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Abstract
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1 Introduction

In 1972 Bézier [1] introduced the Bézier basic function and Bézier-type operators are the
generalized types of the original operators. The introduction of these operators should
have some background. Some properties of the convergence and approximation for some
Bézier-type operators have been studied (¢f. [2—6]), but there are other aspects that have
not yet been considered. For more information as regards the development of the study
on this topic or related field, the interested readers can consult the monograph [7] and the
paper [8]. In this paper we will consider the direct, inverse and equivalence theorems for
the Szdsz-Durrmeyer-Bézier operator, which is defined by

D) =3 [ sualtf O ATz~ Jiia], (1)
k=0 0

where o > 1, f € L,[0,00), Jui(x) = fok Suj(%); Spk = €7 (”lf!)k. Obviously D, 4(f,x) is
bounded and positive in the space L,[0,00). When « =1, D, (f,x) is the well-known Dur-

rmeyer operator

Dualfi)=Yn [ it @)desu(o).
k=0 0

To describe our results, we give the definitions of the first order modulus of smoothness
and the K-functional (c¢f. [9]). For f € L,[0,00) (1 < p < 00), ¢(x) = /x,

e 57)-"5)

©2014 Liu and Yang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.

’

p

wy(f,£)p = sup {

0<h<t

wm>%


http://www.journalofinequalitiesandapplications.com/content/2014/1/447
mailto:xiuzhongyang@126.com
http://creativecommons.org/licenses/by/2.0

Liu and Yang Journal of Inequalities and Applications 2014, 2014:447 Page 2 of 15
http://www.journalofinequalitiesandapplications.com/content/2014/1/447

Kulf )y = int (1 -l + o], )
- _ 2 /
I<¢(f1t)p—glergp{lv_g||p+t||¢g/||p+t ||g ||p}’

where W), = {f|f € A.C.ioc, l9f "1, < 00, |If" ||, < 00}.
It is well known that (cf. [9])

0o (fs )y ~ Ko (fs )y ~ Ko () (1.2)

here a ~ b means that there exists ¢ > 0 such that c'a < b < ca.
Now we state our equivalence theorem as follows.

Theorem Forf € L,[0,00) (1 <p < 00), p(x) = /%, 0 < B <1, we have

1\*
— = _ - B
| Duelfo0) = f )], = O(( ﬁ) ) & w1, =0(). (1.3)

Throughout this paper, C denotes a constant independent of # and «, but it is not nec-
essarily the same in different cases.

2 Direct theorem
For convenience, we list some basic properties which will be used later and can be found
in [9] and [5] or obtained by simple computation:

oy

1=7u0() > Jua (%) > -+ > Jup(x) > -+ > 05 21
2)

0 < /i) =Tpa@®) <asui®), a=1; (2.2)
(3)

5= s (= oo 2.3
(4)

S, ®) = ns 1 (0) — ms, (), sy(x) = 0; (24)
®)

L@ =0,  JLi@)=nsa) (k=1,2,..) (2.5)
(6)

Dy ((t = %)%, %) <n'6(x), (2.6)

where 8, (x) = p(x) + %
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Now we give the direct theorem.

Theorem 2.1 For f € L,[0,00) (1 < p < 00), (%) = /%, we have

||Dn,a(f: x) _f(x)”p < Cuwy, (f; %) . (2.7)
p

Proof By the definition of K, (f, t), and the relation (1.2), for fixed 1, we can choose g = g,
such that

1 1 1
=gl + =loel, + el = o (£ )

p

Since

IDnaf =fllp < |Pualf =&, + IIf = &llp + |1 Dnag ~ &l
= ClIf —gllp + I1Dnag — &llps (2.8)
we only need to estimate the second term in the above relation. By the Riesz-Thorin the-

orem (cf [10, Theorem 3.6]), we separate the proof of the assertions for p = oo and p = 1.
L. p = 0o. Noting that g(¢) = g(x) + f;g’(u) du, we write

|Dn,ot(g?x)_g(x)| = ‘Dn,a </ g’(u)du,x)

t
< Hang’llooDn,a(‘ f 5 () du
X

Since
f o |2l
/xso (u)du| = /x ﬁdu‘s o) (2.9)
t -1
/ (%) dua| = /nlt -2, (2.10)

and min{p(x), v/71} ~ 8, (x), using the Hélder inequality, we have

|Dn,a(g>x) _g(x)i S CS;;l(x)”(Sng/”an,a(“ - x|rx)

< 8,030 | (D (£~ 27,5))

By (2.2) and (2.6) we have

[T

(D (£ = %)%,2)) % < (@D (- 2%, %))? < Cr b8, ).

Then

C
Dya(g %) —glx)| < 7 |8ng'|| .- (2.11)
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Then, by (2.8) and (2.11), we get

Iuatf -l = (1 gl + =l 1. )
1 1
<c(1-gler Lol + 11l

<Caw, (f, ! (2.12)

7).

II. p = 1. By (2.2) and the Fubini theorem, we have

[Drater) - 2@,

<a /0 N kf;sn,k(x)n /0 Tty de / ) du

= no /000|g/(u)|{/u00 /0u+/0u/uw} gsn,k(t)smk(x)dtdxdu

205/:0|g/(u)|(gn/uoosn,k(t)dtfousn,k(x)dx> du

:201/() |g’(u)|Hn(u) du.

dx

Now we estimate H,(u), by using fooo spr(t)dt =L and Y reo Sni(u) =1:

T n

H,(u) = nZ(/ Sui(t) dt/ Spk(x) dx—/ Sui(t) dt/ Spi(x) dx)
o \Jo 0 0 0
= u—nZ/ Sui(t) dt/ Sk (x) dx
o /0 0
- u—nZ(tS,,,k(t)lg— / ts;,k(t)dt) / Sk (%) dx
o 0 0
= u—nZusn,k(u)/ sn,k(x)dx+nZ/ ts;vk(t)dt/ Sux(x) dx
k=0 0 k=0 V0 0
= u- [1 + 12.
Since
u u k 1 u
/ S (x) dx :/ e‘""mdx = ——8,k(u) +/ Spk-1(x) dx
0 0 k! n 0

1 u
= == (Sua(s) + -+ + 500 (u)) + / e ™ dx
n 0

1 1
= == (sui(0) + -+ +800(0)) + =,
n n
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we have

> . 1
11 =n Z us,,,k(u) |:—; an,j(u) + ;i|
k=0 j=0

[ 00 k
= usu() = Y usui() Y s,i(w)
k=0 k=0 j=0

00 k
=u- Z uSy, i (1) an,,»(u).
k=0 j=0

Using the equation %sn,kﬂ(u) = us,(#) and (2.4), we have

h=nYy_ / tn(Su1(8) = suic(D)) dt / S (%) dx
k=0 0 0
0
=ny / ts,x () dt f (=81 (%)) dc
k=0 0 0

2 [tk+1
=-n Z —Sn,k+1(t) dtsn,k+1(u)
koo M

=n Z /u tS k() dt/ n(s,,,k+1(x) - s,,,k(x)) dx
k=0 *'0

o u
=-n Z/ 5n,k+l(t) dtusn,k(u)
k=00

=-n kX: [—% (Smis1 (@) + -+ +50()) + %] 1S k(1)
=0

k+1

= usurw) Y suj(1) = D usu(u)
k=0 =0 k=0

00 k 00
= usu () Y (1) + 1) sup()suei () - u.
k=0 j=0 k=0
So
[} k =9}
Hy() == +2u ) 5k() Y (1) + Y sux(t)sor () = .
k=0 j=0 k=0
Since
00 k 00 o)
D suk ) D snj) =D " sup) > 5j(w)
k=0 j=0 k=0 j=k

=D " suk) D suj() + > sup)sr(w),
k=0 k=0

j=k+1
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we can write

H, (Ll = M<ZSn k(u) anl(u) + an k(u) Z Sn}(”))

Jj=k+1
o0
10 $k(0) (S (10) + Sy () — 4
k=0

= 1) 5uk) (504 (1) + $pk01 ().

k=0

Using the result of [5, Lemma 3]

Sur(U) < —=

\/_

we get
H, ) < 20
Jn
Consequently

Irate0 - g9, <a [l £ a

- 2% g
~ 7 e,

By (2.8) and (2.13) we have

1
||Dn,oz(f¢x) _f(x)”l = Ca)w (f, ﬁ)l

From (2.12) and (2.14), (2.7) is obtained.

(2.13)

(2.14)

O

Remark 1 In [11] we show that the second order modulus cannot be used for the

Baskakov-Bézier operators. Similarly in (2.7) wi (f,x), cannot be used instead of w, (f,x),,.

3 Inverse theorem

To prove the inverse theorem, we need the following lemmas.

Lemma 3.1 Forf € L,[0,00) (1 <p < 00), p(%) = /%, 8,(x) =

18D, (O], < CVAllf I

Proof We will show (3.1) for the two cases of p = 0o and p = 1. Since

WK

D)o (%) =

>
I

0

e

=

>~
i

0

(%) + ﬁ, we have

[T O 8 =TTy ) ()] fo s (Of (0)dt

[ 0) = T2 Ve ) + T2 ®)s, 4 (%) ] 7 /0 Suk(0)f (¢) dt

(3.1)
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using [, sux(t) dt = 1, we have

1D, (f,%)| < @llflloo (Z[J;;ﬂkl(x) T @ ) + Zf,zkl(x)is;,k(xn)
k=0 k=0
= a||flloo(lr + L2). (3.2)

ForxeE, = (%, 00), 8,(x) ~ ¢(x), by (2.1) and (2.3) we get

8, (%) < 8,,(x) Z|s/nk(x " (x) — —x Spi(x)
= 2(96) (Z - =X Snk(x))
x) plx
= - 3.3
2(x) f 3
here we used (cf. [9, p.128, Lemma 9.4.3])
(K )2 ¢*(x)
——=x | Spi(x) = .
(i n
Forx e E. = [0, %], 8(x) ~ ﬁ, by (2.4) we have
8y < 8, (%) D n(snp1 (%) + 544 (%)) < 44/ (3.4)
k=0
By (3.3) and (3.4), we get
8a(X)Ly < 64/n. (3.5)
Noting J; (x) = 0, we have
L= (e @) (@) = 8,5 (%) = T ()1 ()
k=0
< D T @) = D T @@ + DT )]s, )
k=0 k=0 k=0
= IZr
then
8u(x)h < 64/n. (3.6)

Combining (3.2), (3.5), and (3.6) we get for p = 0o

1840, (Nl .. < CVAlSf lloo- (3.7)

Page 7 of 15
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For p = 1, we have

D, (O] < n /0 sk (@) |f O] de[ (T2 @) = T a1 @)y pr @) + T2 @) 57,4 () ]
k=0
= a(] + o). (3.8)
Hence we can write

/Om|8n(x)D/m(f,x)| dx<a /0008,,(96)(71 +Jo) dx = a(/Eﬁ, +Lﬂ>3n(x)@ +J)dx. (3.9)

Now we estimate the last part of (3.9) in four phases:

L RECTE /E R ; n /O " sk O] din(smgr (6) + 500 dx

+/C (Sn(x)n/() sn,o(t)[f(t)’dtnsn,o(x) dx.

n

Forx € EZ, 6,(x) < %, Suo0(t) <1, noting fooo Spx(x) dx = %, we have

fE RCTE % il + %Ilflh <6l 1. (3.10)

Since Ji M%) = Jia () <1and J) ., (x) = 15,k (x), we have

fE 8, dx < /E ) Y /0 " 5ok O (0| dinsya) dx < 2/ . (3.11)

n

To estimate |, E, 8,(x)], dx, we will need the relation [9, p-129, (9.4.15)]

k)2
/E ("q)sz))sn,k(x) dx < Cn2.

By the Holder inequality and (2.3), we get
f Sn(@)]2 dx
En

Snk (x) dx

3 - n |k
52;"/0 Sn,k(t)V(t)|dt/En¢(x)m‘;_x

(& —x)?

< 2 ; }’12 /0 Sn,k(t) V(t)’ dt( - Wsnvk(x) dx) ’ (/En Sn,k(x) dx) ’

<cny [ sutolfold
k=0 V0

= CVAllf . (3.12)
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In order to estimate f £ 8,,(x)71 dx, we consider the two casesof @ > 2 and 1 < @ < 2 (when
a=1,J,=0).
For a > 2, ]i;l(x) Tk +1(ac) < (& — 1)s,x(x). Using integration by parts, we can deduce

/E 6T dx < C; " /o s OIF(0) dt /E P51 )
=C) n oosn,k(t)[f(t)|dt
gy
x <¢(x)sn,k(x)1n,k+1(x)|‘;° - /1 Jn,ku(x)d(w(x)sn,k(x)))
-3 [ sl 0] dtpWs,i il
k=0 YO "
-C " d
ano sur(D|f (2)| dt

(/ ]n k+1 Sn k (x) dx + / Qp(x)s/n,k(x)]n,kﬂ (x) dx) .

Noting that ¢(x)s,,(¥)/,,k+1(x)|T < 0 and s I ],,,k+1(x)217sn,k(x) dx > 0, and from (2.3), we

have

/ () dx
Ey

<cZ / 5uil0) [f(t\dt/ @S, (Ve ()]

00 00 [y % 1
=< C,(X_(;n/o Sui(t) lf(t)| ditn </En (:02(;6)) (%) dx> (/E,, S k() dx)
evaijie (313)

For 1 < a < 2, using the mean value theorem, we know
T @) = I @) = (@ = D (@) suk@),
where ], k1(%) < §(x) < Jx(x) and « — 2 < 0, then

@) TN (%) < (@ = 1T ()si ().

For 1<« <2, we get from the procedure of (3.13)

f W dx < f sk (O[] dt f & = D)5k Q2 () o (6)
Ey En

/ s Ol 0)] dt / )5 0) T ()

Page 9 of 15
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<> [ su@lfolds [ pwls,w]dx
k=0 v En
< CV|f (3.14)
Combining (3.13) and (3.14), we get for & > 1
[ sz < (3.15)
Ey
From (3.8)-(3.12) and (3.15), we obtain

||5nD;,,a(f)H1 < CVn|flh. (3.16)
By (3.7) and (3.16), Lemma 3.1 holds. a

Lemma 3.2 For f € W,, p(x) = /%, §,(x) = p(x) + #, we have

[8:D5 01, = Clouf"l,- (317)

Proof By the Riesz-Thorin theorem, we shall prove Lemma 3.2 for p = oo and p = 1. For
f € W, and noting that D}, ,(1,x) = 0, we have

o [ S0 el - a0 0.
k=0
Then

1D, (f )| =

S [ (0050005300 ~ )
k=0

> f / S @) s () e (T34 (6) = Ty (@)
k=0 x

<a) n s | f () du|dt
2o o]
X AU @) =T @ Ve @) + Ty )57, )] }- (3.18)

By (2.9) and (2.10) we have

/;tan(u) du

hence

< Cs, ()|t - «l,

18,D, o ()] = Cllanf| L3 / sui(D) — ] dt
k=0 0

X ATk @) = Tna @) Vg @) + T @) |37, ()|}
=: C||8,f"|| O + Jo). (3.19)
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For x € E¢, §,(x) ~ ﬁ and by (2.1) and (2.4) we have
h=>n / Sk D1t - 21 AT ()]s, 0|
k=0 7O
<Y [ = xlde(s,aea9) +5,0)
k=0 7O

0 o) o0 o0
=n Z n Suk(t)|t — x| dtsyp1(x) + n Z n Suk ()|t — x| dts, i (x)
k=1 YO k=0 Y0

=: 1(1 + 1(2
By (2.6) we get
Ky = nDy, (|t — x|, %) < n(Dy (£ - x)z,x))% < Vné,(x) <2.

For K3, we write
0 o) 00
Ki=n) n / Suk(0)|E — x| dts, 1 (x) + n / $1(£) |t — x| dts,0(x).
k=2 0 0

First, using (2.6), fooo Suk(t)dt = %, and the Holder inequality, we have
0 00
n Z n / Sn,k(t)|t - x' dtsn,k—l(x)
k=2 70

ad © k
= nZn Suk(E)|t — x| dts, 1 (x) —
2 0 nx

o > NE e
Sn(Zn2< /0 sn,k(t)lt—xldt) sn,k(x)> (;S”’k(x)W)

k=2

o e . b/ 2\
sn(Zn2 /0 Sui(t)dt - fo sn,ku)(t—x)zdtsn,k(x)) (gsn,k(x)w)
(an,k2(x))

k=2

1
2

Nf—=

IA

<
o~
T

N
S~

3

)

N

Eal

=

~

|

&

[ v}

)

A

N

=

&
\/

IA
<

Next, for x € E,, e <1, and fooo Sui(t) dt = %, we have

n2/ Sp1 ()|t — x| dts,o(x) < n2/ Su1(2)(t + x) dte™
0 0

51/12(%/ Sn,g(t)dt+x/ sn,l(t)dt>
nJo 0
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<3.
Then we get
J<C, xekl (3.20)
Noting that /2" (x) — /%11, (x) <1, by (2.5) we have
(3.21)

<Ky <2,

For x € E,, 8,(x) ~ ¢(x), using (2.3), fooo Suk(t)dt = % and the Holder inequality, we have

Jo < ki:n/oms"'k(t)“_x'dtw;zx) 'g = %Sk (%)
% o 3 /o0 k 2 ? n
< <k2(;n /0 sux (B)(t - x)? dtsn,k(x)> (kXO:(Z —x) sn,k(x)) i
0@ el - n
TV Jn 9*(w)

A
»

Noting that J; ;(x) = 0, one has
Ro= o [ sualole -l e ) - g 9 )
k=0 Y0
< Z n / k()| — x| AT R, 4 (%) — Z n / Suk(E)|t = x| AT (X)) 1 (%)
k=1 70 k=0 Y0

+> n / Suk(O)1t = x| A (%) [s], ()]
k=0 v

The third term of the above is J,, /3 denotes the difference of the front two terms, and we
need only to consider J5. By (2.1), (2.4), (2.5), and integration by parts, we have

J3 < Zn/ (Sn,k(t) _S”'k‘l(t))lt_x|dt],ﬂl(x)];,k(x)
k=1 VO
o0 00 1 /
= /<Z=1:n /0 ;sn,k(t)ﬂ—xldt 1S, k-1 (%)
EZI:(/O s, (O x — 1) dt| + /x S/”,k(t)(t_x)dt)nsn,k_l(X)
- Z(/O (v —8) dsui(t)] + / (t — x) dsx(t) )”lSn,k_1(x)

T
o

Page 12 of 15
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WK

=3 [ swdms,aw
k=10
=1.
Thus
Nh=<h+]3<3 (3.22)
So we get
[65D},0 0] o = Cl80f" ]| - (3.23)

For p = 1, using (2.1), (2.4), (2.5), and integration by parts, we have
D), (fx) =« kf;n fo Oof (O)sni () AT X)), 1 ()
—a 2 g T F s A 1)
~a i” / " O (5040) — 50 (0) TR G4 ()
= —a kfl: /0 oof ()8, () AT @), (%)
- ai |7 Osu0an o

= Z/o S (@) (8) dtns,, g (x).
k=1

Let
184D, )], = 18525 O + 18D, D"
=K + K. (3.24)

For x € E¢, noting that /n8,(t) > 1 and /n8,(x) < 2, we have
Riza [ 8,03 [ IO dms,ciods
Efl k=1 0
<a / NI / 8,0 ()5 (6) s, 1) i
ES o Jo

2 8a()f'(t)|sni(t) d wk1(x)d
= “kgl:/o |84 () (£) |50, (2) tn‘/Eﬁs,k 1(x) dx

<20 8,f"],- (3.25)
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For x € E,;, we estimate 1?2

Roz2a [ oY [T, s o)
" k=10

[ 18a(0f ()]
= N °n d nk— dx.
2”“;/0 o(0) Sui(t) t/;n @ (x)sx1(x) dx

Using the Holder inequality and 2v/ab < a + b (a, b > 0), we have

15,6 (0)
/0 o ot)dt

© 18, (B (0)] ;
s( /0 18,60 (©)|swal®)dt /0 Wsn,kmdt)

1

=< / |84 ()f(£) |3 (2) At / Ian(tV’(t)I%sn,k_l(t)dt)2
0 0

n 2 e ’ 0 /
s<%> </0 |84 (0)f(2) s (£) it + /o |8,,(t)f(t)|sn’k_1(t)dt>

and
/ @)y x-1(x) dxc < 1 ( / @*(%)sp 1 (%) dx> ’
E, n Ey

) ([

1

4’

1
< -
n

Therefore we have

1’(‘20o wan’nd oo(sn’n_d
< a;(/o 18,8 (05,0 ”/o 15,0 (©) s (0) t)

=2a8.,/'] -
By (3.24)-(3.26) we have
[8:D5a D, = Cll3f 1
By (3.23) and (3.27), Lemma 3.2 holds.
Using Lemmas 3.1 and 3.2, we can prove the inverse theorem.

Theorem 3.3 Forf € L,[0,00) (1 <p <00), p(x) = /%,0< B <1,

B

Dualf. )£ @], = O(r°%)

implies w,(f, 1), = O(t”).

(3.26)

(3.27)
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Proof Using Lemmas 3.1 and 3.2, for a suitable function g, we have

Kolf28) = I = Daath)], + 28,05,
<ot ([8.0,,0 -9, + [8.0,.01,)

< cn b+ Ct(Vnlf -glp + ”‘S"g/”p)

1 L,
<t e gty + ol - Llel, )

2
_B L _1
< C<n 7+ —K,(f,n2) )
n?2
which by the Berens-Lorentz lemma (cf [9, Lemma 9.3.4]) implies that
K,(f,t), = O(t"). (3.28)
From (1.2) and (3.28), we see that the proof of Theorem 3.3 is completed. O
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