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1 Introduction

In 1987, Lupas [1] introduced a g-analogue of Bernstein operators, and in 1997 another g-
generalization of the Bernstein polynomials was introduced by Phillips [2]. After that gen-
eralizations of the Bernstein polynomials based on the g-integers attracted a lot of interest
and were studied widely by a number of authors. Some new generalizations of well-known
positive linear operators based on g-integers were introduced and studied by several au-
thors (e.g., see [3—6]). On the other hand, the study of the statistical convergence for se-
quences of positive operators was attempted by Gadjiev and Orhan [7]. Very recently, the
statistical approximation properties have also been investigated for g-analogue polynomi-
als. For instance, in [8] g-Bleimann, Butzer and Hahn operators; in [9] Kantorovich-type
q-Bernstein operators; in [10] a g-analogue of MKZ operators; in [11] Kantorovich-type
q-Szasz-Mirakjan operators; in [12] Kantorovich-type g-Bernstein-Stancu operators were
introduced and their statistical approximation properties were studied.

The paper is organized as follows. In Section 2, we introduce a new modification of
Schurer-type g-Bernstein Kantorovich operators and evaluate the moments of these op-
erators. In Section 3 we study local convergence properties in terms of the first and the
second modulus of continuity. In Section 4, we obtain their statistical approximation prop-
erties with the help of the Korovkin-type theorem proved by Gadjiev and Orhan. Further-
more, in Section 5, we compute the degree of convergence of the approximation process
in terms of the modulus of continuity and the Lipschitz class functions.

2 Construction of the operators
Some definitions and notations regarding the concept of g-calculus can be found in [5].
Let o, 8, p € N° (the set of all nonnegative integers) be such that 0 < o < 8. We introduce a
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new modification of Schurer-type g-Bernstein Kantorovich operators K (f x):C[0,1+

p] — C[0,1] as follows:

n+p
[k + «]
KA (f;%) = ; / TETE ) dyt, 2.1
500 = L puan) [ (Gt g g ) @)
where x € [0,1] and p, (g; ) ”*p 11 - g*x). It is clear that KSP(f;) is a

linear and positive operator. \X/hen a B =0, it reduces to the Schurer-type g-Bernstein

Kantorovich operators (see [13])

B nip nep kn+p—k—1 1 t q[k]q
Kﬁ(f,q,x):Z[ X :|qx 1_[ (l—qsx)/o‘f<[n+1]q+[n+1]q)dqt.

k=0 s=0

In order to investigate the approximation properties of K,%’ﬁ ) we need the following

lemmas.

Lemma 2.1 ([14]) For the generalized q-Schurer-Stancu operators

n+p—k-1
(a,s n+p| & ~ [k+a]q>
(Syf ) (x) = Z[ X Lx l_[ (1 qu)f([}’l+/3]q , x€[0,1],

k=0 s=0

the following properties hold:

(SeP)(x) =1, (2.2)
q*[n + pl (o]
Sleble 1% _ 2.3
$u5at)) = 0B, T 6, (23)
[n+plyln+p-1] (1 + pleg” [a]?
(a,B) 42 _ q q 20+1,2 q o q
Sipat ) =5 g 1 % prepp G ) e @24

Lemma 2.2 For K% (¢x), i = 0,1,2, we have

K& (155) = 1, (2.5)
KD (t;x) = %q‘”lx + m < [21]q + q[oz]q> (2.6)
KD (52) = +[’Z]j[f:§]g_”q

+ % (&q"” + g7 (2ledg + q“))?C

" m (ﬁ + 2‘[’2[‘]’;" " qz[a];) 2.7)

Proof 1t is obvious that

1 1 1 1 ) 1
1d,t=1, /tdt:—, /tdt:—, O0<g<l.
/o a o T, ST 1
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For i =0, since Y ;0 P, (¢:%) =1, s0 (2.5) holds.
Fori=1, we get

n+p t q[k+0[]
aﬁ .
K (t;x) ank qx f ([n+1+ﬁ]q+[”+1+ﬂ]q)dqt

n+p n+p

¢ _ U oglk +a]
E @ 7dt+§ n(;x)fi"dt
Pl /0 1+ pl, 0 BT [ L),

A gqlk+al,

[2]qn+1+ﬂ]q7 Zp”k ¥ n+1+,3]q

Using (2.3), we have

<F qlk + o], qln+Bl; <A k+oz]q
Zp"k(q’ +1+ﬂ]q_ n+1+ﬂ]qZ Pui(4:%) +Bl,
4+ Bl g
- [n+1+5]q(snpqt)(x)'

So

[n+ p] 1 1
(@B (fop) = 1~ "4 o+l -
Ko 60 = g g, *Y [n+1+ﬁ]q([2]q ”’[“]">’

Fori=2,
1 2
/ t N qlk + a4 it
o \[m+1+Bl; [n+1+Bl,
1 v, 1 , -
:m</o’-‘dq”2q[k+a1q/0 e fliral [ 1d,0)

~ 1 1 2qlk+al, N
‘[n+1+ﬁ]g<[s1q+ 21, ”’['”“])’

we obtain

K ("‘q’ﬂ ) (tz; x)

n,

n+p

q[k+oz]q ) )
[l’l +1 +,3 ; kXO:pnk(q’x)( 3]q [2]q +6I [k+a]q>
~ 1 (n+Bly 2q9 AL [k +al,
T Bl 1B e 1e R 12, ;”"’k(‘] v Bl
Pl B L_ kol
et 5 2P g
2 2
_ 1 [I’l+,3] 2q (Si(qapﬁq)t)(x)+ q [n+l3]] (S(otﬂ)t )( ).

[B]q[n+1+/3] [n+1+,8] [2]4 [n+1+/3q P

Using (2.3) and (2.4), by a simple calculation we can get the stated result (2.7).
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Lemma 2.3 From Lemma 2.2, we have

I 4 (%) = K,(l‘,"q‘ﬁ)(t —X;X)

_(efmeple 1 (L
_<[n+1+,6]q 1)x+[n+1+,3]q([2]q+61[(¥]q) (2.8)

and

854 (%) = Kff‘ém ((t - x)z;x)

_ ([n +plgln+p-1],g*°  2¢**'[n+ply )x2
- [n+1+pB17 [n+1+ Bl

[n+p]q 2 a+l 2+a o
+<[n+1+,3]§<@q H (Z[a]q+q))

2 1
T Tn+1+ Bl (@ ”’[“]‘f))x

1 1 2qlal, 21 12
+ 7[},”1 +ﬂ]¢21 (@ + 2l +q [a]q>. (2.9)

3 Local approximation
Now, we consider a sequence g = g, satisfying the following two expressions:

limg,=1 and lim =0. (3.1)

n—00 n—00 [n]qn
By the Korovkin theorem, we can state the following theorem.

Theorem 3.1 Let K,(f‘q'f)(f;x) be a sequence satisfying (3.1) for 0 < q,, < 1. Then, for any
function f € C[0,p + 1], the following equality

nli)r&”@‘féf)(f;-) ~flleton =0
is satisfied.

Proof We know that K,(,‘f‘f y (f;«) is linear positive. By Lemma 2.2, if we choose the sequence
q = qx satisfying conditions (3.1), and using the equality

[n+alg, = 1y, +q,laly, [n+1+ By, =nlg, +q,[8 +1]g,, (3.2)
we have

KeP(gx) =1, KePGr)=x  KEP(Px) =4

n,qn

as 1 — 0o. Because of the linearity and positivity of K,(,‘f'q’f ) (f;x), the proof is complete by

the classical Korovkin theorem. O

Consider the following K-functional:

Ky (f,8%) =inf{|f - gl + 8*|¢"| :g € C*[0,p +1]}, §>0,
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where
C*[0,p +1] := {g:g,g/,g” e Cl0,p + 1]}.
Then, in view of a known result [15], there exists an absolute constant C > 0 such that
K> (f,8%) < Can(f, 9), (3.3)

where

wy(f,8):= sup  sup [f(x—h)—Zf(x) +f(x+h)|
0<h<8§ xthe[0,p+1]

is the second modulus of smoothness of f € C[0,p +1].

Let f € C[0,p + 1], for any 8§ > 0, the usual modulus of continuity for f is defined as
o(f,8) = SUPgy<s SUP, xanefoper) U (& + ) = f ()]

We next present the following local theorem of the operators K,iii”g )(f ;x) in terms of the
first and the second modulus of continuity of the function f € C[0,p +1].

Theorem 3.2 Let f € C[0,p + 1], there exists an absolute constant C > 0 such that

(K& (f53) —f )] < Can (£, @) + (£, 5, ),

where
(%)
_ <q2a+2[” +p]; + (n+plgln+p—1g 5.3 _ 44" [n + ply 2>x2
- [n+1+BI7 [(n+1+ B2 1 [n+1+ 8],
[”1+p]q 4qa+l o+2 o+2 4 1
¥ ([n+1+ﬂ];< DA )_ [n+1+ﬁ]q(@ +q[a]q)>x
1 2 1o Aqlal, 1 1
' [n+1+ﬂ]§(2q it T, @+@)
and

(g n+ply 1 1
Pha®) = ‘( [n+1+fl, _l>“ [n+1+ﬂ]q(@ +q[“]q)"

Proof Let
KD (i) o= KD f30) — £(82, () + £ (),

where f € C[0,p +1] and

_ [I’l+p]q o+l 1 L
Sﬁq(x) = [7l+1+ﬁ]qq X+ [n+1+:3]q<[2]q +‘I[a]q>'
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Using the Taylor formula

gt) =) +g @t —2)+ f (t - 9)g"(5)ds

for g € C[0,p + 1], we have

—(a,B) ! 1" Eg'q(x) "
K, (gx) =gx) +K;§‘,Xq’ﬂ) (fx (t—5)g"(s) ds;x) —/x ( 5 g () —s)g(s)ds

Hence
t )
< 1<,§‘jgﬂ>< / It —s| - |g"(s)| ds ;x> ¥ |60() =] - [¢"(s)| ds
< [lg" | KD (¢ - %) + ¢ (£5,0 - %)
Observe that

Kr(fa}ﬁ) ((t - x)z;x) + ( iq(x) - x)2 = aﬁyq(x),
we obtain

KD (gix) - g0)| < a2, ()" (3.4)

Using (3.4) and the uniform boundedness of Kn y ) we get

K@P (fi2) = f ()| <[RS (f - gin)| + |Ky (@50) - g(@)]
+|f(x) - gx)| + |[f(E2,(x) —f )]
<4|f -gll +a ,@|g"| + o(f, ¥, (x)).

Taking the infimum on the right-hand side over all g € C?[0, p + 1], we obtain

(KR i) — f@)] = CKa (o aha)) + o(f, s, @),
which together with (3.3) gives the proof of the theorem. O

4 Korovkin-type statistical approximation properties
Further on, let us recall the concept of statistical convergence which was introduced by
Fast [16].
Let the set K € N and K, = {k < n: k € K}, the natural density of K is defined by §(K) :=
lim,,_, o % |K,| if the limit exists (see [17]), where |K},| denotes the cardinality of the set K,.
A sequence x = xy is called statistically convergent to a number L if for every ¢ > 0,
8{k € N : |xx — L| > ¢} = 0. This convergence is denoted as st-limgx; = L. It is known
that any convergent sequence is statistically convergent, but not conversely. Details can
be found in [18].
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In approximation theory by linear positive operators, the concept of statistical conver-
gence was used by Gadjiev and Orhan [7]. They proved the following Bohman-Korovkin-

type approximation theorem for statistical convergence.

Theorem 4.1 ([7]) If the sequence of linear positive operators A,, : Cla, b] — Cla, b] satis-

fies the conditions
st- li}£n||A,,(e,-; ) —e “cm,h] =0
forei(t) = t,i=0,1,2, then, for any f € Cla, b],

st-lim| A, (f3) = | 0 = O-

In this section, we establish the following Korovkin-type statistical approximation the-

orems.

Theorem 4.2 Let q = q,, 0 < g, <1, be a sequence satisfying the following conditions:

1
st-limg, =1, st-limgl=a (a<l) and st-lim =0, (4.1)
n n n [n]qn

then, for f € C[0,p + 1], we have
; (@.B)(£. _
st—11£n||1(,,‘f‘q;3 (f;-) _f”C[O,l] =0.
Proof From Theorem 4.1, it is enough to prove that s¢-lim,, ||K,(,(f;f)(ei; ) —éillco = 0 for

ei=t,i=0,1,2.
By (2.5), we can easily get

st-lim|| K% (eo; ) ~eo | ) = O- (4.2)
From equality (2.8) and (3.2) we have
“Kr(z?(q’f)(el; )-e H clo,]
o+l + 1 1
< w_l‘Jr ( +qn[a]qn>
[n+1+p],, [n+1+Bl,, \[2]4,
q“n +plg, 1 +1+oz 43)
T n+1+ 8], (nlg, ’

Now, for given ¢ > 0, let us define the following sets:

U={k: |K&P () - e lcon = €1

v

U = k:—q‘,f+l[n+p]qk_1 ¢ )
[n+1+p], 2

I

1
U, = {k: T
(1],

=

N ™
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From (4.3), one can see that I/ C U; U U,, so we have

sk < n: | Kl (e ) — el o) = €}

o+l
<5 kfn:w_lzf +s k<n:1+‘¥2
[n+1+ 8], 2

|
S
S
N ™
s

By (4.1) it is clear that

o+1
St_hm(w _ 1) o

n \ [n+1+ 8],
and
1+ a
st-lim =0.
i [}’l qn
So we have

0. (4.4)

st-lim|| KoM (e ) — ea] =

Finally, in view of (2.7), one can write

||K,(,‘,’;f)(ez; )-e clo

[n +p]qn [n +P_1]qn 2043 _
(n+1+pB17 "

[ ] n 2 o+ +ao o
ot gy (ol e el )

1 1 ZQn[“]qn 20 12
+[n+1+ﬂ];,1([3]q,ﬁ 21, ”’"[“]q")'

Using (3.2),

11

2
"+, (20, +45) <3+ 20,

(21,
1 2qulaly 50 2
m+ 2, +q o]y < (1+a),

and

qn[” +p - l]qn =[n +p]qn -1,

we can write

”Kféf)(eﬁ )-e clo

_ It ple g |4+ plg, B+20)n+pl,  (1+a)

- [n+1+,3n]3” [(n+1+pB12 N [(n+1+pB12 (n+1+pB12
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a2 [n +p]fln 1‘ . (4 +2a) <1 N 2P ) N (1+a)?

[m+1+p2, (1), (g, ) [n12,
=:0n + Y + .
Then, from (4.1), we have
st- lirlln 0, = st- lizn Yy = St- linln Nn = 0. (4.5)
Here, for given ¢ > 0, let us define the following sets:
T= {k: ”K,(f‘q’f)(ez; )-e ||C[o,1] z 8}’
Ti = {k:ek > g} T, = {k:ykz g} T, = {k:nk > g}

Itis clear that T € T3 U T, U T3. So we get
8{/(5 n: ||K,(I‘Zf)(e2;-) —e ”C[O,l] > s}
& & &
sa{ksnzekzg} +8{k§n:yk2 §} +8{k5n:nk2 —}.

By condition (4.5), we have

8k <n: | K (ex) — 2 “C[O,l] > e} =0,

gk
which implies that

st-lim|| K% (e2; ) €2 | gy = O- (4.6)
In view of (4.2), (4.4) and (4.6), the proof is complete. |

5 Rates of convergence
Letf € C[0,p+1] foranyt € [0,p+1] and x € [0,1]. Then we have |[f(t) —f(x)| < o(f, |t—x]),
so for any § > 0, we get

olf,8),  |t-xl<s,

2
off, &X), |t—x =8

w(f, |t—x|) <

Owing to w(f,A8) < (1 + A)w(f,8) for A > 0, it is obvious that we have
If(8) —f ()| < (14872 - %)*)(f, 8) (51)
forany ¢t € [0,p +1],x € [0,1] and § > 0.

Now, we give the convergence rate of K ,(,‘f‘q”g )(f ;x) to the function f € C[0,p + 1] in terms

of the modulus of continuity.
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Theorem 5.1 Let q = q,, 0 < q, < 1, be a sequence satisfying (4.1), then for any function
feClo,p+1],x€[0,1], we have

KD (f32) - f@)] = 20(f1/ 0, 5)),
where (Sf;,qn (x) is given by (2.9).

Proof Using the linearity and positivity of the operator K; ,(jf‘q’ﬂ ) (f;x) and inequality (5.1), for
any f € C[0,p + 1] and x € [0,1], we get

[P (f,x) - f@)] < KSP ([ (0) - f ()]s )
< (1+872K%P ((t - )% ) )o(f, 6). 52)

Take g = g4, 0 < g, < 1, be a sequence satisfying condition (4.1) and choose § = /8, (x)
in (5.2), the desired result follows immediately. O

Finally, we give the rate of convergence of K; ,(,‘f‘q”g )(f ;) with the help of functions of the
Lipschitz class. We recall a function f € Lip,,(A) on [0, p + 1] if the inequality

If@&) -f)| <Mt -x", t,xe[0,p+1] (5.3)
holds.

Theorem 5.2 Let f € Lip,;(A) on [0,p+1],0 <A <1.Let q = gy, 0 < g, <1 be a sequence

satisfying the conditions given in (4.1). If we take 8, ,, (x) as in (2.9), then we have

KO (f32) —f ()] < M(82, ), xe0,1].

Proof Let f € Lipy,(2) on [0,p + 1], 0 < A < 1. Since K,(,‘f;f)(f;x) is linear and positive, by

using (5.3), we have

(K f30) = £ ()] = KD (10 = f @) = G0 (18 = x1"5).

/

If we take p’ = %, q = 237 and apply the Holder inequality, then we obtain

KB (f;2) = f (0| < MK@P (6 - )%5%))™ < M (82, (). 0

ndqn n,qn
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