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Abstract

In the present paper, we propose several kinds of adaptively relaxed iterative
algorithms with a new step size for solving the split feasibility problem in real Hilbert
spaces. The proposed algorithms never terminate, while the known algorithms
existing in the literature may terminate. Several weak and strong convergence
theorems of the proposed algorithms have been established. Some numerical
experiments are also included to illustrate the effectiveness of the proposed
algorithms.
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1 Introduction

Since its inception in 1994, the split feasibility problem SFP [1] has been attracting re-

searchers’ interest [2, 3] due to its extensive applications in signal processing and image re-

construction [4], with particular progress in intensity-modulated radiation therapy [5, 6].
Let H; and H, be real Hilbert spaces, C and Q be nonempty closed convex subsets of

H; and H», respectively, and A : H; — H; a bounded linear operator. Then SFP can be

formulated as finding a point x with the property

xeC and AxeQ. (1.1)
The set of solutions for SFP (1.1) is denote by I' = C N A71(Q).

Over the past two decades years or so, the researchers invested and designed various
iterative algorithms for solving SFP (1.1); see [6—13]. The most popular algorithm, among
them, is Byrne’s CQ algorithm, which generates a sequence {x,} by the recursive procedure

x1 €Hy,  Xp =Pc(xn — A - Po)Ax,), n>1, (1.2)
where the step size T, is chosen in the open interval (0,2/[|A||?), while Pc and Py, are the
orthogonal projections onto C and Q, respectively.
©2014 Zhou and Wang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2014/1/448
mailto:wangpy629@163.com
http://creativecommons.org/licenses/by/2.0

Zhou and Wang Journal of Inequalities and Applications 2014, 2014:448
http://www.journalofinequalitiesandapplications.com/content/2014/1/448

We remark in passing that Byrne’s CQ algorithm (1.2) is indeed a special case of the
classical gradient projection method (GPM). To see this, let us define f : H; — R by

1

S =50~ Po)Ax|?, (1.3)

then the convex objective f is differentiable and has a Lipschitz gradient given by

Vf(x) = A*(I — Pg)Ax. (1.4)
We consider the following convex minimization problem:

r;éigf(x). (1.5)
It is well known that & € C is a solution of problem (1.5) if and only if

(Vf@&),x-%)>0, VxeC. (1.6)
Also, we know that (1.6) holds true if and only if

x=Pc(I-1tVf)x, Vt>0. 1.7)

Note that if ' # @, then x € I’ & f(%) = mingec f(x) < (1.6) holds < (1.7) holds. Conse-
quently, we can utilize the classical gradient projection method (GPM) below to solve SFP
(1.1):

x1€C, Xp1=Pc(xy— 1, Vf(%4), n>1, (1.8)

where 7, € (0,2/L), while L is the Lipschitz constant of Vf. Noting that L = ||A||?, we see
immediately that (1.8) is exactly CQ algorithm (1.2).

We note that, in algorithms (1.2) and (1.8) mentioned above, the choice of the step size
7, depends heavily on the operator (matrix) norm ||A||. This means that for actual im-
plementation of CQ algorithm (1.2), one has first to know at least an upper bound of the
operator (matrix) norm ||A||, which is in general difficult. To overcome this difficulty, sev-
eral authors proposed several various of adaptive methods, which permit the step size 7,
to be selected self-adaptively; see [7-9].

Yang [10] considered the following step size:

Pn

Tyi=m ————, (1.9)
TV @)l
where {p,} is a sequence of positive real numbers such that
oo o0
Z Py = 00, Z pZ < co. (1.10)
n=0 n=0

Very recently, Lépez et al. [11] introduced another choice of the step size sequence {z,}
as follows:

_ Pufu(xn)

EET7Are T a1
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where {p,} is chosen in the open interval (0,4). By virtue of the step size (1.11), Lopez et
al. [11] introduced four kinds of algorithms for solving SFP (1.1).

We observe that if Vf(x,) = 0 for some # > 1, then the algorithms introduced by Lépez
et al. [11] have to terminate in the nth step of iterations. In this case x,, is not necessarily a
solution of the SFP (1.1), since x,, may be not in C, Algorithm 4.1 in [11] is such a case. To

make up the flaw, we introduce a new choice of the step size sequence {t,} as follows:

e Pufn6n) (112)

" (van(xn)n + O'n)z,

where {p,} is chosen in the open interval (0,4) and {0, } is a sequence of positive numbers

in (0,1), while f,, and Vf, are given by, respectively,

2

Sulx) = %H (I - Po,)Ax|", (113)

V(%) = A*(I - P, )Ax, (1.14)

where {Q,} will be defined in Section 3.

The purpose of this paper is to introduce a new choice of the step size sequence {t,}
that makes the associated algorithms never terminate. A new stop rule is also given, which
ensures that the (n + 1)th iteration x,,; is a solution of SFP (1.1) and the iterative process
stops. Several weak and strong convergence results are presented. Numerical experiments
are included to illustrate the effectiveness of the proposed algorithms and the applications
in signal processing of the CQ algorithm with the step size selected in this paper.

The rest of this paper is organized as follows. In the next section, some necessary con-
cepts and important facts are collected. The weak and strong convergence theorems of the
proposed algorithms with step size (1.12) are established in Section 3. Finally in Section 4,
we provide some numerical experiments to illustrate the effectiveness and applications
of the proposed algorithms with step size (1.12) to inverse problems arising from signal

processing.

2 Preliminaries
Throughout this paper, we assume that SFP (1.1) is consistent, i.e., I' # . We denote by
R the set of real numbers. Let H; and H, real Hilbert spaces and the letter I the identity
mapping on H; or H,. If f : H} — R is a differentiable (subdifferentiable) functional, then
we denote by Vf (9f) the gradient (subdifferential) of f. Given a sequence {x,} in H, w,,(x,)
(resp. ‘x, — x’) denotes the strong (resp. weak) convergence of {x,} to x. The symbols (-, -)
and || - || denote inner product and norm of Hilbert spaces H; and H», respectively. Let
T : Hy — H; be a mapping. We use Fix(T') to denote the set of fixed points of 7. We also
denote by dom(T’) the domain of 7.

Some equalities in Hilbert space H; play very important roles for solving linear and non-
linear problems arising from real world.

It is well known that in a real Hilbert space Hj, the following two equalities hold:

ll £ 9012 = [lll> £ 2(x,9) + lIyl1% (2.1)
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forall x,y € H;.
2
[t + @ =0)y|” = tlxl? + A= Olyl* - e - D) - y11%, (2.2)
forallx,y € H; and t € R.
Recall that a mapping T : dom(7T) C H; — H; is said to be
(i) nonexpansive if

1T - Tyl < llx - yll, (2.3)

for all x,y € dom(T);

(i) firmly nonexpansive if

1T =TI < = yI> = | (U = T)x = (1= Ty, (24)
for all x,y € dom(T);
(ili) A-averaged if there exist some A € (0,1) and another nonexpansive mapping
S: H; — H, such that
T =(1=A)I+AS. 2.5)

The following proposition describes the characterizations of firmly nonexpansive map-

pings (see [12]).

Proposition 2.1 Let T : dom(T) C Hy — H; be a mapping. Then the following statements
are equivalent.
(i) T is firmly nonexpansive;
(i) I - T is firmly nonexpansive;
(iii) | Tx - Ty||> < (x —y, Tx — Ty) for all x,y € Hy;
(iv) T is %—avemged;

(v) 2T -1 is nonexpansive.

Recall that the metric (nearest point) projection form H; onto a nonempty closed convex
subset C of H; is defined as follows: for each x € Hj, there exists a unique point Pcx € C
with the property:

lx—Pexll < lx—yll, VyeC. (2.6)

Now we list some basic properties of P¢ below; see [12] for details.

Proposition 2.2

(p1) Givenx e H and z € C. Then z = Pcx if and only if we have the inequality

x-2zy-2)<0, VyeC; (2.7)

Page 4 of 22
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|Pcx — Pcy||2 <{x-yPcx—Pcy), forallx,ye Hi; (2.8)

| = Pe)x— (1= Po)y|* < ((1 = Pe)x — (I - P)y,x - ), (2.9)

forall x,y € Hi.
(pa) 2Pc —1I is nonexpansive;
(ps)

IPcx — Peyll® < llx = ylI> = | (I = Po)x— (I - Pe)y|®, %y € Hy; (2.10)

in particular,
(Ps)

2
IPcx = y11* < llx -y - | - Po)x

, forallx e Hyandye C. (2.11)

From (ps), (p3), and (p4), we see immediately that both P¢ and (I — Pc) are firmly non-
expansive and %—averaged.
Recall that a function f : H; — R is called convex if

F(x+@=1)y) M)+ A-1)f (), VYre(0,1),Vx,y€H,.

Itis well known that a differentiable function f is convex if and only if we have the relation
f@=fx)+(Vf(x),z-x), VzeH.

Recall that an element & € H; is said to be a subgradient of f : H; — R at x if
f@)=fx)+(£,z-x%), VzeH.

If the function f : H; — R has at least one subgradient at x, it is said to be subdifferen-
tiable at x. The set of subgradients of f at the point x is called the subdifferential of f at x,
and is denoted by 9f(x). A function f is called subdifferentiable if it is subdifferentiable
at every x € H;. If f is convex and differentiable, then 9f(x) = {Vf(x)} for every x € H;.
A function f is called subdifferentiable if it is subdifferentiable at every x € H;. If f is con-
vex and differentiable, then 9f (x) = {Vf(x)} for every x € H;. A function f : H; — R is said
to be weakly lower semi-continuous (w-Isc) at x if x, — x implies

f(x) <limf(x,).

f is said to be w-Isc on Hj if it is w-Isc at every point x € Hj.

It is well known that for a convex function f : H; — R, it is w-Isc on H; if and only if it
is Isc on H;.

It is an easy exercise to prove the following conclusions (see [13, 14]).

Page 5 of 22
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Proposition 2.3 Let f be given as in (1.3). Then the following conclusions hold.
(i) f is convex and differentiable;
(ii) Vf(x)=A*(I - Pg)Ax, x € Hy;
(ili) f is w-Isc on Hy;
(iv) Vf is ||A||%>-Lipschitz:

|Vf@) = Vo) < lAPIx =1, %y <H.
The concept of Fejér monotonicity plays a key role in establishing weak convergence

theorems. Recall that a sequence {x,} in H; is said to be Fejér monotone with respect to

(w.r.t.) a nonempty closed convex subset C in H; if
pty
%1 =2l < %y —2l, Vn>=1VzeC.

Proposition 2.4 (see [11, 15]) Let C be a nonempty closed convex in H,. If the sequence
{x,} is Fejér monotone w.r.t. C, then the following hold:
(i) x, = X if and only if w,(x,) C C;

(ii) the sequence {Pcx,} converges strongly;

(iii) ifx, — % € C, then x = lim,, Pcx,,.
Proposition 2.5 (see [16]) Let {«,} be a sequence of nonnegative real numbers such that

Oyl = (1 - tn)an + tnbnr n= 17

where {t,} is a sequence in (0,1) and b,, is a sequence in R such that

(i) Zzil t, = 00;

(i) lim,b, <0 o0rY o, |tubyl < 00. Then o, — 0 (1 — 00).

3 Main results
Let ¢: H — R and g : H, — R be convex functions and define level sets of ¢ and g as

follows:
C= {er1|c(x)§0} and Q= {yeH2|q(y)§O}. (3.1)
Assume that both ¢ and g are subdifferentiable on H; and H,, respectively, and that dc
and dq are bounded mappings. Given an arbitrary initial data x; € H;. Assume that x,, is
the current value for # > 1. We introduce two sequences of half-spaces as follows:
Cu= {x € Hilc(xn) < (50, %0 —x)}, 3.2)
where &, € dc(x,), and

Qn = |y € Holq(Ax,) < (0, Ax, - y)}, (3.3)

where 7, € 3g(Ax,). Clearly, CC C, and Q € Q, forall n > 1.
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http://www.journalofinequalitiesandapplications.com/content/2014/1/448

Zhou and Wang Journal of Inequalities and Applications 2014, 2014:448
http://www.journalofinequalitiesandapplications.com/content/2014/1/448

Construct x,,; via the formula
Xn+l = PCn (xn - Tnvf(xn)), (3.4)

where {7, } is given as (1.12),

1

£ = 34 = Po x| (35)

and
Vf,(x) = A*(I - Pg,)Ax, (3.6)
More precisely, we introduce the following relaxed CQ algorithm in an adaptive way.

Algorithm 3.1 Choose an initial data x; € H; arbitrarily. Assume that the nth iterate x,
has been constructed then we compute the (# + 1)th iteration x,,,; via the formula:

KXn+l = PC,, (xn - r,,Vf(x,,)), n>1, (37)

where the step size 1, is chosen in such a way that

Pufn(xn)

CUVEG Tt o2 3.8
(Vx| + 00)? (3.8)

n

with 0 < p, < 4 and 0 < 0, < 1. If x,,,; = &, for some # > 1, then x,, is a solution of the
SFP (1.1) and the iterative process stops; otherwise, we set #:= n + 1 and go on to (3.7) to

compute the next iteration x,,,7.

We remark in passing that if x,,; = x,, for some n > 1, then x,, = x,, for all m > n + 1,
consequently, lim,,_,« %, = %, is a solution of SFP (1.1). Thus, we may assume that the
sequence {x,} generated by Algorithm 3.1 is infinite.

Theorem 3.2 Assume that lim,p,(4 — p,) > p > 0. Then the sequence {x,} generated by
Algorithm 3.1 converges weakly to a solution x of SFP (1.1), where x = limy—, oo Prx;,.

Proof Letz € T be fixed, and set y, = x,, — 7,, Vf,,(%). By virtue of (2.1), (3.7), and Proposi-
tion 2.2(pg), we have

st = 2% = 1 Pe,ym - 2II?
< 19 = 21 = 19 = Pc,9ull?
= %0 = 2= w V@) |* = lyn = Pe,yull®
= 1% = 2I1% = 200 Vo), % = 2) = lyn = Pyl

+ 22| V)| (3.9)
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In view of Proposition 2.2, we know that I — Py, are firmly nonexpansive for all # > 1,
and from this one derives

(Vf,,(x,,),x,, - z) = <(1 —Pg,)Ax,, Ax, — Az)
= (I - Po,)Ax, — (I - Pg,)Az, Ax, — Az)

2
> || (I = Po,)Ax,||” = 2fu(xn), (3.10)
from which it turns out that

2
%241 _Z||2 < l%x _Z”2 — 4T fu(xn) + TZ ”an(xn)” = lyn _PCnyn”2

P - 4pfy ) P C)
V£l +0)? (V)| + o)

- ”yn - PCnyn||2

= ||, — I?

| V1)

SHxn)

—_— - _ 2
IV aon) + o) s = Pe,yull®, (3.11)

< 1% = 2II* = pu(4 — pu)
which in turn allows us to deduce the following conclusions:
(i) {#xn} is Fejér monotone w.r.t. T'; in particular,
(i) {x,} is a bounded sequence;
(iii) 07y ould = pu)f2 o) (I V @) | + 0)* < 00; and
(iv)

> lyw = Pe,yull* < 0. (312)

n=1

By Proposition 2.4(i), to show that x,, — x, it suffices to show that w,,(x,) C . To see
this, take x* € w,,(x,,) and let {x,, } be a sequence of {x,} weakly converging to x*. By our
assumption that lim,p,(4 — p,) > p > 0, without loss of generality, we can assume that
on(4 = p,) > £ for all n > 1. It follows from (3.12) (iii) that

Sn(%n)

Wbl o, 0 070 (3.13)

Note that ||V, (x,)| + 0, < |A|?||lx, — z|| + 1 for z € T. This, together with (3.13), im-
plies that f,(x,,) — 0, that s, ||(I — Pg,)Ax,|| — 0. By our assumption that dg is a bounded
mapping, we see that there exists a constant M > 0 such that ||n,|| < M, Vn, € dg(Ax,).

Since Pg, (Ax,) € Q,, by the definition of Q,, we have

q(Ax,) < (0w, Ax, — P, (Ax,)) < M| (I - Pg,)Ax, | — 0. (3.14)

Noting that Ax,, — A% and using the w-Isc of ¢, we have g(Ax*) < lim; g(Ax,,) < 0,
which implies that Ax* € Q. We next prove x* € C. Firstly, from (3.12) (iv), we know that
Iy — Pc,yull — 0. Notice that

Auen) VLG ()
x|l + 0 ”an(xn)” +on ”an(xn)” + 0y

n —Xnll = nvn n)|| =
I =5l = [ ¥ho)] <
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we have

[E _PCnan < %0 = Yull + llyn _PCnyn” + ”PCnyn _PCnan

< 2% = yull + 1lyn = Pc,ynll = 0.
Since dc¢ is a bounded mapping, we have M; > 0 such that
&1l <My, V&, € dc(xy).
Since P, (x,,) € Cy, by the definition of C,, we have
(%) < (Ens %n — Pc,%n) < Mi||(I = Pc, )| — 0.

Then w-Isc of C implies that c¢(x*) < lim;c(x,,) < 0, thus x* € C and w,,(x,,) C I', complet-
ing the proof. O

We introduce a little more general algorithm as follows.

Algorithm 3.3 Choose an initial data x; € H; arbitrarily. Assume that the nth iteration x,
has been constructed; then we compute the (# + 1)th iteration x,,,; via the formula:

KXntl = ,ann + (1 - ﬂn)PCn (xn - fnvf(xn))r n= 1; (315)

where the step size {1,} is as before and {8,} is a sequence in (0,1) satisfying lim, 8, < 1.
If x,,,1 = x,, for some n > 1, then x, is a solution of the SFP (1.1) and the iterative process

stops; otherwise, we set #:= n + 1 and go on to (3.15) to compute the next iteration x,,,,.
We have the following weak convergence theorem.

Theorem 3.4 Assume that lim, p,(4 — p,) > p > 0. Then the sequence {x,} generated by
Algorithm 3.3 converges weakly to a solution x of the SFP (1.1) where x = lim,,_, o Prx,.

Proof Let z € I' be fixed and set y, = x, — 7,,Vf,(x,,). By virtue of (2.1), (2.2), (3.15), (3.10),
and Proposition 2.2(pe), we have

1 = 212 = || Bulwn = 2) + (L= B) P,y 2|
= Bullxn = 21> + (1 = B)IPc,yn = 211> = Bull = ) 1% — Pc,yull®
< Bulltn = 2II* + A= By — 2II* = (1= B lyn — Pe,ynll?
= Bullx — 217 + (= ) |2 — 2 = T Vo) |
- (A= By = Pe,yul®
= Bulltn —211” + (1= Bu) 10 — 211> = 21 = B) Tu{ Vo), 2 — 2)
+ (= B2 Vhulw)|* = @ = B)llyn = Pe,yull?

< 1o — 211% = 401 = B Tafu(m) + (1= B3| 0Vl |
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— Bl = By — Pc,yull?

SHxn)
(V)| + 0,)?

- @ = BI)lyn = Pe,yall?s (3.16)

= ”xn - Z||2 - (1 - ﬁn)pn(4' - pn)

which implies that
(i) {#xn}is Fejér monotone w.r.t. T'; in particular,
(i) {«x,} is a bounded sequence;
(i) 3002y (1= Bu)pu(d = 0 @) IV fu ()| + 0,,)* < 003 and
(iv) 221 (1- ,Bn)”yn - PCnyn”z <00,

By our assumptions on {8,} and {p,}, we have ”fo’é%

rest of the arguments follow exactly form the corresponding parts of Theorem 3.2, we

— 0 and y, — Pc,y, — 0, the

omit its details. This completes the proof. d

We remark that Theorem 3.4 generalizes Theorem 3.2, that is, if we take 8, = 0 in The-
orem 3.4, then we can obtain Theorem 3.2. It is really interesting work to compare con-
vergence rate of Algorithms 3.1 and 3.3.

Generally speaking, Algorithms 3.1 and 3.3 have only the weak convergence in the frame
work of infinite-dimensional spaces, and therefore the modifications of Algorithms 3.1
and 3.3 are needed in order to realize the strong convergence. Considerable efforts have
been made and several interesting results have been reported recently; see [17-20]. Below

is our modification of Algorithms 3.1 and 3.3.

Algorithm 3.5 Choose an arbitrary initial data x; € H;. Assume that the nth iteration
x, € Hy has been constructed. Set

yn=Pc, (xn - Tnvf(xn))) n>1, (3.17)

with the step size 7, given by (1.12), and define two half-spaces Y, and Z, by

Y, = {z € Hy: llyn —2II < llaty = 211 = pu(4 - pn)f”z(—x")2 } (3.18)
(”an(xn)” + an)
Z,,={zeH1:(x1—x,,,z—x,,)50}. (3.19)
The (# + 1)th iterate x,,,1 is then constructed in the formula:
Xne1 = Py,nz, (%1). (3.20)

If x,,,1 = %, for some n > 1, then x,, is a solution of SFP (1.1) and the iterative process stops;
otherwise, we set n:= 7 + 1 and go on to (3.17)-(3.20) to compute the next iteration x,.,.

Theorem 3.6 Assume that lim,p,(4 — p,) > p > 0. Then the sequence {x,} generated by
Algorithm 3.5 converges strongly to a solution x* of SFP (1.1), where x* = Pr(x1).

Proof Firstly, we show that

Y,NZ, 2T %9, (3.21)
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for all # > 1. Indeed, in view of (3.11), we have I C Y,, for all #n > 1. To show (3.21) holds,
it suffices to show that I' C Z, for all n > 1. We complete the proof by induction. Since
Zy =Hy, T C Z;. Assume that I' C Z; form some k > 1; we plan to show I' C Z,;. Since
' C Y N Zy, and Y N Zg # ¥ closed convex, x,.1 = Py,nz,(x1) is well defined. It follows
from Proposition 2.2(p;) that

(Xks1 — 2o X1 — 1) <0, Vzel. (3.22)

This implies that z € Z;,; and hence I' C Zi,;. Consequently, I' C Z, for all n > 1, and
thus (3.21) holds true.

From the definition of Z,, and Proposition 2.2(p;), we see that x,, = Pz, x;. It then follows
from (3.20) that

6, = x1ll = [|1Pz,%1 — %1 || < (1041 — %l = 1Pz, %1 — 21 || < [1Provy — 1. (3.23)

This derives that lim,, ||x,, — 1 || exists, dented by d.
Noting that x,,,; € Z,,, we have

(xVH-l —XnyXn — xl) > 0. (324)
By virtue of (2.1) and (3.24), we obtain
I%nen = x0 0% = 2 = 2011 = 11 = 21 + 20001 = % Ky = 21) > |01 =241 (3.25)

From this one derives that x,,; —x, — 0 (n — 00).
Since x,,,1 € Y,, we have

1yn — Xns1 ”2 < % — %41 “2 — pn(4 - pn)f}’?(—xn); (3.26)
- (||vﬁ1(xn)|| +0,)?
from which it turns out that
17w = %ne1ll < 1% = %1l = O (3.27)
and
(%)
pn(4' - ,On) f;l - = ”xn —Xn4l ”2 — 0. (328)

(”an(xn)” +0,)? ~

At this point, we show w,,(x,,) C I'. To end this, take x € w,,(x,,). Then there exists a sub-
sequence {x,,} of {x,} such that X ~ X. By our assumption that lim, 0,(4 — p,) > p > 0,
from (3.28) we conclude that

Sunln)

Vel ro, Y (3.29)

which implies that f,(x,,) — 0, since {||Vf,(x,)|l + 0,,} is bounded. Notice that Pg,(Ax,) €
Q,, and 9q is a bounded mapping, we have

q(Ax,) < (0w Ax, — Po,(Ax,)) < M| (I - Pg,)Ax, | — 0. (3.30)
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Since Ax,; — Ax and g is w-Isc on H,, we derive

q(A%) <limg(Ax,;) <0,
j

which implies that A% € Q.
We next show x € C. Indeed, from (3.27) we have

”_yn _xn” =< ”yn _xn+1|| + ||xn+l _xn” — 0. (331)

From (3.29), we have also

o) VA 4h(x)

e = S v, Tl v on = TVl 7o,

0. (3.32)
Consequently, it follows from (3.31) and (3.32) that

[ _PCnxn” < n = yull + lyn _PC,,xn”

<% = Yull + | VSulwn) | = O. (3.33)
Since P, (x,) € C,, noting dc is a bounded mapping, we immediately obtain
c() < (En % — Pe,xn) < M |[(T = P, )| — 0.
Then the w-Isc of ¢ ensures that

c(x) <limc(xy) <0,
j

from which it turns out that x € C, and thus x € I'. It follows from (3.21) that x € Z,,, which
implies that

(%1 — x4, X —x,) <0, (3.34)
for all # > 1. Thus, from (3.34) we obtain

%, = %1% < (&= 21, = ), (3.35)
in particular, we have

e, = &% < (&= %1, % - 2,

w
consequently, x,, — &, since x,, —> %.
At this point, by virtue of (3.19), we have

X1 —xp,z2—%,) <0, VzeTl, (3.36)
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in particular, we have

(01 —%u,z —xy) <0, Vzel. (3.37)
Thus, upon taking the limit as j — oo in (3.37), we obtain

(¢ —%,z-%) <0, VzeTl. (3.38)

This implies that ¥ = Prx; by Proposition 2.2(p;). Therefore {x,} converges strongly to
X = Prx; because of the uniqueness of Prx;. This completes the proof. O

Algorithm 3.7 Choose an arbitrary initial data x; € H;. Assume that the nth iteration
x, € Hy has been constructed. Set

Yn = Buxn + (1= Bu)Pc, (xn - Tnvf(xn))i (3.39)

with the step size 7, given by (1.12) and the relaxed factor B, in [0, 1) satisfying lim,,8, < 1.
Define two half-spaces Y, and Z, by

_ . 2 o2 _ fnz(xn)
Y, = {z e Hi:ly,—zl” < %, — 2lI” — pu(4 p")—(IIan(xn)ll o7
— (L= B[ %n = T Vo) = Pe, (% = T Vo () \\2}, (3.40)
Z,,:{zeHl:(xl—x,,,z—x,,)§0}. (3.41)

The (n + 1)th iteration ., is then constructed by the formula:

X1 = Py,nz, (x1). (3.42)

If x,,,1 = x,, for some n > 1, then x,, is a solution of SFP (1.1) and the iterative process stops;
otherwise, we set n:= 7 + 1 and go on to (3.39)-(3.41) to compute the next iteration x,,,5.

Along the proof lines of Theorem 3.6 we can prove the following.

Theorem 3.8 Assume that lim,p,(4 — p,) > p > 0; then the sequence {x,} generated by
Algorithm 3.7 converges strongly to a solution x* of SFP (1.1), where x* = Pr(x1).

The proof of Theorem 3.8 is similar to that of Theorem 3.6, and therefore we omit its
details.
We next turn our attention to another kind of algorithm.

Algorithm 3.9 Choose an arbitrary initial datax; € H;. Assume that the nth iteration x,, €
Hj has been constructed; then we compute the (# + 1)th iteration x,,,; via the recursion:

%ne1 = P, (ang(n) + (1= o) (%0 — TuVf (x0))), n>1, (3.43)

where the step size t, is given by (1.12), g : H; — H, is a contraction with contractive
coefficient § € (0,1), and {w,} is a real sequence in (0,1). If x,,,; = x,, for some n > 1, then
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%, is an approximate solution of SFP (1.1) (he approximate rule will be given below) and
the iterative process stops; otherwise, we set #:= n + 1 and go on to (3.43) to compute the
next iteration x;,,,.
We point out that if x,,,; = x, for some # > 1, then (3.43) reduces to
xy = Pc, (ang(xn) +(1- Ofn)(xn - Tnvf(xn))); n=1 (3.44)
This implies that x,, € C,, and hence x, € C. Write
e(xnr Tn) = ”xn - PCn (xn - fnvfn(xn) ”

Then it follows from (3.44) that

, n>1L (3.45)

@ Tn) < ot | g(n) = % + T V(%)

Such an x;, is called an approximate solution of SFP (1.1). If e(x,;, 7,,) = 0, then x,, is a solution
of SFP (1.1).

Theorem 3.10 Assume that {a,} and {p,} satisfy conditions (C;) o, — O, ZZOZI oy =00
and (Cy) lim, p,(4 — py,) > 0, respectively. Then the sequence {x,} generated by Algorithm 3.9

converges strongly to a solution x* of SFP (1.1), where x* = Prg(x*), equivalently, x* solves

the following variational inequality:

(I-ga*,x—x*)>0, Vxel. (VD)
Proof First of all, we show there exists a unique x* € I such that x* = Prg(x*). Indeed, since
Prg: Hy — H; is a contraction with the contractive coefficient § € (0,1), by the Banach
contractive mapping principle, we conclude that there exists a unique x* € H; such that
x* = Prg(x*) € ', equivalently, x* solves the following variational inequality:

(U-gx*x—x*)>0, VxeTl. (VD)

Write y, = x,, — 7, Vfu(x,) and z, = a,gx, + (1 — &y)y,. Then (3.43) can be rewritten as

Xni1 = Pc,zy. (3.46)
Noting that x* € I and Q € Q, for all # > 1, we have Ax™ € Q,, for all n > 1, and hence

(I - Pg,)Ax* = 0.

Since I — Py, is firmly nonexpansive, we have

(Vf(xy,),x,, —x*) = ((1 — Py, )Ax,, Axy, —Ax*)

(I - Pg,)Ax, — (I - Pg,)Ax*, Ax, — Ax™)

> | - Po,)Axy|)” = 2fy (). (3.47)
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By virtue of (2.1) and (3.47), we obtain

=) = 2 = " = 7, Vo )|

= [|xn - x* H2 = 20 (Vfuon), % — %) + 77 | V() ||2
g E H2 — 4T, fu(x0) + 7 | an(xn)H2
|12 fnz(xn)
= n— -4 T T~ 7 . N9
oo =" =207 el w2
PR/ M A/ AC &
(”an(xn)” +0,)? (”an(xn)” +0,)?
2
< n_*Z_ n4_ WM’ 3.48
= b= = rn o G S o (348)
in particular, we have
o =] < [l =27 (3.49)
forallm>1.
We now estimate ||z, —x*||2. By virtue of definition of the norm || - || and Schwarz’s
inequality, we obtain
|2 — &* ||2 = (24 — &, 2, — &¥)
= (@) — &%, 20 — &%) + (1= o)y — &%, 2, — %)
= ou(g(xn) — g(x%), 20 — &%) + otu(g (x*) — &%, 2, — &%)
+(1- a,,)(y,, -x%,z, —x*)
8%, 2 oy 2
R e o e
1-«, a2 l—ay p)
T R T ¥
from which it turns out that
||zn —x* ||2 < 8%, ||x,, —x* ||2 + Zan(g(x*) —-x,z, —x*) +(1-ay,) ||yn —x* ||2 (3.50)
Substituting (3.4.8) into (3.50) yields
Jan =" < [1= (1= 8%)eta] [ =" [* + 20tug (3°) = 5%, 2 = ")
2
(- apa(a pp) D) (35

(”an(xn) | +0,)? )

By virtue of Proposition 2.2(ps), (3.48), and (3.51), noting that x* € C C C,, for all n > 1,

we have

-

< ||z = a*|* = ll20 = P, 2zall?
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<[1-(1-8%)an]|an—x* ||2 +20,((g — D)™, 2, — &%)

HED)

—(1— o) pn(4 - p")—(llvfn(xn)ll Py

| = Pe,)za|. (3.52)
We next show that {x,} is bounded. Using (3.43) and (3.49), we have

a1 =" < el @) = 7] + (1= )3 =27
= 80ty s = 7| + g () =" + A — @) |00 =27

llg (") — x|

=[1—(1—8)a,,]||x1—x*||+(1—8)a,, T3

*
’

o) = } Y

§max{||x1—x .

for all n > 1, therefore {x,} is bounded; so are {y,} and {z,}.
Finally, we show that x,, — x* (1 — 00).
Set s, = ||#, — x*||> and assume that p,(4 — p,) > p for all # > 1. Then (3.52) reduces to

f;z?(xﬂ)
(”an(xn)” + Un)2

<2a,{(g - Dx*, 2, — &%). (3.53)

Sp+l — Sp + (1 - 52)01,,3,, +(1-ay)p + || (I -Pc,)zn ||2

We consider two possible cases.
Case 1. {s,} is eventually decreasing, i.e., there exists some integer 7y > 1 such that

Sps1 <8, foralln> nyg,

which means that lim, s, exists. Note that {z,} is bounded and «, — 0. Letting n — oo

in (3.53) yields ”fo’(‘;ﬁ% — 0 and (I — Pg,)z, — 0. Since {||Vf,(x,) + 0|} is a bounded

sequence, we conclude that f,(x,) — 0 and hence
(I -Pg,)Ax, — 0. (3.54)

Observe that ||z, — ¥, || < o, llg(xn) — yull < @uMi — 0,

26,
I =501 = | Tt = G [ )|

< 4‘fnz(xn) -0
- (”an(xn)n + O'n)2 ’

and

% — Pe,%nll < 160 = Zull + 120 — Pc,zall + [1Pc,2n — Pc,%ull

<2|%y = zull + | (I = Pc,)zu || — 0. (3.55)
We may assume that

@((g - Dx*,z, — x*) = m{(g —Dx*, %, — x*) = kﬁ ((g - Dx*, %, - x*) (3.56)
n —00
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Without loss of generality, we assume that x,, — & (k — 00); then Ax,, — A% (k — o0).
Since P, A%y, € Qu, {ny} C 9g(Ax,,) is a bounded sequence and (I—Pan JAX,, — 0
(k — o0) by (3.54), we deduce that

q(Ax) < (Mg Ay, = Pq, (A%} < Il Il (I = Po, YA%, | — 0,
as k — oo, then w-Isc of g implies that

q(A%) <limg(Ax,,) <0,
k

and thus Ax € Q.
On the other hand, since Pc,, (%) € Cyp {€n,} C Oc(xy,) is a bounded sequence, and
(I = Cq, )xn, — 0 by (3.55), we derive

C(6n) < {Enr X = Py %) < N6 1| (T = P,y )t | — 0
as k — 0o, then w-Isc of ¢ implies that

c(®) < limc(x,,) <0,

k

and thus & € C. Consequently, x € C N A7}(Q) = T. It follows from (3.56) and Proposi-
tion 2.2(p;) that

@((g—])x*,zn -x*)=((g-Dx*,2-x") < 0. (3.57)
Taking into account of (3.53), we have
St < [1= (1= 8%) ot s + 20{(g — Dx*, 2, — &%), (3.58)

Applying Proposition 2.5 to (3.58), we derive that s, — 0 as n — oo, i.e., x, = x* as
n— oo.

Case 2. {s,} is not eventually decreasing. In this case, we can find an integer 7y > 1
such that s, < s,,+1. Define J(n) := {ng <k <n:sg <sgn1}, n>np. Then J(n) # ¥ and J(n) C
J(n +1). Define T : N — N by

t(n) :=maxJ(n), n>ny.

Then t(n) — 00 as 1 — 00, S;(;) < S¢(m)+1 for all n > np and s, < sy(y41 for all n > ny; see
[20] for details.
Since $7(z) < Sz(my+1 for all n > ny, it follows from (3.53) that

pfn2 (%)

B My — 0
(V) + o2 =4

St(n+l) — St(m) —> 0,

and [|(/ = P, )zc(m|l — 0 as n — oo.
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At this point, by virtue of a similar reasoning to the corresponding parts in case 1, we
can deduce that lim, {(g — Dx* 2040y — %) = lim,, ((g - Dx*, %) —x*) < 0.
Noting that s;(,) < $7(4)+1, it follows from (3.53) that

2
1-42

Sz(n) = <(g_1)x*’zr(n) _x*>,

from which one derives that mnsr(n) < 0, and hence s;(;,) — 0 as n — oco. From this it
turns out that s;(,,1 — 0 as # — 00, since $;(;)4+1 — Sz(s) — 0 as n — o0o. Consequently,
sy — 0,as n — oo, since 0 <5, < S¢(+1 — 0 as # — oo. This completes the proof. O

By using an argument like the method in Theorem 3.10, we have the following more
general algorithm and convergence theorem.

Algorithm 3.11 Choose an arbitrary initial data x; € H;. Assume that the nth iteration
x, € Hj has been constructed; then we compute the (1 +1)th iteration x,,,; via the recursion

Xn+l = ;ann + (1 - ,BM)PC}, [ang(xn) + (1 - an)(xn - '(,,,Vf(x,,))], n Z 1: (359)

where {B,} is a real sequence in [0, 1) satisfying lim, 8, < 1, {«,} is a real sequence in (0,1)
satisfying conditions (C;) o, — 0 and (C;) Zfil a, = 00, g : Hy — H, is a contraction with
contractive coefficient § € (0,1) and 7, is given by (1.12). If x,,,; = x,, for some n > 1, then
%, is an approximate solution of SFP (1.1) and the iterative process stops; otherwise, we
set n:=n+1 and go on to (3.59) to compute the next iteration x;,,5.

Theorem 3.12 Assume that lim, p, (4 — p,) > 0; the sequence generated by algorithm (3.59)
converges strongly to a solution x* of the SFP (1.1), where x* = Prg(x*), equivalently, x* is a
solution of the following variational inequality:

(I-ga*x—x")>0, Vxel. (VD)

4 Numerical experiments
In this section, we consider two typical numerical experiments to illustrate the perfor-
mance of step size (1.12) with CQ-like algorithms. Firstly, we introduce a linear observa-

tion model as follows, which covers many problems in signal and image processing:
- N
y=Ax+e, x€eRY, (4.1)
where y € RM is the observed or measured data with noisy &. A : RN — RM denotes the
bounded linear observation operator. A is sparse and the range of it is not closed in most
inverse problems, thus A is often ill-condition and the problem is also ill-posed. When x

is a sparse expansion, finding the solutions of (4.1) can be seen as finding a solution to the
least-square problem

1 2 .
min — |y — Ax||® subjectto |x|1<¢ (4.2)
xeRN 2

for any real number ¢ > 0.
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When we set C = {x € RV : ||x||; <t} and Q = {y}, it is a particular case of SEP (1.1); see
[11]. Therefore, we continue by applying the CQ algorithm to solve (4.2). We compute the
projection onto C through a soft thresholding method; see [11, 21-23].

Next, according to the examples in [11, 22], we also choose two similar particular prob-
lems: compressed sensing and image deconvolution, which can be covered by (4.1). The
experiments compare the performances of the proposed step size (1.12) with the step size
in [11], and analysis some properties of (1.12).

4.1 Compressed sensing
In a general compressed sensing model, we set the hits of a signal x € RN is N = 2!2. There
exist m=50 spikes with amplitude %1 distributed in the whole domain randomly. The plot
can be seen on the top of Figure 1. Then we set the observation dimension M = 2!° and a
matrix A with M x N order is also generated arbitrarily. A standard Gaussian distribution
noise with variance o2 = 10~* is added. Let =50 in (4.2).

For the step sizes (1.11) and (1.12), we always set the constant p = 2. For Algorithm 3.3,
we set B, = 0.5. All the processes are started with initial signal xy = 0 and finished with the
stop rule

%1 = %all/ 12|l < 207°.
We calculated the mean squared error (MSE) for the results

’

MSE = (1/N)||x* - x

where x* is an estimated signal of x.

The second and third plots in Figure 1 correspond to the results with step sizes (1.11)
and (1.12) to Algorithm 3.1, respectively. The recovered result by Algorithm 3.3 with step
size (1.12) is shown in the fourth plot. Especially for the fifth, when we set g, = (n + 1),
k=1,2,3,..., when we have k > 3 the iteration steps of Algorithm 3.3 start to approach
the number in the second plot, and the restored precision is a little poorer than the others.

For (1.12) we firstly set 0, = 0 = 0.5; then in order to study its effect to the convergence
speed of the CQ algorithm, we let it be o, = (1 + 1) 1>1isan integer. In Figure 2 we
can find that when / > 4 the best MSE curves can be obtained, and it starts to change less.
Therefore, o, should be as little as possible.

4.2 Image deconvolution

In this subsection, we continue by applying Algorithms 3.1 and 3.3 to recover the blurred
Cameraman image. In the experiments, from [22, 24] we employ Haar wavelets and the
blur point spread function &; = (1+i* +;*)7}, for i,j = —4, ..., 4; the noise variance is 0% = 2.
The size of the image is N = M = 2562. The threshold value is hand-tuned for the best SNR
improvement. ¢ is the sum of all the original pixel values.

We observe the performance of o, in (1.12); see Figure 3. We find that at the beginning
several steps there are similar SNR curves, however, after 19 iterations, o = 0.5 is similar
with (1.11). When 1 < < 6, the curves are worse than the others. While we set [ > 6 the
curve starts to be consistent with the curve of (1.11). Therefore, we also know that o,
should be better as little as possible.
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Original siganl (N=4096, 50spikes)
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CQ algorithm with stepsize (1.11) (MSE=2.8021e-005, 66 iterations, CPU time=0.8504s)
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Algorithm 3.1 with I=4 (MSE=2.8182¢-005, 66 iterations, CPU time=0.8402s)
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Algorithm 3.3 with 1=4, Bn=0.5 (MSE=5.6882¢-005, 109 iterations, CPU time=1.4078s)
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Algorithm 3.3 with I=4, k=8 (MSE=2.8182¢-005, 66iterations, CPU time=1.1639s)
1F T T T T T T T4
0
= ! 1 ! ! ! 1 -
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Figure 1 Compressed sensing problem, from top to bottom: original signal, results of CQ algorithm
with step sizes (1.11), (1.12), and Algorithm 3.3.

—=—0on=0.5
— =1
1=4

—— =16

!

100

Figure 2 The performance curves of MSE to different o, in 100 iterations. The line with squares is
corresponding to o, = 0.5, x corresponding to /=1, circles to /=4, points to I=16.

5 Conclusion remarks

In this paper we have proposed several kinds of adaptively relaxed iterative algorithms
with a new variable step size 7, for solving SFP (1.1). The feature is that the new variable
step size 7, contains a sequence of positive numbers in its denominator. Because of this,
the proposed algorithms with relaxed iterations will never terminate at any iteration step.
On the other hand, unlike the previous known algorithms, our stop rule is that the related
iteration process will stop if x,,,; = x,, for some n > 1.
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15 I I I I I
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Figure 3 The performance curves of SNR to different o, in 70 iterations. The line with squares
corresponds to (1.11), x to /= 1, triangles to / = 3, circles to [ = 16.

By means of new analysis techniques, we have proved several kinds of weak and strong
convergence theorems of the proposed algorithms for solving SFP (1.1), which improved,
extended, and complemented those existing in the literature. We remark that all conver-
gence results in this paper still hold true if we use the step size t, given by (1.11) to replace
the step size given by (1.12). In such a case, the stop rules should be modified. We would
like to point out that our Theorems 3.10 and 3.12 are closely related to a sort of variational
inequalities.

Finally, numerical experiments have been presented to illustrate the effectiveness of the
proposed algorithms and applications in signal processing of the algorithms with the step
size selected in this paper. The numerical results tell us that the changes of the choice of
the step size o,, given by (1.12) may affect the convergence rate of the iterative algorithms,
and o, should be chosen as small as possible; for instance, we can choose o, such that

0, —> 0asn— oo.
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