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1 Introduction
Let I and J be intervals in R. To motivate our work, let us recall the definitions of some

special classes of functions.

Definition 1 [1] A function f:/ — R is said to be a Godunova-Levin function or belongs

to the class Q(J) if f is non-negative and

f(ax+(1—a)y) 5% + m

l-«o

forallx,y e I and @ € (0,1).

The class Q(Z) was firstly described in [1] by Godunova and Levin. Some further prop-
erties of it are given in [2, 3]. It has been known that non-negative convex and monotone

functions belong to this class of functions.

Definition 2 [4] Lets € (0,1) be a fixed real number. A function f : [0, 00) — [0, 00) is said

to be an s-convex function (in the second sense) or belongs to the class K2, if

flox+(1-a)y) <o’f(x) + - a)*f(y)
forallx,y € I and « € [0,1].

An s-convex function was introduced by Breckner [4] and a number of properties
and connections with s-convexity (in the first sense) were discussed in [5]. Of course,
s-convexity means just convexity when s = 1.
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Definition 3 [2] A function f : ] — R is said to be a P-function or belongs to the class
P(I), if f is non-negative and

floax+ 1 -a)y) <f@) +f()
forallx,y e I and @ € [0,1].
For some results on the class P(I), see [6, 7].

Definition 4 [8] Let I be a p-convex set. A function f : I — R is said to be a p-convex
function or belongs to the class PC(I), if

F([en® + (1 -)?]?) < af() + (- a)f ()
forallx,y e I and @ € [0,1].

1
Remark 1 [8] An interval [ is said to be a p-convex set if [ex” + (1 — «)y?]? € I for all
x,y€land o € [0,1], wherep=2k+1lorp= %,n =2r+1,m=2t+1,and k,r,t € N.

Definition 5 [9] Let /1: ] — R be a non-negative and non-zero function. We say that f :

I — Ris an h-convex function or that f belongs to the class SX(I), if f is non-negative and

flox+ Q- a)y) <h()fx) +h1-a)f ()
forallx,y € I and @ € (0,1).

The /- and p-convex functions were introduced by Varsanec, Zhang and Wan, and a
number of properties and Jensen’s inequalities of the functions were established (cf. [8]).
As one can see, the definitions of the P-function, convex, 4, p, s-convex, Godunova-Levin
functions have similar forms. This observation leads us to generalize these varieties of

convexity.

2 Definitions and basic results

In this section, we give new definitions and properties of the (p,%)-convex function.
Throughout this paper, we assume that (0,1) £/, f and % are real non-negative func-
tions defined on I and J, respectively, and the set [ is p-convex when f € ghx(p, h,I) or
f € ghv(p, h,I). We first give a definition of the new class of convex functions.

Definition 6 Let/:/ — R be a non-negative and non-zero function. We say thatf : I — R

is a (p, h)-convex function or that f belongs to the class ghx(h, p,I), if f is non-negative and

F(lax® + (L= )p?]P) < h@)f @) + (1 - )f () 2.1)

for all x,y € I and « € (0,1). Similarly, if the inequality sign in (2.1) is reversed, then f is
said to be a (p, h)-concave function or belong to the class ghv(h, p, ).
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Remark 2 It can be obviously seen that if (o) = &, then all non-negative p-convex and p-
concave functions belong to ghx(h, p, I) and ghv(h, p,I), respectively; if () =« and p =1,
then all non-negative convex functions belong to ghx(h, p,I); if h(x) = é and p =1, then
Q) = ghx(h,p,1); if h() =, s€(0,1), and p =1, then K2 C ghx(h,p,1); if h(e) =1 and
p =1, then P(I) C ghx(h,p,I), and if p = 1, then SX(I) < ghx(h, p,I).

Example 1 Let /() = o, where k <1 and « > 0. If f is a function defined as f(x) = &7,

where p is an odd number and x > 0, we then have

Flea? + - a)?]P) <af @) + (- )f ) < (@) (x) + el - @) ),
and hence, f belongs to ghx(hy, p, I).

Next, we discuss some interesting properties of (p, 1)-convex (concave) functions, which
include linearity, product, composition properties, and an ordered property of /7 and p. In
addition, we give some interesting properties of the (p, 4)-convex function, when 4 is a

super(sub)-multiplicative function.

Property 1 If f,g € ghx(h,p,1) and A >0, then [ + g, \f € ghx(h,p,I). Similarly, if f,g €
ghv(h,p,I) and A > 0, then f + g, \f € ghv(h,p,I).

Proof The proof immediately follows from the definitions of the classes ghx(h,p,I) and
ghv(h,p, ). 0

Property 2 Let hy and hy be non-negative functions defined on an interval J with
hy <hyin (0,1). If f € ghx(hy, p, 1), then f € ghx(hy, p,I). Similarly, if f € ghv(hi,p,1), then
feghvlhy,p,I).

Proof If f € ghx(hy,p, 1), then for any x,y € I and « € (0,1) we have

F([en® + (1 -)?]?) < hale)f () + byl - )f ()
< m(@)f (x) + (1 - )f ),

and hence, f € ghx(y, p,I). O

Property 3 Letf € ghx(h,p1,1).
(a) For1< (0,1, iff is monotone increasing (monotone decreasing), and p, > p; > 0 or
P2 <p1<0,and (pr = p2 >0 o0r p1 <py<0), then f € ghx(h,p, ).
(b) ForI C [1,00), iff is monotone increasing (monotone decreasing), and p; > ps > 0 or
P1<p2<0,and (ps > p1 >0 or py <p1<0), then f € ghx(h, ps,1).
Let f € ghv(h,p1,1).
(c) ForI < (0,1], iff is monotone increasing (monotone decreasing), and py > ps > 0 or
p1<p2<0,and (py>p1>0o0rp, <p1<0), thenf € ghv(h,p,,1).
(d) ForI C[1,00), iff is monotone increasing (monotone decreasing), and p, > p1 > 0 or
P2 <p1<0,and (p1 > p2 >0 orp; <py <0), then f € ghv(h, ps,I).
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Proof (a) Setting g(p) = (ex? + 1 — oz)y")ll_’, we have
, 1
g(p):—(axp+(1—a)y”)1“ (axpln +(1- ay”ln(y)
p
When p > 0 and x,y € (0,1], we have g’'(p) < 0, and so g(p;) < g(p1). We then obtain

f(g2)) <f(gp1) < h@)f (x) + 1 - )f (),

since f is monotone increasing and f € ghx(/, p1,I). Therefore, we get f € ghx(h, p, ).
The results of (b), (c), and (d) follow by similar arguments as above. O

Property 4 Let f and g be similarly ordered functions on 1, i.e.,
(f@) -f 1) (g@) -g) = 0 (2:2)
forallx,y e I. If f € ghx(h,p,1), g € ghx(ha,p, 1), and h(e) + h(1 — ) < c for all « € (0,1),

where h(t) = max(hy(t), hy(t)) and c is a fixed positive number, then the product fg belongs
to ghx(ch, p,I). Similarly, let f and g be oppositely ordered, i.e.,

(&) /) (gt -g0) =
forall x,y e . If f € ghv(l,p,1), g € ghv(hy, p,I), and h(a) + h(1 — ) > ¢ for all & € (0,1),
where h(t) = min(hy(t), hy(¢)) and c is a fixed positive number, then the product fg belongs

to ghv(ch, p,I).

Proof We only give a proof for the first part, since the result of the second part of this
theorem follows by a similar argument. By (2.2), we have

f@gx) +fgW) =f(x)g(y) +f ()gx).

Let o and B be positive numbers such that « + 8 = 1. We then obtain
fe([a? + By’)7) < (m(@)f @)+ m(BY ) (ia(@)g@) + ha(B)g))
< K ()fg(x) + h(@)h(B)f (x)g(y) + h(@)h(B)f (7)g(x) + K (B)fg(y)
< K a)fg(x) + h(@)h(B)f (x)g(x) + h(e)h(B)f ()g(y) + K> (B)fg()

= (h(a) + h(B)) (h(a)fg(x) + h(B)fg(»))
< ch(a)fg(x) + ch(B)fe(y),

which completes the proof. d
Definition 7 [9] A function /: I — R is called a super-multiplicative function if
h(xy) > h(x)h(y) (2.3)

forallx,ye]/.
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If the inequality sign in (2.3) is reversed, then /% is said to be a sub-multiplicative function,
and if the equality holds in (2.3), then / is called a multiplicative function.

Example 2 Let h(x) = ce*. If ¢ = 1, then / is a multiplicative function. If ¢ > 1, then 4 is a
sub-multiplicative function, and if O < ¢ < 1, then / is a super-multiplicative function.

Property 5 Let I be an interval such that 0 € 1. We then have the following.
(@) Iff e ghx(h,p,1),f(0) =0, and h is super-multiplicative, then the inequality

1
S([an + By’]7) < h(a)f (x) + H(B)f (y) (2.4)
holds for all x,y € I and all «, B > 0 such that a+p <Ll
(b) Let hh be a non-negative function with h(a for some o € (0, 2) Iffisa
non-negative function satisfying (2.4) for all x,y€landalla,B>0witha + B <1,
then f(0) = 0.

(c) Iff e ghv(h,p, 1), f(0) =0, and h is sub-multiplicative, then the inequality

=

F([ex? + ByP)?) = hl@)f (x) + H(B)f (9) (2.5)

holds for all x,y €  and all &, B > 0 such thata + § <1.

(d) Let h be a non-negative function with h(a) > %for some a € (0, %). Iffisa
non-negative function satisfying (2.5) for all x,y e I and all o, 8 >0 with o + <1,
then f(0) =

Proof (a)Leto,8>0,a+ B =y <1,and let a and b be numbers such that a = % andb==*
We then have a + b =1 and

ST

) =/ ([ars® + byy)?)
< h(@)f (v7x) + hb)f (v 7y)
= n@)f ([ya® + (1= )0 7) + ko) ([y5” + (1 - 7)07]
< W@h(y)f @) + W(@)h(1 - y)f (0)
+ h(B)h(y)f () + h(b)h(1 - ¥ )f (0)
= h@)h(y)f () + h(B)h( ) )
< Way)f () + h(by) ) = H@)f (x) + h(B)f ).

S ([ax? + By]

=

)

(b) If f(0) # 0, then f(0) > 0. Setting x =y = 0 in (2.4), we get
S(0) < h(e)f(0) + A(B)f(0).

By setting o = 8, where & € (0, 3), and dividing both sides of the inequality above by f(0),
we obtain 2h(a) >1foralla € (0 ) which is a contradiction to the assumption /(«) < %
for some « € (0, 5), and so f(0) =

The results of (c) and (d) follow by using similar arguments as above, and so we omit the
proofs here. O
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Corollary 1 Let hs(x) = x°, where s,x > 0, and let 0 € 1. For all f € ghx(hs, p,I), inequality
(2.4) holds for all o, 8 > 0 with a + 8 <1 if and only if f(0) = 0. For all f € ghv(hs,p,I),
inequality (2.5) holds for all o, 8 > 0 with o + 8 <1 if and only if f(0) = 0.

Proof Leta,B>0,a + B =y <1,and let a and b be positive numbers such that a = % and
b= g.Wethenhavea+b:1and

F(lea? + 5717) = f([ars” + byy’)?)
<a&f(yrx) +bf(v7y)
= & ([ya + 1= p)0]7) + B ([yy? + L= 1)0”]?)
< @V f@) + @1 -y)f(0) + B'y*f() + B(L-y)f(0)
=a’yf(x) + by’ f(y)
= a’f(x) + B ().

Settingx =y =0o = =0in (2.4), we get f(0) < 0, while f(0) > 0 by the definition of the
(p, h)-convex function, and hence £(0) = 0. O

Property 6 Suppose that h;:J; — (0,00), i = 1,2, are functions such that hy(J;) C )1 and
hy(a) + ha(l— ) <1forallo €(0,1), and that f : I, — [0,00) and g : I — [0, 00) are func-
tions with g(I,) C 11, 0 € I, and f(0) = 0.

If h is a super-multiplicative function, f € SX(l, L), and f is increasing (decreas-
ing) and g € ghx(hy,p, ) (g € ghv(ha, p, 12)), then the composite function f o g belongs to
ghx(h o ha,p, ). If hy is a sub-multiplicative function, f € SV (l, L), and f is increasing
(decreasing) and g € ghv(hy, p, ) (g € ghx(hy, p, 1)), then the composite function f o g be-
longs to ghv(hy o hy, p, ).

Proof 1f g € ghx(hy,p, 1) and f is an increasing function, then we have

(f og)([on” + (1 - a)yp]}’) <f(ha(e)g(x) + ha(1 - )g(»))

for allx,y € I and « € (0,1). Using Property 5(a) with p = 1, we obtain

f(a(@)g() + (1 - a)gy)) < m(ha(@))f (¢(0)) + b (a1 = ))f (1),
which implies that f o g belongs to ghx(h; o hy, p, I5). O

If f is a convex or concave function, then we may give a similar statement on the com-

posite function of f and g.

Property 7 Letf:I, — [0,00) and g : I, — [0, 00) be functions with g(I,) C L. If the func-
tion f is convex and increasing (decreasing), and g € ghx(h,p,1,) (g € ghv(h,p,15)) with
h(o) + h(1 — ) = 1foro € (0,1), then f o g belongs to ghx(h, p, ). If the function f is concave
and increasing (decreasing), and g € ghv(h,p,I;) (g € ghx(h,p,I5)) with h(a) + h(1-a) =1
for o € (0,1), then f o g belongs to ghv(h, p, I5).
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Proof If g € ghx(h,p,I;) and f is an increasing function, we then have

(f og)([ea? + (L— c)y?]?) <f (le)g(x) + h(1 - )g(3)

forallx,y € I, and @ € (0,1). Since () + h(1 — @) =1 and f is convex, we obtain

S (le)g@) + (1 - @)gy) < h@)f () + h(1 - @)f (),
which implies that f o g belongs to ghx(h, p, I). d

3 Schur-type inequalities
In this section, we establish Schur-type inequalities of (p, 1)-convex functions.

Theorem1 Leth:] — R be a non-negative super-multiplicative function andlet f : I — R
be a function such that f € ghx(h,p,I). Then for all x1,x,,x3 € I such that x; < x, < x3 and
xb — ol o — o, o — &F € ], the following inequality holds:

Hs — ) ) ~ (s — ) e2) + (s — ) (33) 2 0. 1)

If the function h is sub-multiplicative and f € ghv(h, p,I), then the inequality sign in (3.1) is
reversed.

Proof Let f € ghx(h,p,I) and let x1,x;,x3 € I be the numbers stated in this theorem. Then
one can easily see that

g g SONES A G Ty

We also have

and

xb —of
=) = h( 55 Yl )

B

5%

Setting o = X=X, and y = x3 in (2.1), we have &, = ax? + (1 — @)y” and
1

w%

f(xz)ih@,f:f,j; ("1“’4@:;? (x3)
(5 — %) h(; - )

=

IA

Assuming h(x5 — x]) > 0 and multiplying both sides of the inequality above by h(x; — x7),
we obtain inequality (3.1). O
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Remark 3 In fact, if f(x) = x*, A € R, h(x) = h_1(x) = %,p =1, and x1,%2,x3 € I = (0,1), then
inequality (3.1) gives the Schur inequality, see [10, p.177].

The following corollary gives a Schur-type inequality for the (p, #)-convex function.

Corollary 2 Iff :1=(0,1) — I belongs to the class ghx(h_t, p,I) and h_y = ﬁ, then we have
the inequality

Fle) (o = a0) (o = )" = F ) (o5 — ) (o5 - )
+f(es) (5 ) (- 5) = 0 (3.3)
Sfor all x1,%5,x3 € I with x; < xy <x3. If f € ghv(h_y, p,I), then the inequality sign in (3.3) is
reversed. Ifk =1, p =1, and f(x) = x*, A € R, then f € ghx(h_1,1,1) and inequality (3.3) gives

the Schur inequality.

4 Jensen-type inequalities

In this section, we introduce some Jensen-type inequalities of (p, /1)-convex functions.

Theorem 2 Letw,...,w, be positive real numbers with n > 2. If h is a non-negative super-
multiplicative function and if f € ghx(h,p,I) and x, . ..,x, € I, then we have the inequality

1 n p% n Wi
(3] )5

If h is sub-multiplicative and f € ghv(h, p, 1), then the inequality sign in (4.1) is reversed.

)f(xi), where W,, = Z Wi, (4.1)

i=1

Proof When n = 2, inequality (4.1) holds by (2.1) with « = “;—12 Assuming inequality (4.1)
holds for n — 1, we obtain

and, hence, the result follows by mathematical induction. O

Remark 4 For h(«) = « and p = 1, inequality (4.1) becomes the classical Jensen inequality.
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Theorem 3 Let wy,...,w, be positive real numbers and let (m, M) be an interval in 1. If
h:(0,00) = R is a non-negative super-multiplicative function and f € ghx(h, p, 1), then for

all x1,...,x, € (m, M) we have the inequality

)(xl) <f(m)Zh< ) (%)
M)Zh<w’) <x,, n,;) (42

VI

SE

If h is a non-negative sub-multiplicative function and f € ghv(h,p,1I), then the inequality

sign in (4.2) is reversed.

Proof Setting x; = m, x; = x;, and x3 = M in (3.2), we get the inequalities

169 < {32 Yoy (250, i

Multiplying both sides of the above inequality with /(- ~) and adding all inequalities side
by side for i =1,...,n, we obtain (4.2). O

Let K be a finite nonempty set of positive integers and let F be an index set function
defined by

F(K) = h(Wx)f (|: Z w xp] > - Zh(wi)]‘(xi), where Wi = Z wi.
LEK ieK ieK

Theorem 4 Let /1:(0,00) — R be a non-negative function, and let M and K be finite
nonempty sets of positive integers such that MNK = . If h is super-multiplicative and
f 1 — R belongs to the class ghx(h,p, 1), then for w; >0, x; € I, i € M U K we have the in-
equality

F(MUK) < F(M) + F(K). (4.3)
If h is sub-multiplicative and [ € ghv(h, p, 1), then the inequality sign in (4.3) is reversed.

Proof Setting x = [WLM ZlewaP]ll’ [V;K D ik wixf]%, and a = WWM in (2.1), we ob-

tain the inequality

we 247 )

ieMUK

e V([ o] ) o ([ ] )

Page9of 16


http://www.journalofinequalitiesandapplications.com/content/2014/1/45

Fang and Shi Journal of Inequalities and Applications 2014, 2014:45 Page 10 of 16
http://www.journalofinequalitiesandapplications.com/content/2014/1/45

Multiplying both sides of the above inequality with #2(Wjx), we get the inequality

)

ieMUK

h(WMUK)f<|:

Wauk
cun([i o] ) o[ 5] )

ieM ieK

Subtracting Y, #(wi)f (x;) from both sides of the inequality above and using the iden-
tity D ienron POV () = D i pr BWi)f () + D5 B(wi)f (x:), we obtain (4.3). O

A simple consequence of Theorem 4 is stated in the following corollary without proof.

Corollary 3 Let h:(0,00) — R be a non-negative super-multiplicative function. If w; > 0,
i=1,...,n,and My ={1,...,K}, then for f € ghx(h,p,I) we have

FM,) <F(M,,) <---<F(M) <0 (4.4)

and
1

. wix; + wix] 7
F(M,) < min {h(wi + w,)f(|:7:| ) = h(w)f (x;) — h(wj)f(xj)}. (4.5)

L=igj=n Wi + W

If h is sub-multiplicative and f € ghv(h, p, 1), then the inequality signs in (4.4) and (4.5) are
reversed, and min is replaced with max.

Remark 5 Some results obtained from Theorem 4 and Corollary 3 are given in [11, p.7],

when /() =@, p =1, and 4 is a convex or concave function.

5 Hadamard-type inequalities

In this section, we give some Hadamard-type inequalities of (p, #)-convex functions.

Theorem 5 Iff € ghx(h,p,I) N Li([a, b)) for a,b € I with a < b, then we have

1 @+ b p b o 1
2h(%)f([ 5 } )Sb,,_dp/ﬂ x f(x)dxf(f(a)+f(b))/0 h(t) dt. (51)

Proof Setting #” = 7217 + Z’%Zap, we get

b b 1
p -1 _ 1 y-a,, b-y ,1”
bP—al’/a xP f(x)dx_b—a/uf<|:b—abp+b—aﬂ] >dy.

By using inequality (2.1) we obtain

y-a b-y 17 y-a b-y
f<|:b_abp+mdpi| )Sh(m)j(b)"'h(m)/(d),
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and hence, by integrating the above inequality over [a, ], we have

’ - b- 5 b B by
[ (3750 i=2e | Yar<so [ 0(5=2) ayeria [ 0322 )

1
— (b-a)(f(a) +£ (b)) /0 nt)dt,

which gives the second inequality.
Setting y = %(a + b) + t, we obtain

3(b-a) 1 w_ar 1r
/ f<[—(a1’+b")+ t] )dt
~L(b-a) 2 b-a
e
=/0 f([i(a + )+ —p t] ) t
bo-a) w_ar p
iy _
+/(; f(|:2(a +P) - t] )dt

sl ] =g ] )

and, hence, the first inequality follows. d

Remark 6 If/i(a) = ¢ and p = 1, then inequality (5.1) gives the classical Hadamard inequal-
ity.

Theorem 6 Suppose that f and g are functions such that f € ghx(h,p,1), g € ghx(hs,p, 1),
fg € Li([a, b)), and hihy € L1([0,1]) with a,b € I and a < b. We then have

p
br — ar

b 1
f W ()g(x) dx < Ma,b) / I (e (0)
a 0
1
+N(a,b) / hi(t)hy (1 —t) dt, (5.2)
0

where M(a, b) = f(a)g(a) + f(b)g(b) and N(a, b) = f(a)g(b) + f(b)g(a).

Proof Since f € ghx(hy,p,I) and g € ghx(hy,p,I), we have

S

f([mp +(1- t)bp]
g([ta” + (1 - )b]

) < I(®)f (@) + (1= Of (),

) < ha(6)g(a) + hy(1 - t)g(b)

ST

for all £ € [0,1]. Because f and g are non-negative, we get the inequality

F([ta” + 1 - 0p?]7 )g([ta? + (1 - )b*]7)
<@ha(8)f (a)g(a) + (1 - ) (2)f (b)g(a) + h(D)ha(1 - t)f (a)g(b)
+ (1 - t)hy (1 - £)f (D)g(b).
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Integrating both sides of the above inequality over (0,1), we obtain the inequality
/ f([ta? + (1 - t)b”]}’) ([ta? + (1 - t)b”]}f) dt
1
= fla@) [ W+ (0gte) [ ity
0 0

1 1
+f(a)g(b) /0 m()hy(1-t)dt +f(b)g(b) /0 m—t)hy(1-t)dt

Setting x = [ta” + (1 - t)b”]l%, we get

b . 1 L
o /ﬂ 7 f (x)g(x) dx < M(a, b) /0 I (£)ha(t) dt + N(a, b) /0 (0 (1 - ¢) dt. .

Theorem 7 Let f € ghx(hy,p, 1), g € ghx(hy,p, 1) be functions such that fg € Li([a, b]) and
hihy € Li([0,1]), and let a,b € I with a < b. We then have

1 @+ P ab + P
2h1(%)h2(%)f<|: 2 ])g([ 2 :|> b — “p/”pf(x)g(x)dx

1 1
< M(a, b) / i (t)hy(1-t)dt + N(a, b) / h(t)h,(t) dt. (5.3)
0 0

. 4 74 — —tal
Proof Since £ ;bp = +(§ oLt ”“2 8 we have

([T

([tap+(1—t)bf’ (1—t)a”+tb”}11’> ([tap+(1—t)b” (1—t)a1’+tb”}11’)
=f + g +
2 2 2 2

_ hl(%) [F([ta + = 0P ]) +£([ - O + ]7)]

X Hy (%) [g([ta” + (1 - t)b”]l’%) +g([A-v)a? + tbp]%’)]

§h1(%>h2<; ([t + (- 0] )g([ta” + (- O]

=

)]

S =

oy (%)m (=0 + 2] )g([(1- O + 7]

(e
(

)

0 :
(%) [ (@) + (1 - OF B)] 11 - Dg(@) + Is () (B)]
()

[ (1= £)f (@) + I (0)f (B) [ 12 (Dg(@) + ha(1 - £)g(B)]

ASIE

)]

oy %)hz(%)[f([u_t)ap+tbp]é)g([(1_t)ap+tbp]i)]

_ hl(%>h2(% ([t + (L= D8] ) ([ta® + (- O]

Page 12 of 16
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+h (%)hz (%) [((®)ha(1 = 8) + (1 - £)ha(£)) M (a, b) ]
+h (%)hz (%) [(m(@)ha(t) + (1 - Ok (1 - £))N(a, b) .
Integrating the above inequality over [0, 1], we obtain

1 @+ b a + b7 P oo
2h1(3)h, (E)f([ 2 ] )g([ ) } )_bp_ap/a ' f(x)g(x) dx

1 1
<M(a,b) | m(t)hy(1-t)dt + N(a,b) / Iy (£)ha (£) dit. 0
0 0

Theorem 8 Let f € ghx(hy,p,I) and g € ghx(hy, p,I) be functions such that fg € L1([a, b)),
hhy € L1([0,1]), and let a,b € I with a < b. We then have the inequality

2 b b 1 1 1
2(b—pp_ap)_2f / /0’“” TS ([ -0y ]P e ([ + (- 0)y°]7) ddydt

v ! b
S fo Iy (£)hy(t) dt /ﬂ &7V (x)g(x) dx

1 1 1
+/0 i (t) a’t/o h2(t)dt/0 I (£)hy(1 - t) dt[M(a, b) + N(a, b)]. (5.4)

Proof Since f € ghx(hy,p,I) and g € ghx(hy,p,I), we have

=

F([e? + A= 0)y"]7) < m(e)f (%) + (1 = 6)f (),

([t + (1 - 0y]F) < a(D)g@) + Is(1 - g

for all ¢ € [0,1]. Because f and g are non-negative, we get the inequality

Pt + A= 2] g ([t + (= £?]7)
< @®h@)f (0)g(x) + (1 - D (O)f W)gx) + h(h (1 - £)f (x)g(y)
+h(1-h(1-1)f (9)gB).

Multiplying both sides of the above inequality with % and integrating the result

)
over [a,b] and [0,1], we obtain the inequality

ANTE

(bp—ap)Z/ / /’“’”9’” F([tn? + A= )]7)g([ta? + A= 0)y7]7) dxdyat

p _ b
S/O hl(t)h2(t)dt|:m(/a x"lf(x)g(x)dx/a )’pldy
b b
- [ o [ dx)}

+2/01h1(t)h2(1—t)dt[ /xp f(x)dx/ ¥ f(y)dy]

(bP —ar)?
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By (5.1), we have the inequality

b’”—ap //f"plyplf ([t + - 017 )g ([t + (- 0?7 dy e

pr—a!’/ By (8)h( t)dtfa *P 7V (x)g(x) dx
h d h d h(O)hy(1 - ¢t)dt|M(a,b) + N(a,b)|.
+f0 ) r/o (0 tfo (Ohs(1 - £)de[M(a,b) + N(a,b)] =

Theorem 9 Let f € ghx(h,p,I), g € ghx(hy,p,I) be functions such that fg € Li([a, b)),
hyhy € L1([0,1]), and let a, b € I with a < b. We then have the inequality

[ [ (e va-0% 2T Ye([or ra-0%22] avas
1 b —
< /0 hy()hy(8) dt fa K7 (v)g(x) dx + b
X [h1<%)h2(%) /Olhl(t)hz(t)dt
+ [m(%) /Olhz(t)dt+h2<%) /Olhl(t) dt] /Olhl(t)hz(l—t)dt]. (5.5)

Proof Since f € ghx(hy, p,I) and g € ghx(hy, p,I), we have the inequalities

f([tx“(l—t)ap;bp}p)Shl(t)f(x)+h1(1—t)f<[ap+bp]p),

a?
[M(a, b) + N(a, b)]

2

g([txﬁ+(1—t>“p;bp]p) shz(t)goc)+h2(1—t>g([“p;bp]”)

for all ¢ € [0,1]. Because f and g are non-negative, we get the inequality

f([txp ' (l—t)ap;bp:|p>g<|:txp + (1-):)“'”;1"7}”)

< IO (E)f g(x) + (1 - t)hz(t)fqﬂp + b } ”)g(x)

2
emon - owe(| 57 |)

+h1-th(1- t)f<[ap ; bpr>g<[ap ; bpr)

Multiplying both sides of the inequality above with x”~! and integrating the result over
[a, b] and [0,1], we obtain
w1k
»
:| ) dtdx

bl 3
/ /xp-lfthmu—t)“p;bp] )g([tx”+(1—t)ap+
a 0
1 b _ » 5
[oomaa] [ asrir 252252 (222



http://www.journalofinequalitiesandapplications.com/content/2014/1/45

Fang and Shi Journal of Inequalities and Applications 2014, 2014:45 Page 150f 16
http://www.journalofinequalitiesandapplications.com/content/2014/1/45

1 B\ b
+/0 hl(t)hzu—t)dt[g([#] >/ XU (x) dix
+f<[—“p+bp] >/ P g(x)dx]

By inequality (5.1), we have

b pl }7 ’;
/ /x”‘lfth“(l—t)#] )g([tx’“(l—t)#] )dtdx
a 0

1 b
= /0 hl(t)h2(t)dt|: /ﬂ 7 f (g (x) dx
o (3) @ o5 ) e+ ew) |

p

1 B 1

. /0 hl(t)hz(l—t)dtyhz(%)(f(ﬂ) () (g(@) + (b)) /0 n(e)dt
1 _ 1

. fo hl(t)hzu—t)dtghl(%)(f(a) + (1)) (g(a) + (b)) /0 o (¢) dt

/hl(t)hz(t)dt/ x f(x)g(x)dx+ » [M(a b) + N(a,b)]

1
X [hl(%>h2(%>fo hl(t)hz(t)dt
+[ ( )/ hz(t)dt+h2< )/ n t)dt]/ hl(t)hz(l—t)dt] N
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