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1 Introduction
Let a, b > 0 with a # b. Then the Schwab-Borchardt mean SB(a, ) [1-3], and the Neuman
means Sy (a,b), Sap(a, b), Scala, b), and Suc(a, b) [4, 5] of a and b are given by

) 22
= b), SB(a,b) = ———
cos~1(a/b) (a<h) (@5) cosh™(a/b)

Sta(a,b) = SB[H(a,b), A(a, b)), San(a,b) = SB[A(a, b), H(a, b)),

SB(a,b) (a>b),

Scala,b) = SB[C(a, b),A(a, )], Sacla,b) = SB[A(a,b), C(a, b)),

respectively. Here, cos™!(x) and cosh™(x) = log(x + Vx2 =1) are, respectively, the inverse
cosine and inverse hyperbolic cosine functions, and H(a,b) = 2ab/(a + b), A(a,b) = (a +
b)/2, and C(a,b) = (a® + b*)/(a + b) are, respectively, the classical harmonic, arithmetic,
and contraharmonic means of a and b.

Let v=(a—b)/(a+b) € (-1,1),and p € (0,00), g € (0,7/2), r € (0,10g(2 + +/3)), and s €
(0,7/3) be the parameters such that 1/ cosh(p) = cos(q) = 1 — v? and cosh(r) = 1/ cosh(s) =

1+ v2. Then the following explicit formulas were found by Neuman [4]:

Sl b) = Aa, b)tanp%(p), Sua(a,b) = A(a, b) SinT(q), (11)
Sca(ab) = A(a, b) Sinl:(r) . Sacla,b)=A(a,b) tar;(s) . (1.2)
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Let p € [0,1] and N be a bivariate symmetric mean. Then the one-parameter bivariate

mean N,(a, b) was defined by Neuman [6] as follows:

Np(a,b):N[(1+p)a+ (1—p)b’ (1+10)1h+ (1_1”)4.
2 2 5 5

(1.3)

Recently, the Neuman means Sy, Sya, Sca, and Syc, and the one-parameter bivari-
ate mean N, have been the subject of intensive research. He et al. [7] found the great-
est values g, a3 € [0,1/2], and a3, a4 € [1/2,1], and the least values B, B> € [0,1/2], and
B3, Ba € [1/2,1] such that the double inequalities

H[ala + 1 0(1 b Ollb + (1 Oll)ﬂ] < SAH(ﬂ b) < H[,Bla + (1 ,Bl)b ,Blb + (1 /31) ]
H[Olzd + (1 Olz)b (Xzb + (1 C\!z)ll] < SHA(d b) < H[,Bzd + (1 ﬁz)b ,sz + (1 ﬁz)d]
Claza+ (1 -a3)b,asb+ (1 - Ol3)6l] <Scala,b) < C[,Bg(l + (1 -pB3)b,Bsb+ (1 - ,Bg,)a],

[
C[am +(1—-ag)b,asb +(1- a4)oz] <Sacla,b) < C[,Bm + (1= Ba)b,Bsb + (1 - /34)61]

hold for all ¢, b > 0 with a # b.
In [4, 5], Neuman proved that the inequalities

H(a,b) < Say(a,b) < L(a, b) < Syala,b) < P(a, b),
T(a,b) < Scala,b) < Qa,b) < Ssc(a,b) < C(a,b),

1 2
HY3(a,b)A*3(a, b) < Syala,b) < §H(a, b) + gA(a, b),

1 2 1.4
CY3(a, b)A*>(a,b) < Scala,b) < gcm, b) + gA(a, b), 14

1 2
AY3(a, b)H*?(a,b) < San(a,b) < §A(a, b) + gH(a, b),

1 2
AY3(a,b)C¥3(a,b) < Sac(a,b) < §A(a, b) + §C(a, b)

hold for all a,b > 0 with a # b, where L(a,b) = (a — b)/(loga — logbh), P(a,b) = (a —
b)/[2arcsin((a — b)/(a + b))], Qa,b) = \/m, and T'(a,b) = (a — b)/[2arctan((a —
b)/(a + b))] are, respectively, the logarithmic, first Seiffert, quadratic, and second Seiffert
means of ¢ and b.

Qian and Chu [8] proved that the double inequalities

a1A(a,b) + (1 — a1)G(a, b) < Syala,b) < B1A(a,b) + (1 - B1)Gl(a, b),
axA(a,b) + (1 —02)Q(a, b) < Scala, b) < B2A(a, b) + (1 - B2)Q(a, b)

hold for all a,b > 0 with a # b if and only if o3 <1/3, 1 > 7/2, ay > 1/3, and B, <

[v/210g(2 + v/3) = V3]/[(v/2 = 1) log(2 + /3)] = 0.2394 - - -, where G(a, b) = /ab is the ge-

ometric mean of a and b.
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In [9], the authors proved that the double inequalities

+
3 3
H(a,b) 2A(a,b)
< }31|: 3 + 3
|:C(a, b) 2A(a,b)
a| ———- + ——=

o |:H(a, b) 24, b)] + (1 =) H"(a, b)A*>(a, b) < Sya(a, b)

} +(1- B)H"?(a,b)A*>(a,b),

3 3
|:C(a, b) 2A(a,b)
<B2 3 + 3
[A(a, b) 2H(a,b)
o3 +
3 3
A(a,b) 2H(a,b)
< 53|: 3 + 3
|:A(a, b) 2C(a,b)
oy —— + ——
3 3

<o 252 D] 1 gt )

i| +(1- ozz)Cl/?’(a, b)A2/3(a, b) < Scala,b)

} + (1= B2)C"3(a,b)A*> (a, b),

:| + (1 —a3)AY3(a, b)H*?(a,b) < Sap(a, b)

] +(1- B3)A*(a, b)H*(a, b),

:| + (1 - aa)AY3(a, b)C*3(a, b) < Suc(a, b)

3 3

hold for all a,b > 0 with a # b if and only if oy < 4/5, 1 > 3/, a3 < 3[3/5]og(2 +4/3) -
V3132 - 4)1og(2 + /3)] = 0.7528 - - -, By > 4/5, a3 < 0, B3 > 4/5, g < 4/5, and By >
3(3v/3 - v/4m)/[(5 - 3/4)] = 0.8400 - --.
Let p,pi»qi,a;, Bj € [0,1] (i,j =1,2,...,8). Then Neuman [6, 10] proved that the inequal-

ities

Hy, (a,b) < P(a,b) < Hy, (a,b), Gp,(a,b) < P(a,b) < Gy, (a,b),

Qp3 (dr b) < T(&l, b) < Qq3 (dr b)r Cp4 (ﬂ, b) < T(ﬂ! b) < Cq4 (ﬂ, b)y

Qps(a, b) < M(a, b) < Qu(a, b), Cp(a,b) < M(a,b) < Cy(a, b),

Hy,(a,b) < L(a,b) < Hy,(a, b), Gpg(a,b) < L(a,b) < Gy l(a, b),

a1A(a, b) + (1 - a1)Gy(a, b) < Py(a, b) < BiA(a,b) + (1 - B1)G,(a, b),

a2Qp(a,b) + (1 — az)Ala, b) < Ty(a, b) < f2Qy(a,b) + (1 - B2)A(a, b),

OlSQp(ar b) + (1 - O{g)A(ﬂ, b) < Mp(ar b) < ,Bst(ﬂ; b) + (1 - ﬂg)A(ﬂ, b):

a4Aa, b) + (1 - as)Gpla, b) < Ly(a, b) < BaA(a, b) + (1 - B4)Gp(a, b),

A% (a,b) G};‘"S (a,b) < Pyla,b) < AP5(a, b) G}g’ﬂ5 (a,b),

Q¢ (a, b)A™(a,b) < Tp(a, b) < Q) (a,b)A' " (a, b),

Q) (a, b)AY™ (a,b) < Mpy(a,b) < Q§7 (a,b)AY (a, b),

A%(a, b)G;,""8 (a,b) < Ly(a,b) < AP (a, b)G};’58 (a,b),

hold foralla,b > 0 witha # bifand onlyif p; > v/1-2/7,q1 <~/6/6,p > V1-4/7?,q5 <
V313, p3 <16/12 =1, g3 > /6/3, ps < V&Im =1, q4 > /313, ps < \/l/logz(l +4/2) -1,
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45 = /313, pe < \/1/1og(1++/2) =1, g6 = v/6/6, p7 =1, g7 < /313, ps = 1, g5 < V/6/3,
a <2/, B = 2/3, 0y < (4 - m)/[(V2 = D], Bo = 2/3, a3 < [1 - log(1 + V2)I/[(V2 -
Dlog + v2)], B3 > 1/3, s = 0, Ba > 1/3, a5 < 2/3, Bs = 1, ag < 2/3, B > (4log2 —
2logm)/log2, a; < 1/3, B; > —log[log(l + +/2)]/log[cosh(log(1 + v/2))], ag < 1/3, Bs = 1,
where M(a, b) = (a — b)/[2sinh™((a — b)/(a + b))] is the Neuman-Sandor mean of z and b.

The main purpose of this paper is to present the best possible parameters py, p2, p3, pa,
41> 92, 93, qa on the interval [0,1] such that the double inequalities

Gp,(a,b) < Syala,b) < Gy (a, b), Qp,(a,b) < Scala, b) < Qy,(a, b),

Hy,(a,b) < San(a,b) < Hy,(a, b), Cp,(a,b) < Sacla, b) < Cy,(a, b)
hold for all 4, b > 0 with a # b.

2 Main results
Theorem 2.1 Let p1,q1 € [0,1]. Then the double inequality

Gp,(a,b) < Syala, b) < Gy (a, b) (2.1)

holds for all a,b > 0 with a # b if and only if py > \/6/3 and q; < /1 - 4/m2.

Proof Without loss of generality, we assume thata > b. Letv = (a—b)/(a+b), L =vv/2 — 2,
x=+/1-22and p € [0,1]. Then v, A,x € (0,1), and (1.1) and (1.3) lead to

Sialab) ~ Gy(a,b) :A(“’b)[m - «/_1—A2)}

A, b)1-p2(1-VT- )

) 2.2
arcsin(A) ) @2
where
1—x2
F(x) = VY arcsin(\/ 1- xz), (2.3)
V1-p*(1-x)
p
1
F(0) = -2, FW=o, (2.4)
1-p2 2
1—
F(x)=- A= x)f (x) , (25
241 = x2(p2x + 1 - p2)32[2(p%x + 1 — p?)32 + p2x + 2(1 — p?)x + p?]
where
fx) = —p*® + (4p° + 3p* — 4p*)x?
+(=8p° + 9p* + 4p* — 4)x + (4p° - 11p* + 12p” - 4), (2.6)
(%) = =3p*x* +2(4p°® + 3p* — 4p*)x + (-8p° + 9p* + 4p® - 4). (2.7)

We divide the discussion into two cases.

Page 4 of 11
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Case 1 p = v/6/3. Then (2.6) becomes
4 2
flx) = ﬁ(l —x)(3x% + 4 + 2). (2.8)

From (2.5) and (2.8) we clearly see that F(x) is strictly decreasing on [0,1], then (2.4)
leads to the conclusion that

F(x)>0 (2.9)

forallx € (0,1).
Therefore,

Sta(a,b) > G sg5(a, b) (2.10)

for all @, b > 0 with a # b follows from (2.2) and (2.9).
Case 2 p = v/1 —4/n2. Then numerical computations lead to

37°% —56m* + 24072 - 256
<

4p° + 3p* —4p® = — 0, (2.11)
6 o4 .o 7%+ 8% - 2407% + 512
—8p° +9p* +4p° -4 = — <0, (2.12)
7% -8t +16m% - 256
f(0)=4p® —11p* +12p* —4 = — >0, (2.13)
4(12 - 72
fQ)=4(3p*-2)= _A2-n) <0. (2.14)

T2

It follows from (2.7) and (2.11) together with (2.12) that f(x) is strictly decreasing on
[0,1]. Then inequalities (2.13) and (2.14) together with (2.5) lead to the conclusion that
there exists A; € (0,1) such that F(x) is strictly decreasing on [0, ;] and strictly increasing
on [Aq,1].

Note that inequality (2.4) becomes

F(0)=F(1)=0. (2.15)

From (2.2), (2.15), and the piecewise monotonicity of F(x) we clearly see that the in-
equality

SHa (Ll, b) < Gm(a’ b) (2.16)

holds for all @, b > 0 with a # b.

Note that
3
A) — A2 6
Jim Y 2resin’ () - £, (2.17)
220" aresin(A)v1 — /1 — A2 3
3
A) — A2 4
Jim Y Aresin” () (2.18)

= J1-—.
21 aresin(A)v/1 — +/1— A2 m?

Page 5 of 11
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Therefore, Theorem 2.1 follows from (2.10) and (2.16)-(2.18) together with the fact that
inequality (2.1) is equivalent to the inequality (2.19) as follows:

Varcsin?(1) — A2

q1 < <pi1. (2.19)
arcsin(A)v1—+/1- A2 0

Theorem 2.2 Let p,,q; € [0,1]. Then the double inequality
sz (dr b) < SCA(ﬂ, b) < qu (ﬂ, b) (220)

holds for all a,b > 0 with a # b if and only if ps < V6/3 and qr > \/3/10g2(2 + «/5) -1=
0.8542---.

Proof Without loss of generality, we assume thata > b. Letv=(a—b)/(a+b), u = vv/2 + v2,
x=+/1+p2andp € [0,1]. Thenv € (0,1), u € (0,+/3), x € (1,2), and (1.2) and (1.3) lead to

Scala,b) — Qyla,b) = Ala, b)[#l(ﬂ) - \/1 +p*(V1+p? - 1)]

A@b)1+p (/T4 - 1)

T G(x), (2.21)
where
G(x) = \/% —sinh™' (Va2 - 1),
G1)=0, G@)= fpz —log(2 ++/3), (2.22)
G(x) = (= 1) (2.23)

N 1(p2x +1— p2)32[p2a2 + 2(p2x + 1 — p2)¥2 + 2(1 - pY)x + p?]

where f(x) is defined by (2.6).
We divide the discussion into two cases.
Case 1 p = v/6/3. Then it follows from (2.6) that

fx) = —%(x -1)(3x% +4x+2) <0 (2.24)

forall x € (1,2).
Therefore,

Scala,b) > Q s53(a,b) (2.25)

for all 4, b > 0 with a # b follows easily from (2.21)-(2.24).
Case2 p = \/3/ log?(2 + v/3) — 1. Then numerical computations lead to

4p® + 3p* —4p® =0.2329--- >0, (2.26)
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—8p° +9p* +4p® —4=0.6027--- >0, (2.27)
3pt—p*—1=-01322--.<0, (2.28)
fQ)=4(3p*-2)=0.7567--- >0, (2.29)
f(2) =4p® +11p* + 4p* —12=-1.669 - -- < 0. (2.30)

It follows from (2.7) and (2.26)-(2.28) that

/(%) < =3p*** +2(4p° + 3p* — 4p®)a® + (-8p° + 9p* + 4p® — 4)x?

=4(3p* -p* - 1)x* <0 (2.31)

for x € (1,2).
Equation (2.23) and inequalities (2.29)-(2.31) lead to the conclusion that there exists
Ao € (1,2) such that G(x) is strictly decreasing on [0, A;] and strictly increasing on [A,,1].

Note that (2.22) becomes
G()=G(2)=0. (2.32)
Therefore,

Scala,b) < Q\/m(ﬂ, b) (2.33)
for all @, b > 0 with a # b follows from (2.21) and (2.32) together with the piecewise mono-
tonicity of G(x).

Note that
2 [sinh ™! (w)]? 6
lim X [sinh GO _ */?_ (2.34)
#70 Ginh () /1 + 2 =1
—Tsinh ()]
lim Y2 = [sinh 0] (2.35)

#=3 sinh~ L)/ 1+pL \/log (2+‘/_)

Therefore, Theorem 2.2 follows from (2.25) and (2.33)-(2.35) together with the fact that
inequality (2.20) is equivalent to the inequality (2.36) as follows:

2 _ [sinh™ 2
P2 < w-l W <qs. (2.36)

sinh ™ (u)y/+/1+pu2 -1 0

Theorem 2.3 Let ps,q3 € [0,1]. Then the double inequality
Hy,(a,b) < San(a,b) < Hy,(a, b) (2.37)

holds for all a,b > 0 with a # b ifand only if ps = 1 and g3 < v/6/3.

Page 7 of 11
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Proof Without loss of generality, we assume thata > b. Letv = (a—b)/(a+b), . =vv/2 — 2,
=+1-2%2and p € [0,1]. Then v, A,x € (0,1), and (1.1) and (1.3) lead to

A
SAH(“: b) —Hp(ﬂ; b) =A(6l, b)[m +p2(1 - M) - 1]
A(ab )1 - p2(1 - +/1-22)]

H , 2.38
anh () (%) (2.38)
where
/1 a2
H(x) = v tanh_l(v 1 —xz),
p*x+(1-p?)
H(1) =0, (2.39)
1-x
H'(x) = - (=), (2.40)
av1-x2[p2x+ (1 —pz)]zg
where
gx) = (p4 +p - l)x —pt+2p* -1 (2.41)
We divide the discussion into two cases.
Case 1 p = +/6/3. Then (2.41) leads to
1
glx) = _5(1 -x)<0 (2.42)
forx € (0,1).
Therefore,
Sanl(a,b) < H s5,3(a,b) (2.43)

for all @, b > 0 with a # b follows easily from (2.38)-(2.40) and (2.42).
Case 2 p = 1. Then it follows from (1.3) and (1.4) that

San(a,b) > H(a,b) = Hy(a, b) (2.44)

forall a,b > 0 with a # b.

Note that
tanh™ (1) — A 6
lim an ( )- £, (2.45)
»—0+\ tanh~! 1-12) 3
tanh™ (1) — A
lim an ( )- -1 (2.46)
tanh™! 1-12)

Therefore, Theorem 2.3 follows from (2.43)-(2.46) and the fact that inequality (2.37) is
equivalent to

<\/ tanh™— (1) — A .
anh )1 - vi-az) O 0

Page 8 of 11
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Theorem 2.4 Let ps,qs € [0,1]. Then the double inequality
Cp,(a,b) < Sacla,b) < Cyy(a, b) (2.47)

holds for all a,b > 0 with a # b if and only if py <+/ 3/3/7 -1 and qa > V6/3.

Proof Without loss of generality, we assume thata > b. Let v = (a-b)/(a+b), u = vv/2 + 2,
x=+/1+pu2andp e [0,1]. Thenv e (0,1), u € (0,+/3), x € (1,2), and (1.2) and (1.3) lead to

Sac(a,b) - Cyla, b) = A(a, b)[L P+ -1)- 1]

arctan() -

_Ala,b)[1+p*(Y1+p?-1)]

- arctan(yt) J@), (2.48)
where
x2 -1
J(x) = m - arctan( x2 — 1),
J@)=0, KD=;?1—%, (2.49)
T =~ ), (250)

x/x2 = 1[p*x + (1 - p?)]

where g(x) is defined by (2.41).
We divide the discussion into two cases.
Case 1 p = v/6/3. Then (2.41) leads to

1

gﬁ»=§w—n>0 (2.51)
forx € (1,2).
Therefore,

Sacla,b) < C s53(a,b) (2.52)

for all a4, b > 0 with a # b follows easily from (2.48)-(2.51).
Case 2 p = v/3+/3/m — 1. Then numerical computations lead to

27 -2 -34/3
prepi-1= —njﬂ Vo 0, (2.53)
9v3-5
(1) =3p> -2 = NEL I (2.54)
T

27 — 672 + 64/37
=== - C¥TT

g@2)=p* +4p* -3 = 0. (2.55)

72

From (2.41) and (2.50) together with (2.53)-(2.55) we clearly see that there exists A3 €
(1,2) such that J(x) is strictly increasing on [1, A3] and strictly decreasing on [A3,2].

Page 9 of 11
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Note that (2.49) becomes
J1)=J(2)=0. (2.56)
It follows from (2.56) and the piecewise monotonicity of J(x) that
J(x)>0 (2.57)

forallx € (1,2).

Therefore,
SAc(ﬂ, b) > C\/m(ﬂ, b) (258)
for all a,b > 0 with a # b follows from (2.48) and (2.58).
Note that
lim poarctan(n) J—g, (2.59)
u=>0"\l arctan(u)(y/1+p2-1) 3
— arct 34/3
lim p — arctan(u) V3. (2.60)

=1\ arctan(u) (/1 + u? —1) - 4

Therefore, Theorem 2.4 follows from (2.52) and (2.58)-(2.60) together with the fact that
inequality (2.47) is equivalent to

1 — arctan(u)
Pa< < 44.
arctan(u)(yv/1 + u? —1) o
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