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1 Introduction

The geometry of Banach spaces has been intensively developed during the last decades.
Nonsquareness and uniform nonsquareness are important properties in this area. Uni-
form nonsquareness implies both superreflexivity and the fixed point property (see [1, 2]
and [3]). Therefore it is natural to investigate nonsquareness properties in various classes
of Banach spaces (see [4—10]). They are also connected with the notion of James constant
(see [11-13]) which describes the measure of nonsquareness. The class of uniformly non-
square Banach spaces is strictly smaller than the class of B-convex Banach spaces. Recall
that B-convexity plays an important role in the probability (see [14]).

On the other hand, it is natural to ask whether a separated point x in a Banach func-
tion space E has some local property P whenever the whole space E does not possess this
property. This leads to the local geometry which has been deeply studied recently (see
[15-19]). The monotonicity properties of separated points have applications in best dom-
inated approximation problems in Banach lattices (see [15]). The extreme points, and SU
points play a similar role in the theory of Banach spaces.

The purpose of this paper is to characterize nonsquare points of the Lorentz space I,,,,.
We also give a criterion for a point to be nonsquare in the subspace of order continu-
ous elements (I'y,,), of I',,. Since degenerated weight functions w are admitted, such
investigations concern the most possible wide class of these spaces. Moreover, the local
approach presented in this paper required new techniques and methods (in comparison
with the global approach in [20]), which may be of independent interest.

2 Preliminaries
Let R be the set of real numbers and Sy or S(X) be the unit sphere of a real Banach
space X. Denote by L° = L°[0, «) the set of all m-equivalence classes of real-valued mea-
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surable functions defined on [0, @) with m being the Lebesgue measure on R and o =1 or
o =00.

A Banach lattice (E, || - ||g) is called a Banach function space (or a Kothe space) if it is a
sublattice of L° satisfying the following conditions:

(1) Iffel’ geEand|f] <|glae., thenf e Eand |flz <lglE

(2) There exists a strictly positive on [0,«), f € E.
The symbol E, stands for the positive cone of E, that is, E, = {x € E : x > 0}. We say that
E has the Fatou property if for any sequence (f,,) such that 0 <f, e Eforallne N, f € L°,
fu 2 f a.e.with sup, . Ifxll£ < 00, we have f € E and ||f, |l 1 IIf Il

We say that a Banach function space (E, || - ||g) is rearrangement invariant (r.i. for short)
if whenever f € L° and g € E with dr = dg, thenf € Eand ||f|£ = lIglle (see [21]). Recall that
dy stands for the distribution function of f € L°, that is, dr(A) =mft € [0,a): |[f|(£) > A} for
every A > 0. Then the nonincreasing rearrangement f* of f is defined by

FH@) =inf{x > 0: dy(3) <t

for t > 0. Given f € L°, we denote the maximal function f** of f* by

*k _1 ! *
7 (t)-;/of(s)ds.

It is well known that f* < f** and (f + g)** < f** + g** for any f,g € L° (see [22, 23] for
other properties of /* and f**).

A Banach function space E is said to be strictly monotone (E € (SM)) if foreach0 <g <f
with g # f we have ||g||z < ||flz- A point f € E, \ {0} is a point of lower monotonicity (upper
monotonicity) if for any g € E, such that g <f and g #f (respectively, f < g and g #f), we
have |iglle < |flle (respectively, ||flle < llglle). We will write shortly that f is an LM point
and UM point, respectively.

Clearly, the following assertions are equivalent:

(i) E is strictly monotone (shortly, E € (SM));
(ii) each point of E, \ {0} is a point of upper monotonicity;

(iii) each point of E, \ {0} is a point of lower monotonicity.

Definition 2.1 Let 1 < p <ooand @ =1 or & = co. Let w € L° be a nonnegative weight
function. The Lorentz space Ty, = I',,[0,a) is a subspace of functions f € L° satisfying
the following formula:

1= 1 = ( /0 a(f**)"w) e < /0 " (Y wio dt> Y

Throughout the paper, we assume that w satisfies the following conditions:

t a
/ w(s)ds < oo and f sPw(s)ds < o0
0 t

forall 0 <t <« if @ =1 and for all 0 < ¢ < & in the opposite case. These two conditions
assure that ', # {0} and (I', 4, || - ||) is a rearrangement invariant Banach function space
with the Fatou property (see [24, 25]).
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These spaces were introduced by Calderdn in [26] and are naturally related to classi-
cal Lorentz spaces A, = {f € L°: foy (f*)Pw < oo} defined by Lorentz in [27]. Obviously,
Ipw C Apyw for any 0 < p < 00 and these spaces coincide if and only if the Hardy operator
H'f = f** is bounded on A, This condition is equivalent to the so-called B, condition
related to the weight w (see [25, 28-30]). It is also worth mentioning that spaces I',,, ap-
pear naturally in the interpolation theory as a result of the Lions-Peetre K-method. These
spaces have been recently intensively investigated from both the isomorphic as well as the
isometric point of view (see [24, 25, 31]).

Definition 2.2 A point f € Sy is a point of nonsquareness (we write shortly f is an NSQ
point) provided that

min{|If +gl, If -gll} <2

for all g € Sx. A Banach space (X, || - ||) is nonsquare (X € (NSQ) for short) if each point of
Sx is an NSQ point.

Notation 2.1 For simplicity, we will sometimes use the following notations:

@ ([t [ = [uf + [f-

(b) By S(f) we denote the support of f € L°.

(©) £5(00) = limy oo f*(8) if M(S(f)) = 00,

(d) f*(o0):=0if m(S(f)) < o0.

(e) For measurable subsets A, B of R, by A = B we mean m(A + B) = 0.

Let us recall some useful properties of a nonincreasing rearrangement operator.

Lemma 2.1 ([23], Property 7°, p.64) Let f € L°[0,00). If f*(£) > f*(00), then there is a set
e:(f) with m(e,(f)) = t and

/ - [

Remark 2.1 Let f € L°[0,«) with @ = 1 or a = co. The above lemma holds (without the
assumption f*(t) > f*(00))

(a) forevery t € (0,m(Z)), where Z = {¢: |f(£)] > f*(c0)};

(b) for every t € (0,) in the case of m(S(f)) < oo.

Lemma 2.2 ([23], Property 8°, p.64) The equality

[r= s [

m(e)=t
holds for f € L°[0, c0).
Remark 2.2 Lemma 2.2 implies

/ot(f+g)*s/0tf*+f0tg*,

i.e., the subadditivity property of the maximal function.
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Remark 2.3 Let f,g € S(T',4). The inequality
(f +)™ () <f* () +g™(t) 1)
for ¢t € Z with m(Z N S(w)) > 0 implies ||f + g|| < 2. Indeed,

L) Toe [ e [ CF

The following result is a generalization of Lemma 1 from [20].

f+g
2

Lemma 2.3 Letx,y € L°\ {0}. If m(S(x) N S(y)) = 0, then
(o +9)™ (1) < 2™ () + 5™ ()

forevery 0 <t < m(S(x) U S(»)).

Proof Set
to = sup{t: (x+9)"() > (x + )" () },

with the convention sup ¥ = 0.
Since m(S(x) N S(¥)) = 0, so (x + y)*(c0) = max{x*(c0), y*(c0)}. Assume, without loss of
generality, that (x + y)*(c0) = x*(00). Clearly,

t t
/ y*>0 and f x*>0 forallt>0. 2)
0 0

Notice that for every 0 < ¢ < £; if £y < 0o and for every 0 < £ < £y if £y = 00, by Lemma 1 in
[20], we have

t t t
/(x+y)*</ x*+/y* iftg > 0. 3)
0 0 0

Moreover, if £y < 00, then for £y < £ < m(S(x) U S(y)),

/ttx*(s)ds+/tty*(s)dsz /ttx*(oo)ds+/tty*(s)ds

=/tt(x+y)*(oo)ds+/ty*(s)ds

0 to

- / v ds s f s

0 to

> f (e +9)"(s)ds @)

0

since (x + y)*(s) = (x + y)*(c0) for every s > ty.
If to > O then, by (3) and (4), we get

t t t
/(x+y)*</x*+/y*
0 0 0

for 0 < ¢t < m(S(x) US(y)).


http://www.journalofinequalitiesandapplications.com/content/2014/1/467

Kolwicz and Panfil Journal of Inequalities and Applications 2014, 2014:467 Page 5 of 23
http://www.journalofinequalitiesandapplications.com/content/2014/1/467

If £y = 0 then, by (2) and (4), we have

/Otx*(s)ds+ /Oty*(s)dsz /ot(x +9)*(s)ds + /Oty*(s)ds> /Ot(x +9)*(s)ds
for 0 < £t < m(S(x) US(y)). O

Remark 2.4 Let x € L°\ {0} and C = {¢: |x(£)| > x*(00)}. Then x* is constant on (0, c0) if
and only if m(C) = 0.

Proof Clearly, m(C) = mf{t: x*(¢) > x*(0c0)} and x*(¢) > x*(o0) for all £ > 0. Therefore
m(C) = 0 is equivalent to x* = a(o,-0) for some a > 0. O

Theorem 2.1 Let E be a symmetric Banach function space, x € S(E) and C = {t: |x(t)| >
x*(00)}. If x is an NSQ point, then m(C) > 0.

Proof Assume m(C) = 0. By Remark 2.4, x*(t) = x*(0c0) = a > 0 for every ¢ > 0. Thus
d,(0) = oo for every 0 < 0 < x*(00) and d,(f) = 0 for every 6 > x*(00). Moreover, ev-
ery function of the type y = +x*(00) xz with m(Z) = co is equimeasurable with x since
dy(0) = m(Z) = oo for every 0 < 0 < x*(c0) and d,(9) = 0 for every 6 > x*(c0). Therefore
Iyl = llxll.

Denote
A:{t: ‘x(t)|=x*(oo)}, B:{t:0<’x(t)|<x*(oo)}.
Case L. Suppose m(A) = oo and denote

A+={teA:x(t)>0}, A_={teA:x(t)<0}.

If m(A,) = oo, then take A' and A? such that A, = Al UA?, Al N A% = ¢ and m(A!) =
m(A?) = co. Define

y= x*(OO)XAﬁr - x*(OO)XAgr.
Thus
(®+9)" = (x—y)" =24,
whence ||x + y|| = ||x — y|| = 2||x]|, i.e., x is not an NSQ point. The case m(A_) = co goes
analogously.
Case II. Let m(A) < oo and m(B) = co. Define

B+={teB:x(t)>0}, B_={teB:x(t)<O}.

Note that either dy,, (9) =00 forall 0 <6 <x*(00) or dyy, (¢) =00 forall 0 <6 <x*(c0),
since in the opposite case there are 01,0, < x*(00) that

Aayg, (61) <00 and  dyy, (62) < 00.


http://www.journalofinequalitiesandapplications.com/content/2014/1/467

Kolwicz and Panfil Journal of Inequalities and Applications 2014, 2014:467
http://www.journalofinequalitiesandapplications.com/content/2014/1/467

Thus, taking 6y = max{6;,06,}, we get

Ay (00) = diyy, (00) + diyy_(00) < 00,
whence

d(00) = iy, (60) + dyy (Bo) < 00,

a contradiction.

Without loss of generality, we may assume dy,, (¢) = 0o forall0 <6 <x*(c0).Forn €N,

let
1 1
B, = {t €B,: (1 - —>x*(oo) <x(t) < <1 - —)x*(oo)},
n n+1

and note | J,, B, = B, B,NB,, = forall n,m € Nand n # m. Let B.,, B2 satisfy B, = B, UBZ,
m(Bl) = m(B2), and B, N B2 = . Denote

D=\ JB, and D,=|JB.
Notice D; N Dy = @, D; UD, = B, and m(D;) = m(D,) = co. We claim that
Ay, (0)=0c0 and dyp, ) =00 (5)

for all 0 < 6 < x*(00). If there exists 0 < 6y < x*(00) such that dxxDl (6p) < 00, then take ng
satisfying (1 — 1/n9)x*(00) < 6y < (1 —1/(ng + 1))x*(00). Thus

00 > dyy,, ((1— 1 )x*(oo)) =m{teD1:x(t)> ((1— 1 )x*(oo))}
1 }’lo+1 I’lo+1
1
:m( U BL) :m< U Bﬁ) :d"XD2((1_nO+1>x*(oo)>'

n=ng+1 n=np+1

Therefore dyy, ((1—1/(n9 +1))x*(00)) < 00, a contradiction. The case dxXDz (6p) < 00 is
analogous, which proves claim (5).
Let y = x*(00) xp, —%*(00) xp,. Then, for all 0 < 6 < x*(c0), we have

(%)(t) >9} zm{teDlz ‘(’%)(t) >9}

X(t) +47(00) >9} =m{t € Dy: x(t) > 260 —x*(00) }

d(x+y)/2(9) = m{t:

= m{t €D
= dxxpl (90) =00,
where 6y = max{0, 260 — x*(00)} < x*(00), since xxp, > 0 and m(D;) = co. Analogously, for
0 <8 <x™(00), d(x—y)2(0) = dixyp, (60) = 00.

Obviously, by assumption that m(C) = 0, [x(£)| < x*(c0) and |y(¢)| < x*(00). Thus

xty

< x*(00),

Page 6 of 23
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whence d,1,)2(0) = d,(9) = 0 for every 6 > x*(c0). Therefore (xzﬂ)* =x*, whence x is not
an NSQ point. g

In the sequel we will use the following notations:

y =inf{t: m(S(w) N (t,)) =0} witha =1ora = o0,

B = sup{t: m(S(w) nJo, t)) = 0},
with the convention inf@ = «, sup@ = 0.

Theorem 2.2 Letx € S(T'y,,). If x is an NSQ point, then
(i) x* is not constant on (0,2y) if o = oo,
(i) «* is not constant on (0,2y) ifa =1 and y <1/2,
where y is defined in (6).

Proof The case y = oo follows from Remark 2.4 and Theorem 2.1.

Consider y < oo if @ = 00 or y <1/2 if a = 1. For the contrary, assume that x* x(o2,) =
ax,2y) forsomea > 0.Let C = {¢: |x(t)| > x*(00)}. Then, in the case of & = 00, Theorem 2.1
implies m(C) > 2y. Thus a > x*(00). By Lemma 2.1, there are disjoint sets e; and e, both of
measure y, such that [ x* = fel lx| and f;y * = fez |x|. Moreover, e; Ue, C Cand |x(¢)| = 4
for t € e; U ey. Taking y = xxe; — XXey» We get ¥ X(0,2) = X" X(0,2y) and (x + ¥)* x(0,) = (x —
Y X0,y) = 25* X(0,y)- Since m(S(w) N (y,@)) = 0, then ||x £+ y|| = 2||x]|, i.e., x is not an NSQ
point. |

Theorem 2.3 Ifx € S(T'y,,) is an NSQ point, then m(S(x)) > B, where B is defined in (6).

Proof Suppose m(S(x)) < 8. This means 8 > 0. Take a = B — m(S(x)), y = bxa, where
m(A) =a, ANS(x) =@, and b = %foﬁx*. Then y*(8) = x**(B) and ||’%|| = ||lx|| since

(V" (B) = § [ CF) = 5 (g 2"+ J§ ) =2 (B). O

Theorem 2.4 Let x € S(I'y,,[0,00)), B and y are as in (6), and let the weight function be
such that y = oo. The function x is an NSQ point if and only if m(S(x)) > B and x* is not
constant on (0, 00).

Proof Necessity. It follows from Theorems 2.2 and 2.3.

Sufficiency. Lety € S(I',,[0,00)). If m(S(x) N S(y)) = 0 then, by Lemma 2.3, (x + y)**(¢) <
x**(t) + y**(¢) for all £ € (0, m(S(x) U S(y))). Since m(S(x)) > B, so m(S(w) N (B, m(S(x) U
S(»)))) > 0, whence ||x + y|| < 2 (see Remark 2.3 and the definition of B), i.e., x is not an
NSQ point.

Now assume m(S(x) N S(y)) > 0. Denote

Alz{telz x(t)y(t)>0}, Ay = {tel:x(t)y(t)<0},

Az = {t el: x(t)y() = 0 and |x(t)| + |y(t)| > O}.
We have

m(A1 UA2) > 0. (8)
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Obviously,
A;NA;j=0 fori#jandije{l,2,3} 9)

We will consider the following pairwise independent cases.
Case L (|x] + |y])*(c0) = 0.
Case IL. (x| + [y])*(c0) > 0.
Case II.A. There is £y > 0 such that (x + y)*(¢0) < (|x| + [y])*(¢t0), or there is & > 0
with (x — 3)*(t1) < (1% + [y1)*(21).
Case ILB. For every £ > 0, (x + 9)*(t) = (x — 9)*(t) = (|x] + |y])*(2).
Now let us discuss all the cases.
Proof of Case 1. Since (x| + |y])*(0c0) = 0 and y = oo, then |x| + |y| satisfies the conditions
(i) and (ii) of Theorem 3.1 in [15], whence |x| + |y| is an LM point. Moreover, by (8), at least
one of the following inequalities holds:

(x +9) x4, < (|x| + |y|))(A2 or (x—)xa4 < (|x| + |y|))(A1.
Since |x £ y| < |x| + |y|, one of the following inequalities holds:
e+ 1l < [l + 191 ]| < lell + 1yl =2 or fle =yl < [[lal + Iyl < llxll + liyll = 2.
Proof of Case 11.A. Assume that there exists £y > 0 such that (x + y)*(¢) < (x| + [y])*(Zo)-
Since |x £ y| < |x| + |y], so (x £ y)* < (Jx] + |y])*. By the right continuity of nonincreasing

rearrangement function, there exists § > £y such that (x + ¥)*(¢) < (|| + [y])*(¢) for all ¢ €
(to,8). Therefore,

/0 ey < /0 (Il + 1)’

for t > ty. It is clear that fot(|x| +y)* < fot x* + foty* (see Remark 2.2), whence
(2 +3)™(8) <x™ (@) + ¥y (2)
for every t > £y. Since m(S(w) N (£, 00)) > 0, so ||x + y|| <2 (see Remark 2.3).
Notice, if there is t; > 0 such that (x — y)*(¢y) < (|x| + |[y])*(¢1), then analogous reasoning

gives ||x —y|| < 2.
Proof of Case I11.B. Assume

(x+9)*(8) = (x =) (@) = (I« + 1y1) " (@) (10)

for every t > 0. Consequently,

(x £ )*(00) = (Jx] + 1y1)"(00). (11)

Denote

to = sup{t: (x| + [y])"@®) > (Ix[ + |y]) " (c0)}.

Page 8 of 23
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(a) Suppose £y = co. Then
(|x| + |y|)*x(“m) and (x £ ¥)* x(4,00) are not constant for every a > 0. (12)
By (12), there is 0 < #; < oo satisfying

@+ () < lim @ +)' () (13)

for every ¢ > t;. An analogous inequality holds for (x — )* and (x| + |y|)*. Take the sets B,,
B_, By of measure #; such that

41 n
/(x+y)*: lx + yl, /(x—y)*= lx =yl
0 B 0 B_

51
/(M+M)=/IM+M
0 Bo

(see Lemma 2.1). Clearly, by the definition of #; and equimeasurability of a function and

its nonincreasing rearrangement, we get

By ={t: [ +»)(®)] > (x+ )" &)},
B_={t: |@-»)@)| > x—=»)*(@)},
Bo = {t: (x| + 17)@®) > (|l + Iyl)"(82)}.
Let
B, =B,NA, B =B_NA, By =ByNA; forief{l,2,3} (14)

(see notation (7)). By |x & y| x4, = (%] + |¥]) x4, (10), (11) and (13),

B3=B’=B}. (15)
Analogously, the equality |x + y| x4, = (Ix] + |[¥]) x4, gives

B! =B,
and |x — y|xa, = (Ix] + [y]) xa, yields

B> =B2.

We claim that m(B?) = m(B') = 0. Indeed, if m(B?) > 0, then by Lemma 2.2 and (10), we

get
5]
/(x+y)*= Ix+y|=<f +f )|x+y|
0 By B2 JBluBd
t N 5]
<(/+f )ﬂ+m= b= [ ebl) = [
B2 JBlup3 By 0 0

a contradiction. Analogous reasoning goes for m(Bt) > 0, which proves the claim.
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Moreover, the above arguments and (9) imply m(B3) = m(B}) = 0, since
m(B} UB3}) =m(B,) = m(B,) = m(By UB; UB;) =m(B, UBj UB?)
and
m(B> UB?) =m(B_) = m(Bo) = m(By UBj UB}) =m(By UB> UB?).
Thus B, = B3, whence (15) implies m(B!) = m(B2) = 0. Summarizing, we get
By =B, =B_CAs. (16)

For 0 < t < t; there exists a set B, (t) of measure ¢ such that

t
/<x+y>*=/ |x+y|=f |x|+/ W,
0 B.(2) B (t) B, (t)

T

where

Bi(t)=B,(t)NS(x) and B(t)=B.()NSH).

+

We have B, (t) = B%(t) U B’.(¢) and, by (16), m(B% N B%) = 0. By the above argumentation,
together with Lemma 2.2 and m(S(x) US(y)) = 00, at least one of the following inequalities
holds:

m(B% (£)) t m(B () t
/ |x|§/ x*</ x* or / |y|§/ y*</ y*
B (1) 0 0 B(1) 0 0

for 0 <¢ <. Thus, forevery 0 <t <1,

/Ot(x+y)* < /Otx* + /Oty*. 17)

By (12), we may find a sequence (¢,), ¢, — 00, such that inequality (13) is satisfied for
each t,,. Similarly as above, we conclude inequality (17) with ¢, instead of t;. Consequently,
(17) holds for all £ > 0. This means |x + y|| <2 (see Remark 2.3).

(b) Assume 0 < ty < 0o and take the sets B,, B_, By of measure tq such that

to to
/ x+y) =] lx+yl, / (x—y)*=/ lx = y1,
0 B 0 B_
to N
f (Il + 1y1) =/ | + 11
0 By

(see Lemma 2.1). Clearly, by the definition of ¢, and equimeasurability of a function and
its nonincreasing rearrangement, we get

B, = {t: [ +2)(0)] > (x +3)"(00)),

B_={t: |x=2)®)]> (x - (c0)},

Bo = {t: (Ix] + Iy1) () > (Il + 191)" (00) .

Page 10 of 23
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Let B., B' and B} for i € {1,2,3} be defined as in (14). By |x £ y| x4, = (|x] + [¥]) 45, (10)
and (11) we conclude (15). Moreover, similarly as above, we get (17) for £, instead of ;.
Moreover, by the definition of £, for every ¢ > t,

/tot(xiy)* = _/ (Il + [y1)" =/tt(|x| +1y1)"(c0)

t
Lo 0
t t t t
5/ x*(oo)+/ y*(oo)s/ x*+/ ¥
to to to to

Finally, by (17) and the above inequality, we get

t t t
f(x+y)*<fx*+/y*
0 0 0

for every ¢ > 0. Therefore, ||x + y|| <2 (see Remark 2.3).
(c) Suppose ty =0, i.e.,

(r9)" X000 = (151 + 1¥1) X(0.00) = (%] + [¥1) " (00) X(0,00) = @X0.00
for some a > 0. Notice m(C) > 0. Then, for every 0 < ¢ < m(C), we have

(Il + 1y1)"(8) = (Ix1 + 191) " (00) < &™(00) + ¥ (00) < &™(£) + 5" (2).
Additionally, for all £ > 0,

(Il + 191)"(2) = (1] + [y1) " (00) < x*(00) + y*(00) <x*(£) +¥*(£).

Since y = 0o and (|x| + |y|)* satisfies the conditions (i) and (ii) of Theorem 3.2 in [15], so
(lx| + |y])* is a UM point. Thus ||(|x] + [y])*| < |lx* + y*||. Therefore,

e+ yll = | (el + 191) || < [l + 97| < %] + o] = el + I,
which finishes the proof. d

Theorem 2.5 An element x € S(T'p,,[0,1)) is an NSQ point if and only if m(S(x)) > B and,
if y <1/2, x* is not constant on [0,2y], where 8 and y are defined in (6).

Proof Necessity. It follows from Theorems 2.2 and 2.3.

Sufficiency. Let y € S(I',,[0,00)). If x and y have disjoint supports, then, by Lemma 1
in [20], (x + y)™(£) < 2™ () + y**(¢) for all £ € (0,m(S(x) U S(y))). Since m(S(x)) > B, so
m(S(w) N (B, m(S(x) US(»)))) >0, whence ||x + y| <2 (see Remark 2.3).

Assume that x and y have not disjoint supports, i.e.,

m(4; UA,) >0, (18)

where

A= {t €(0,1): x(t)y(¢) > 0}, Ay = {t €(0,1): x(t)y(¢) < 0}, 1)
19
Az = {t €(0,1): x(t)y(t) = 0 and |x(t)| + !y(t)| > O}.
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A. Assume m(S(|x| + |y|)) < y.By Theorem 3.1 in [15], |x| + |y| is an LM point. By (18),
at least one of the inequalities holds:

o+ ¥l xa, < (161 + 7)) xay 0o |x=ylxa; < (1] + ¥1) xay-

Obviously, |x & y| < |x| + |y|, whence at least one of the inequalities holds: ||x + y|| < |||x| +
=< llxll + Iyl or llx = yIl < [Hx| + Iyl < [l + [yl

B. Suppose
m(S(IxI + Iyl)) >y, (20)

Denote the sets B,, B_, By, B, B, of measure y satisfying

/Oy(x+y)*=/3+ %+ 1, /Oy(x—y)*=/3_ %=yl

(21)
y . v v,
[eny = [wem [w=fw [r-[ 0
0 Bo 0 By 0 By
(see Lemma 2.1 and Remark 2.1). Notice
A;NA;j=0 fori#jandije{l,2,3} (22)

Moreover,
A1 UA, CS(x), AIUA2CS()1), 8(|x|+|y|)=A1UA2 UAs.

Consider the following cases.
Case L. There is £y € (0, y) such that (x + y)*(¢5) < (|x| + |y])*(to), or there is ; € (0,y)
such that (x — ) (&) < (121 + y))* (4.
Case IL. (x + y)*(£) = (x — »)*(£) = (|=| + [y])*(¢) for all £ € (0, y).
Case IL1. m(B, N A3z) >0 or m(B_ NA3) > 0.
Case I1.1.A. S(y) = B, N Ay or S(x) = B, NA;.
Case I1.1.B. S(x) 2 B, NA; and S(y) 2 B, NA;.
Case I1.2. m(B, NA3) =0 and m(B_ N A3) =0.
Now let us discuss all the cases.
Proof of Case 1. Assume that there is ¢y, € (0, ) such that (x + y)*(¢) < (x| + [y])*(%0).
Since (x £ y) < |x| + |y| so (x £ ¥)* < (|x| + |y|)*. By the right continuity of nonincreasing
rearrangement, there is § > £y such that (x+y)*(¢) < (Jx| + [y|)*(¢) for all £ € (¢, §). Therefore,

f0t<x+y>* < /Ot(m )’

for t € (¢, y). It is clear that fot(lx| +y)* < Otx* + Oty* (see Remark 2.2), whence
(e + )™ () <x™ () + y™(2)

for every t € (ty, y). By the definition of y, m(S(w) N (ty,y)) > 0, so ||x + y|| < 2 (see Re-
mark 2.3).
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Notice, if there is £y € (0, y) that (x — y)*(¢) < (|x| + |y])*(to), then analogous reasoning
gives ||x —y|| < 2.
Proof of Case 11. Suppose

(x+9)"(6) = (x=)"(0) = (Ix + yl)" @) (23)
for every t € (0, ). Condition (23) implies
m(B, NA;)=0 and m(B_NA;) =0, (24)

since otherwise if, for example, m(B, N A3) > 0, then, by S(x +y) C A; UA; U A3,

Y
/ (x+y)*:/ |x+y|=/ |x+yl+/ x| + [yl
0 B, ByNAy B4N(A]UA3)

%

*

</ | + [yl +/ el + [yl = [ |x[+ [yl Sf (Il + 1y1)"
B,NAj B,N(A1UA3) B, 0

a contradiction with (23).
Notice

min{m(S(x+y)), m(Sx-y)} >y (25)

by (20) and (23).
Case IL1. Assume m(B, N A3) > 0. Then m(B,) = y implies

m(B, NAy) <y. (26)

By (24), we have

Y
/(x+y)*:/ |x+y|=f |x+y|+/ e+ 9]
0 B, B.NA3 B,NA,

- f ] + / ] + / %] + . 27)
BiNA3NS(x) BiNA3NS(y) BiNA;

Case IL.1.A. Assume S(y) = B, N A;. Then m(S(y)) < ¥ by (26), and S(y) = A; since A; C
S(»). Thus

Az C Sx), m(A,) =0,

/ pi=0 and [ pi= [ i 28)
B,NA3NS(y) BiNAp By
Moreover, by (20) and S(|x| + [y]) = A1 U A3 = S(x), we get m(S(x)) > y.

We claim that

f || +/ el < |« (29)
B,NA3NS (%) B.NAp By
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Assume for the contrary that fB+ﬂAgﬂS(x) lx] + meAl x| = fo lx|. By (27) and (28),

/Oy(x+y)*=f3x|x|+/3 |y|=[0yx*+foyy*. (30)

Moreover, by (24) and m(A;) = 0, we get B_N(S(x—y)) C A3 C S(x). Furthermore, by (21)
and (23), we get

Y Y Y Y Y
/(x+y)*:/ (e )" = |x—y|=/ les/ x*</ x*+/ ¥,
0 0 B_ _ 0 0 0

a contradiction with (30). This proves claim (29). Therefore, (27), (28), (29) imply foy (x+
y)* < foy X+ foy y*, which finishes the proof (see Remark 2.3 and the definition of y).
It is clear that analogous reasoning holds for the case of S(x) = B, N A;.
Case IL.1.B. Assume S(x) 2 B, NA; and S(y) 2 B, NA;. Then
m(S(x)) >m(B, NA;) and m(S(y)) > m(B, NA). (31)

We claim that at least one of inequalities (32) or (33) holds,

f [yl + / yl<{ Iyl (32)
ByNA3NS(y) B NA; B,

/ n] + / < [l (33)
BiNA3NS(x) BiNAp By

If m(B, NA3NS(y) =0 or m(B, N A3 NS(x)) =0, then, by (26) and (31), we get (32) or
(33), respectively.
If m(B, NA3NS(x)) >0 and m(B, N A3 NS(y)) >0, then
m(B,NSx) <y and m(B,NSH)<y. (34)

Assume for the contrary that (32) and (33) do not hold, i.e.,

/ 1yl = f by and / wl = [ (35)
B,N[A1UA3NS(»))] By B.N[A1U(A3NS (x))] By

The equality S(y) = A, UA, U (45 N S(3)) and (24) imply

B.NS®) =B, N[A1UA,U(43NS®))] =B, N[AU (435N SW))],
and analogously we get

B,NS(x)=B,N[AU(A3NS®))].

Therefore, by (35), we have

Y
/ IyI:/ |y|=/|y|=/ ¥
B.NS() B.N[A1U(A3NS ()] B, 0
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and

Y
/ |x|:f |x|=/ |x|=/ .
B.NS() B N[AU(A3NS ()] By 0

Thus by (34), S(x) C B, and S(y) C B,, whence S(|x| + |y|) C B,. Since m(B,) = y, we get
a contradiction with (20). This proves that (32) or (33) holds.

Finally, by (27) and (32) or (33), we get foy (x+y)* < Oy x* + Oy y*, which finishes the
proof (see Remark 2.3 and the definition of y).

Considering the case of m(B_ N A3) > 0, we may follow analogously but with element

(x —y)*.
Case I1.2. Suppose m(B, N A3) = 0 and m(B_ N Asz) = 0. Then, by (24),

B.NSx+y)CA; and B_NSx-y)CA,. (36)
We claim that m(4;) > y and m(4;) > y. If m(4;) < y, then m(B, N S(x +y)) < y, whence
m(S(x+y)) < y by the definition of set B,, a contradiction with (25). The case of m(4;) < y

goes analogously and proves the claim.
By (22), y <1/2 and m(S(x)) > 2y. Since x* is not constant on (0,2y), then

2y Y
/ x* <2/ x*.
0 0

Conditions (36) imply (B, NS(x +y)) N (B_ N S(x —y)) = @. Consequently,

2y 1%
/ |x|+f |x|§/ x*<2/ X
BiNS(x+y) B_NS(x-y) 0 0

Thus

% %
/ |x| </ x* or / || </ x*.
BiNS(x+y) 0 B_NS(x-y) 0

Finally, by (36), one of the following holds:

Y 14 14
[wsr=[  wen= [ epi< [we [Ty
0 BiNS(x+y) BiNS(x+y) 0 0
Y 14 14
[a=[ west= [ wewi< [as [y
0 B_NS(x-y) B_NS(x-y) 0 0

which finishes the proof (see Remark 2.3 and the definition of ). O

or

Below we present some modification of Lemma 2.1 from [15].

Lemma 2.4 Let x,y € L° satisfy |x| < |y, |x(t)| < |y(t)| for t € A, m(A) > 0 and |y(t)| >
x*(00) for every t € A. Then there is a set B of positive measure such that x*(t) < y*(¢) for
teB.


http://www.journalofinequalitiesandapplications.com/content/2014/1/467

Kolwicz and Panfil Journal of Inequalities and Applications 2014, 2014:467 Page 16 of 23
http://www.journalofinequalitiesandapplications.com/content/2014/1/467

Proof Denote D = {t: 0 < |x(£)| < x*(c0)}. The case of m(D) = 0 is done in Lemma 2.1 in
[15]. Assume m(D) > 0. Thus x*(0c0) > 0. Define

X=lxlxnp +x"(00)xp and ¥ =I|ylxnp + [¥Ixp, +%7(00) XDy

where Dy = {t € D: |y(£)| < x*(00)}, Dy = D\ Dy.

Then x and x as well as y and y are equimeasurable. Since x and y satisfy the assumptions
of Lemma 2.1 in [15], there is a set B with m(B) > 0 such that x*(¢) = x*(¢t) < y*(¢) = y*(¢) for
teB. 0

Theorem 2.6 Letx € S(I',,,,[0,00)), B and y are as in (6), and let the weight function be
such that y < co. Then x is an NSQ point if and only if m(S(x)) > B and x* is not constant
on (0,2y).

Proof Necessity. It follows from Theorems 2.2 and 2.3.

Sufficiency. Lety € S(T',). If m(S(x)NS(y)) = 0, then by Lemma 2.3, (x+y)**(£) < x™(¢) +
y**(¢) for all £ € (0, m(S(x) US(y))). Since m(S(x)) > B, so m(S(w) N (B, m(S(x) US(¥)))) >
0, whence ||x + y|| <2 (see Remark 2.3 and the definition of ).

Denote

A= {t €(0,1): x(t)y(¢) > 0}, Ay = {t €(0,1): x(t)y(¢) < 0},

Az ={t€(0,1): x(t)y(¢) = 0 and |x(0)] + |y@®)| > 0}, 7
and assume

m(A; UA) > 0. (38)
Obviously,

AiNAj=¢ fori#jandije(1,2,3). (39)

A. Assume m(S(|x| + [y])) < y. We follow as in the proof of Theorem 2.5, Case A.
B. Suppose

m(S(Ix + 1yl)) > y. (40)

Consider the following cases (for the definitions of s, s,, s_, B, and B_ see (43) and (45)
below).
Case L. There is £y € (0, y) such that (x + y)*(¢0) < (|x| + [y])*(¢t0), or there is ; € (0,y)
such that (x — )*(t1) < (%] + [y])*(#1).
Case IL. (x + )*(£) = (x — »)*(£) = (|=| + [y])*(¢) for all £ € (0, p).
CasellLA.sp=0ors, =0ors_=0.
Case II.LB.sp >0 and s, >0 and s_ > 0.
CaseIl.B.a. so <y.
Case II1.B.a.1. m(B, N A3) >0 or m(B_ NA3) > 0.
Case IL.B.a.1.A. S(y) = B, N A or S(x) = B, NA;.
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Case [1.B.a.1.B. S(x) 2 B, NA; and S(y) 2 B, NA;.
CaseIl.B.a.2. m(B, NA3) =0 and m(B_NA3) =0.
Case II. B.a.2.A. x* or y* is not constant on (0, 2sp).
Case II. B.a.2.B. ™ x(0,259) = @ > 0 and y* x(0,25) = & > 0.
Case ILB.b. s > y.
Now let us discuss all the cases.

Proof of Case 1. The proof is the same as that of Theorem 2.5, Case B.1.
Proof of Case I1. Suppose

@+ ) @) = @ =" = (1= + 1)) ") (41)
for every t € (0, y). Notice
min{m(S(x+y)), m(Sx-)} >y (42)

by (40) and (41).
Denote

so =sup{t: (Ixl + |y1) (@) > (Ix] + 1) (00) },
s, =sup{t: (x+9)* () > (x +)*(00)}, (43)
s = sup{t: (=) () > (€ — )" (o9)}.

Case ILA.

(a) Assume sg = 0, i.e., for every £ > 0, (x| + [y])*(t) = (|x| + |y])*(00) = a > 0. Since x* is

not constant on (0,2y), so by Remark 2.4, m(C) > 0, where C = {¢: |x(£)| > x*(c0)}. Thus,
for every 0 < £t < m(C),

(Il + [1)"(®) = (1] + [y1)"(00) < &*(00) +y*(00) < x*(£) + ¥*(2).
Additionally, for all £ > 0,
(Il + 191)7(®) = (1] + [y1)"(00) < &*(00) +y*(00) < &*(£) + y*(2).

Since (]x| + |y|)* is constant on (0, 00), so it satisfies the conditions (i) and (ii) of Theo-
rem 3.2 in [15]. Thus (|x| + |y])* is a UM point, whence ||(|x| + |y|)*|| < [[x* + y*||. Finally,

e+ 1 < 1l + Iyl = [ (el + 191) 7] < o+ 97| < ]| + " | = Dl + iy,
which finishes the proof.
(b) Assume s, = 0. By (42), for every ¢ > 0, (x + )*(t) = (x + y)*(00) = a > 0. By (41) and
(x +9)"(00) < (Ix| + [y1)*(00),

@+ @) = (xl +1y) () =a

for all £ > 0, whence sp = 0. The rest of the proof goes as in (a).
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(c) If s_ = 0, then analogous reasoning as in (b) goes for element (x — y)*.
Case I1.B. Suppose sp > 0 and s, > 0 and s_ > 0. Clearly,

min{s,,s_} > min{sg, ¥} (44)
by (41) and
(e 9)"(00) = (Jal + Iy1)"(00) < (Il + Iy1) " (8) = (x £ 9)"(2)
for all ¢ € (0, min{sg, y}).
Case II.B.a. Assume sy < y. Then (|x| + |y|)*(c0) > 0, since the opposite case (40) implies

So> Y.
By Lemma 2.1 and Remark 2.1, we find the sets B,, B_, By of measure s, satisfying

S0
/ x+y) =] lx+yl,
0

B,
/oso(x—w*:/& ) (45)
/Oso(m )" = fB ¢l + .

Clearly, by (44) and s < y, the sets B, and B_ are well defined.
Condition (41) implies

m(B, NA;)=0 and m(B_NA;)=0, (46)

since otherwise if, for example, m(B, N A3) > 0, then, by S(x +y) C A; UA, U A3,

S0
/ (x+y)* = Ix+y|=/ |x+y|+f x| + [yl
0 B, B,NAjy B.N(A]UA3)

</ |x|+|y|+/ %] + Iy
BiNAy BiN(A1UA3)

S0
= lxl+lyl < / (Il + Iy1)",
0

B,

a contradiction with (41).
Case I1.B.a.1. Assume m(B; N A3) > 0. Then m(B,) = s implies

m(B+ ﬂAl) < $p. (47)

By (46), we have

50
/ (6 +y)" = |x+y|=/ |x+y|+f x4+ 9]
0 B, B.NA3 B,NA;

- / ] + / ] + / ]+ / . (48)
B;NA3NS(x) BiNAp B,NA3NS(y) B,NA;

Page 18 of 23
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Case II.B.a.1.A. Assume S(y) = B, N A;. Then m(S(y)) < so by (47) and S(y) = A; since
A; C S(»). Thus

A3 C S(x), m(A,) =

/ ly[=0 and / lyl = sup [y (49)
B,NA3NS(y) B NA m(By)=so J B,
Moreover, by (40) and S(|x| + |y|) = A; U A3 = S(x), we get m(S(x)) >
We claim that
/ x| +/ |x| < sup |x]. (50)
B;iNA3NS(x) BiNA; m(By)=sg v Bx

Assume for the contrary that fB AasnSe 12+ fB na, 16l = Suppg,) fB ||. By Lemma 2.2,
(48) and (49),

S0
/ (x+y)*= sup |x|+ sup / ly] = / x +/ (51)
0 m(Byx)=so BJ’ =50 B}'

Moreover, by (46) and m(A;) = 0, we get B_ N (S(x —y)) C A3 C S(x). Furthermore, ap-
plying (41) and (45), we obtain

S0 S0 S0 S0 S0
f(x+y)*:/ (x—y)" = |x—y|:f lesf x*<f x*+f ”,
0 0 B_ _ 0 0 0

a contradiction with (51). This proves claim (50). Therefore, (48), (49) and (50) imply

S0 S0 S0
f (x+9)* <f x* +/ y*. (52)
0 0 0

Furthermore, by the definition of sy, for every ¢ > s,

(e £9)" @) < (1% + 191)"(©) = (Ix] + 1¥1) " (00) < x*(00) +y*(00) < x*(£) + ¥*(£).

Thus
t t
/ (£ 9)*@) < / x*(t) +y*(¢) for £ > so. (53)
S0 50
Finally,
t t t
/ (e +9)*(t) </ x* +/ y*  forall £ > s. (54)
0 0 0

Taking ¢ = y, we finish the proof (see Remark 2.3 and the definition of y).
It is clear that analogous reasoning holds for the case of S(x) = B, N A;.
Case I1.B.a.1.B. Assume S(y) 2 B, N A; and S(x) 2 B, N Aj;, whence

m(S(x)) >m(B, NA;) and m(S(y)) > m(B, NA). (55)
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We claim that at least one of inequalities (56) or (57) holds,

/ Iyl + f wi< s [ bl (56)
BiNA3NS(y) BiNA; m(By)=so By

/ x| +/ |x| < sup |x]. (57)
B;NA3NS(x) BiNA; m(By)=sg v Bx

If m(B, NA3 NS(») =0 or m(B, NAs NS(x)) = 0, then by (47) and (55) we get (56) or
(57), respectively.
If m(B, NA3 N S(x)) >0 and m(B, N A3 NS(y)) > 0, then
m(B, NS(x)) <so and m(B; NS®)) <so. (58)

Assume for the contrary that (56) and (57) do not hold, i.e.,

f w= sup [ | and
B.AIUASNSO)]  m(By=so /B,
(59)
/ W= sup [ Ial
B,N[A1U(A3NS(x))] m(By)=sg v Bx

By (46), we get
B,NS(») =B, N[A1U(43NS(y))]
and
B,NSx) =B, N[AU(A3NSW)].

Therefore, by (59) and Lemma 2.2, we have

S0
[ w-] o= s [ = [y
B.NSy B,N[A1UA3NS(»))] m(By)=so By 0

and

S0
/ |x|=/ x| = sup /|x|=/ X"
B,NSyx B, N[A1U(A3NS ()] m(Bx)=so J Bx 0

Thus, by (58), S(x) C B, and S(y) C B,, whence S(|x| + |y|) C B,. Since m(B,) =so <y,
we get a contradiction with (40). This proves that (56) or (57) holds.

Therefore, by (48) and (56) or (57), we get [,°(x +3)* < [o° ™ + [3° *. Analogously as in
Case II.B.a.1.A, we get (53) and then (54), which for ¢ = y finishes the proof.

Considering the case of m(B_ N A3) > 0, we may follow analogously as above but with
the element (x — y)*.

Case I1.B.a.2. Suppose m(B, N A3) = 0 and m(B_ N A3) = 0. Then, by (46),

B.NSkx+y)CA; and B_NSkx-y) CA,. (60)
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We claim m(4;) > so and m(A,) > so. If m(A;) < so, then m(B, N S(x + ¥)) < s9, whence
m(S(x + y)) < so < y by the definition of set B,, a contradiction with (42). The case of
m(A;) < so goes analogously and proves the claim.

By (39), m(S(x)) = 2s¢ and m(S(y)) = 2so.

Case IL.B.a.2.A. If x* is not constant on (0, 2sy), then

2s0 S0
/ x* <2 / x*.
0 0

Conditions (60) imply (B, NS(x +»)) N (B- N S(x - y)) = #. Consequently,

2s0 S0
/ |x|+/ |x|§/ x*<2/ x*.
BiNS(x+y) B_NS(x-y) 0 0

Thus,

S0 S0
/ x| </ x* or / x| </ x*.
B.NS(x+y) 0 B_NS(x-y) 0

Finally, by (60), one of the following holds:

S0 S0 S0
f(x+y)*=f |x+y|=f |x|+|y|<f x*+f %
0 B,NS(x+y) BiNS(x+y) 0 0

S0 S0 S0
[Ta-r=[ = [ enie [ e [y
0 B_NS(x-y) B_NS(x-y) 0 0

Analogously as in Case I1.B.a.1.A, we get (53) and then (54), which for ¢ = y finishes the

proof.

or

If y* is not constant on (0, 2sy), then we use analogous argumentation.

Case IL.B.a.2.B. Assume x* x(0,50) = @ > 0 and y* x(0,25) = # > 0. Note that this is only the
case of sy < y since x* is not constant on (0,2y).

Since for a.e. £ > 0, |x(t)| < a and |y(t)| < b, so

(e £)*@) < (|x| + |y|)*(t) <a+b=x"(t) +y"(¢) (61)

forall 0 < £ < 2sg.
If there is ty < sp such that (|x| + |y])*(t0) < x*(to) + y*(to) then, for every o < t < 2so,

()" (8) < (Il + 1)) <x*(8) + 57 (0. (62)

If (|x] + [y])*(£) = x*(¢t) + y*(¢) for every t < s, then by the definition of sy we get (62) for
every sop <t < 2sg. Thus, by (61),

t t t
f(x+y)*</x*+/y*
0 0 0

for sg < t < 2sp.
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Analogously as in Case I1.B.a.1.A, we get (53) and then (54), which for ¢ = y > s finishes
the proof.

Case IL.B.b. If sy > y, then we apply the argumentation in Cases II.B.a.1 to II.B.a.2.A for
y instead of s;. O

The following corollaries have been proved directly in [20].

Corollary 2.1 The Lorentz space Ty, is nonsquare if and only if
(i) p=0,
(i) if o = 00 then [;°w =00,
(iii) if=1theny >1/2,
where 8 and y are defined in (6).

Proof Necessity. (i) Assume > 0 and take x = x4/|| xa|l, where 0 < m(A) < 8. Then || x| = 1.
By Theorem 2.3, x is not an NSQ point.

(ii) and (iii) Suppose @ = co and fooo w<oo,ora=1andy <1/2.Letx = x;/| x/|l. Then
[lx]l =1 and Theorem 2.2 implies that x is not an NSQ point.

Sufficiency. Let x € S(I'y ).

Let « = 1. By Theorem 2.5, (i) and (iii), x is an NSQ point.

If ¢ = 0o then (ii) implies y = co. In view of Theorem 2.4, x is an NSQ point. (|

Recall that (I, (I))s # I'p,w(I) if and only if I = (0, 00) and fooo w < 00 (see [25]).

Corollary 2.2 Suppose o = 0o and fooo w < 0o. The Lorentz space (I'y,,,[0,00)), is non-

square if and only if
i) p=0,
(i) y =00,

where  and y are defined in (6).

Proof Necessity. (i) The proof is analogous to the proof of Corollary 2.1.

(i) Let y < oo and take x = x(0,2)/ll X(0,2y) ll. Clearly, by Proposition 3.1in [15], x € (I ).
The definition of x and Theorem 2.2 imply that x is not an NSQ point.

Sufficiency. Let x € S((I'y,1w)4). By Proposition 3.1 in [15], *(o0) = 0. Thus x* is not con-
stant on (0,00). Moreover, (i) implies that m(S(x)) > 8. By Theorem 2.4, x is an NSQ
point. |
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