(x X) + oy )},

2
pr(x*,y%) - prx*,y")
A - A

min {pb (x*,5%),

Hence,

pr(x*, y") pr(x*, y*) pu(x*, ") pu(x*,y")
o) 2P ) (M) o (M)

which implies that p,(x*, y*) = 0. Hence, x* = y*. This completes the proof. O

Remark 2.2 Taking g =/ in Theorem 2.2, we have the following corollary, which extends
and generalizes Theorem 2.1 in [15] and Theorem 1 in [17].

Corollary 2.2 Let (X, pp) be a py-complete partial b-metric space, A, S, and T : X — X be
three mappings. Suppose that the following conditions are satisfied:
1) AX) CcS(X), AX) C T(X), and A(X) is a closed subset of (X, p,);
(i) A is an injective and A and T are weakly compatible;
(iii) for all x,y € X, we have

pi(Sx, Ty)
o257

) > g(M(Ax, Ay)) + (M, (Ax, Ay)),

where
M; (Ax, Ay) = max{min{p,(Ax, Ay), LAZSDLDY min{p, (Ax, Ay), L2}y, o
are the same as in Definition 2.2.

Then A, S, and T have a unique common fixed point in X.
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In the sequel, we will take an example to support our results of Theorem 2.2.

Example 2.3 Let X = R*. Define a partial b-metric p; : X x X — R* by

Pu(x,y) = (max{x,y})Z, forall x,y € X.
It is easy to see that (X, p) is a pp-complete partial b-metric space with . =2. Let A, S, T :

X — X be defined by

5 1
Ax = x, Sx=Tx=—-x,/1+ ——, forallxeX.
2 1+ x2

Then it is easy to show that all the conditions (i)-(ii) of Theorem 2.2 are satisfied. Define
¢, g, h:RY — R* by g(t) = h(t) = ¢, ¢(t) = ﬁ, for all t € R*. Without loss of generality, we
assume that x < y. Then

ety e T L) (i

4 4 4

S22y Y >y + v = py(Ax, Ay) + ¢ (pi(Ax, Ay))
16 1+92)~ 1+y2 bR bR ’

That is,

(Sx, Ty)
g(’””k—ﬂ > h(polAx, 49)) + 9 (p(Ax, A9)) = h(M; (Ax, A7) + ¢(M(Ax, A),
for all x,y € X, where M, (Ax, Ay) = max{min{p;(Ax, Ay), ’w}, min{p,(Ax, Ay),
M}}. Thus, all conditions of Theorem 2.2 are satisfied. Hence, A, S, and T have a

unique common fixed point x = 0.

3 An application
In this section, we establish the existence theorem for the solutions of a class of system of
integral equations.

Consider the system of integral equations

x(t) = [ K(t,9)fi(t,5,%(5)) ds + xo(t);

x(t) = [ K(t,9)f(t, 5,%(s)) ds + x0 (D), (3.1)

for t €1=0,T], where T >0, K : I> — R" is a continuous function and fi,f> : I* x R — R
are also continuous functions.

Let X = C(I,R) be the set of all real continuous functions defined on I. We endowed X
with the partial b-metric

po(x,y) = n}g{XIx(t) -y®|" +a,

for all x,y € X, where a € R* and g > 1. It is not difficult to prove that (X,p}) is a p,-
complete partial b-metric space with coefficient A = 2971,
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Now, we define S and T : X — X by

T T
Sx(t) = / K(¢,9)fi (t, s,x(s)) ds + xo(t), Tx(t) = / K(¢,5)f> (t, s,x(s)) ds + xo(t),
0 0

forallx € X. Then x is a solution of (3.1) if and only if it is a common fixed point of S and T'.

We shall prove the existence of common fixed point of S and T under certain conditions.

Theorem 3.1 Suppose that the following hypotheses hold:

(i) there exist a continuous function G : 1> — R* and W € V such that

K(t,5)[fi(5:5,x(5) - fo(t,5,5(5)] + 7
441

po(x, Ty) pu(y, Sx))

2G(t,sw<pb(x,y),pb(x,5x),pb(y,Ty), Y=y

forallt,s € I, where K(t,s)fi(¢,s,%(s)) + 7 > K(¢,8)fa(t,5,¥(5)), forall t,s € I.
(ii) infres [, G(t,5)ds > 1.
Then the system of integral equations (3.1) has a solution x* € X.

Proof Let A = 2971, From the conditions (i) and (ii), we have

max;e [Sx(¢) — Ty(t)| + a

kz
| maXees |f0T K(t,9)fi(t,5,%(s)) ds — fOT K(t,5)f5(t,s,y(s))ds| + a
- >
_ MaXer | foT[K (&, 8)(f1(t, 5,%(5)) = fo (2,5, 9(5))) + %] ds]
> v
_ Jo IK@®9)(i(t,5,%(9) ~fo(6,5,5(5))) + § s
> v
T T S,
2/ G(t,S)Ilf(pb(x,y),pb(x,Sx),pb(y, Ty),pb(i y),pb(y/\ x)>ds
0
, 1) , S T
= 1/f<pb(x,y),pb(x,5x),pb(y, Ty),pb(i y),p bb; x)> / G(t,s)ds
0
, 1) , S,
= Iﬁ(Pb(x’y)rpb(x,Sx)be(% Ty)’pb(ji y)’Pb(& x)):

for all v,y € X. Thus, for any x,y € X, we get the inequality of Corollary 2.1. Hence, all the
hypotheses of Corollary 2.1 are satisfied. Then S and T have a common fixed point x* € X,

that is, x* is a solution of the system of integral equations (3.1). O
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