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Abstract

In this paper, we present some inequalities involving k-gamma and k-beta functions
via some classical inequalities, like Chebyshev's inequality for synchronous
(asynchronous) mappings, Gruss, and Ostrowski's inequality. Also, we give
applications of k-beta function in probability distributions. Most of the inequalities
produced in this paper are the k-analogs of existing results. If k = 1, we have the
classical one.
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1 Introduction

In this section, we present some fundamental relations for k-gamma and k-beta functions
introduced in [1-7]. In Section 2, we introduce some k-analog properties of the mapping
lp,g» which is helpful in coming sections. Sections 3 to 5 are devoted to the applications
of some integral inequalities like Chebyshev’s, Griiss, and Ostrowski’s inequality for k-
beta mappings. In the last section, we give the applications of the said function for the
probability distribution and the probability density function.

Recently, Diaz and Pariguan [1] introduced the generalized k-gamma function as

k" (k) E !
Ix(x) = lim %, k>0,xe C\ kZ~ 1)
n>00 (%) k

and also gave the properties of the said function. Ik is one parameter deformation of the
classical gamma function such that I'y — I" as kK — 1. I'x is based on the repeated appear-

ance of the expression of the following form:
oc(oz+k)(oc+2k)(oc+3k)---(a+(n—1)k). (2)

The function of the variable « given by the statement (2), denoted by (@), is called the
Pochhammer k-symbol. We obtain the usual Pochhammer symbol (o), by taking k = 1.
The definition given in (1) is the generalization of I"(x) and the integral form of T is given
by

o0 tk
Tr(x) = f #le"® dt, Re(x)>O0. (3)
0
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From (3), we can easily show that

Fk(x):k%IF(%). (4)
The same authors defined the k-beta function as
I I
Brlx,y) = M, Re(x) > 0,Re(y) > 0, (5)
Cr(x+y)

and the integral form of i (x,y) is

1
Brlw) = /0 -k ar (6)

From the definition of Bi(x, y) given in (5) and (6), we can easily prove that

Bilx,) = %ﬁ(% %) @)

Also, the researchers in [2—6] have worked on the generalized k-gamma and k-beta func-
tions and discussed the following properties:

Ci(x + k) = 2Tk (%), (8)
Cx(x + nk)
nk = "5, 9
(%) nk T )
e(k)=1, k>0, (10)
X o k
T(x) = ak / £ leT9dt, aeR, (11)
0
Ci(ak) = k% T (@), k>0, eR, (12)
(mk) =k"Y(n-1)!, k>0,neN, (13)
k n-1 (2m)!
rk<(2n+1)5>:k%( Z)j/’? k>0,neN. (14)
"n!

Using (5) and (7), we see that, for x,y > 0 and k > 0, the following properties of k-beta
function are valid (see [2, 3] and [7]):

e + k) = —— Bi(,9), (15)
X + _)/

Bilw,y +K) = xyTyﬁk(x,y), (16)

Bk, yK) = %ﬂ(x,y), 17)
-1

ﬂk(}’lk, nk) = m, eN, (18)
1 1

IBk(xrk) = ﬁk(k’y) = (19)
X y

Note that when k — 1, Br(x,y) — B(x,9).
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For more details about the theory of k-special functions like the k-gamma function, the
k-polygamma function, the k-beta function, the k-hypergeometric functions, solutions of
k-hypergeometric differential equations, contiguous functions relations, inequalities with
applications and integral representations with applications involving k-gamma and k-beta
functions, k-gamma and k-beta probability distributions, and so forth (see [8—15]).

2 Main results: some k-analog properties of the mapping I, 4

For the applications of some integral inequalities involving k-gamma and k-beta functions,
we have to discuss some k-analog properties regarding these mappings. For this purpose,
consider the mapping /,,, : [0,1] — R, defined by

lpq(x) = xk 1- x)%, g, k>0, (20)

and differentiation of above equation gives

1 p—k

, p=k q-k
bpg@) = 2% F U=2) F [p =0+ )x]. (21)
Here, we see that l[;,q(x) = 0 has the solution x¢ = p%q in the interval (0,1). Also, ll’j,q(x) >0
on (0,x9) and ll’j,q(x) < 0 on (x9,1). Thus, we conclude that xg is the maximum point in the
interval (0,1) and consequently, we have

= inf / =0 22
Mpq xéﬂm p.q(%) (22)
and
p p%q%
Mpq= sup ly,(x)= lp,q( ) = ) (23)
x€(0,1] ptq (p + q) T
Also, we have
Pt
”lp,q”oo = W) P;q;k>0; (24)
+q) k
”lp,q”oo =kBrp+k,q+k), p,qk>0, (25)
and
1
Ipgll = [kBx(pr + koqr + K], p.g,k>0,r>1. (26)

Further, we observe that

P

1 _
[, @] = 257 @-0'F [p- (r+ ]

<max{p,q}lyrq-k(x), p,q,k>0,x€(0,1).

Now, we have the estimations

—k q-k
, 1 ~0T q-bT
||IM||oo -7 max{p, q} w 1 oz Epa>k>0, (27)
(p+qg-2k) %
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1
7

||l;,q||r =max{p, }[Bx(rp - k) + k,r(g — k) + k)]",  p.g>k>0,r>1, (28)

and

14,41, = maxtp. q)Bep.0). p.g.k >0, 29)

Again, the second derivative of the said mapping gives

by 4@ = [lpkq x@)] [P = (0 + D%] = bykg k@) +q)
= kg w Ok (p K+ g~ K] =y o+ )
1

= %lp—Zk,q—ﬂ((x)[(p +q)x* = 2(p+q-k)x+p-k|.

Now, consider the mapping g, , : [0,1) — R, defined by

LX) =@+ q)x2 -2(p+qg-kx+p—k.

Here, we have g,,,(0) = p — k and g, ,(1) = k — g. If p,q > k, then g, , has a solution on the
interval (0,1) and one solution in the interval (1, 00). Also, the quadratic function f(x) =
ax® + bx + ¢ has a vertex at x = —%. So, the coordinates of the vertex are

2p+q-k) p+q-k
Xy = = <1

" 2p+q) p+q

and

q* + pq - pk — gk + k? < K2 )
o —(q-k+ .
p+tq rp+tq

Consequently, we have

2 k2
}:max{p,q+ }—k,
+q ptq

’gp,q(x)‘ < max{gpyq, |yv|} = max{p—k,q—k+ 5

and then we get

2
} - k] byokg-2k(%),  p,g>k,xe(0,1). (30)

||lg,q(x)|| < [max{p,q + oia

If p,q > 2k, we have

(L -~ [maX{M t e (31)

(p+q—4k) %

) p2k -2
k }_k}(p—zk) T (q-20"F
q

From (30), if p,q > k, we get

Il = [mor{pa e 2 -] ka-0 @)

p+q
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and if p,q > 2k

1
;

} - ki| [Bc(r(p - 2k) + k,r(q - 2k) + k)]

I, = [max{pa (33)

p+q

Remark If k =1, we have the properties of the mapping /, , given in [16].

3 Chebyshev type inequalities involving k-beta and k-gamma functions

In this section, we prove some inequalities which involve k-gamma and k-beta functions
by using some natural inequalities [17]. The following result is well known in the literature
as Chebyshev’s integral inequality for synchronous (asynchronous) functions. Here, we

use this result to prove some k-analog inequalities.

Lemma3.1 Letf,g,h:I CR — R be such that h(x) > 0 for all x € I and h, hfg, hf, and hg
are integrable on 1. If f, g are synchronous (asynchronous) on I, i.e.,

(fx) -f0)(ex) -g0) = (2)=0 forallx,yel, (34)

then we have the inequality (see [18, 19])

f () dx [ h)f ()g(x) dx = (<) f hx)f (x) dx / h(w)g() dx. (35)
I I

1 1

Lemma 3.1 can be proved by using Korkine’s identity [20],

./1 h(x)dx /1 h(x)f (x)g(x) dx — ./1 h(x)f (x) dx /1 h(x)g(x) dx

1
D) /I/Ih(x)h()f)(f(x) —f®)(g) - g(»)) dxdy 36)

and an inequality generalizing Chebyshev’s inequality is

‘ /1 h(x)dx /1 h(x)f (x)g(x) dx — /1 h(x)f (x) dx /1 h(x)g(x) dx

2
< ”f/”oo”g/ ”OQ|:/I‘x2h(x) a’x/lh(x) dx — (/Ixh(x) dx) :|, (37)

provided that /(x) > 0 and f’, g’ are differentiable and the first derivatives are bounded

onl.

Theorem 3.2 Fork > 0,letm,n,p,q >k andr,s > —k, then we have the following inequality
for the k-beta function:

|Be(r+ ks + K)Bm+p+r+kn+q+s+k)
—ﬂk(m+r+k,n+s+k)ﬂk(p+r+k,q+s+k)’
<M. (p,q)M, (m, n)[ﬂk(r +3k, s+ K)Br(r + k,s + k) — BE(r + 2k, s + k)], (38)
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where

—k q-k
, 1 W-0'7 (g-k)F
Moo q) = 7 max{p, q} G Pa>k>0.
< (p+q-2k) ¢

Proof Consider the mappings
f@ =l =2 1-0F, g =l =at0-01, @) =l=xtQ-2)F,

defined on the interval [0, 1]. Using the generalized version of Lemma 3.1, i.e., (37), along

with the mappings defined above, we get

1 1 1 1
/ xi(l—x)%dx/ x K p(l—x) kqu—/ x%(l—x)% dx/ pr(l—x)Tq dx
0 0 0 0

1 1
<l el [ o0 -ntax [ sta-vids

1 2
- (/ le”(l—x)idx) ] (39)
0

Applying (6), (39) gives

’kz,Bk(r+k,s+k),3k(m +tp+r+kn+q+s+k)

~KBm+r+kn+s+k)Bip+r+kq+s+k)|

< P& | KB + 3k,s + KB + ks + ) — (kBi(r + 2k, + K))°].
Now, taking into account the fact
Bl = Moclmm, |1, < Mol a),
for all m,1,p, q > k, we can deduce the desired inequality (38). O

Corollary 3.3 For k >0 and m,n,p,q > k, we have the following inequality for the k-beta

function:
|ﬂk(m tp+kn+q+k)-Bem+k,n+k)Bi(p+kq+ k)| <M. (p,q)M. (m,n).
Proof Just use r =s =0 in Theorem 3.2 to get the required corollary. O

Theorem 3.4 For k >0, p,q > k, and r,s > —k, we have the following inequality for the
k-beta function:

|,3k(r+k,s+k),8k(p+r+k,q+s+k)—ﬂk(p+r+k,s+k)/3k(r+k,q+s+k)|

P

=% [Bi(r + 3k, s + k) Bi(r + k, s + k) = Bp(r + 2k, s + k). (40)

Page 6 of 19
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Proof Consider the mappings
f@ =k, g@)=-0f, =1, =2F1-0F,
defined on the interval [0,1], k > 0. Now, we have

f(x) =

IS

L g = —%(1 L
7 _ /t :g, / -1
Wl= s lrol=2, el -

Using the generalized version of Lemma 3.1, i.e., (37), along with the above results, we get

1 1 1 1
/ xi(l—x)%dx/ pr(l—x)Tq —f pr(l—x)%/ x%(l—x)qux
0 0 0 0

pal (' » . L, . 1 L \2
fﬁ[/ xz+2(1—x)'%dx/ xk(l—x)kdx—<f xk+1(1_x)kdx> }
0 0 0

which will be equivalent to Theorem 3.4 by applying (6) on both sides of the above in-

equality. O

Corollary 3.5 Ifr=s=0and p,q > k > 0, then Theorem 3.4 takes the form

rq
k,g+k)— < 41
Ao+ kg k) @+@@+m‘—uw (A1)

and inequality (41) is equivalent to
12k% — 202 — p2ak — pak — 2
maxl 0, r°q" —p gk —pq "k — pgk
12/3(p + k) (g + k)
12k* + p°q” + p*qk + pq°k + pgk®

<Blp+hgrk) < —— LT IPTTPTETPE (42)

1263(p + k)(q + k)

Proof Taking r = s =0, in Theorem 3.4, we get

|Bi(k, k) Bi(p + k,q + k) = Bi(p + k, k) i (k, g + k)| < %[ﬁk(?’k: k) Br(k, k) - B (2K, K)].
Use of (5) and (7) implies

Ti(p + KTk (k) Ti(k)Tk(q + k)
Ti(p+2k)  Tilg+2k)

- @[ 1 Tx(3RT(k) (Fk(zk)rk(k))2]
Tk Lk Tk(4k) T'x(3k) '

1
'/—ﬁk(p+k,q+k)—
K

By (8) and (10), inequality (41) can be obtained and some algebraic calculations give the
desired inequality (42). O
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4 Some other inequalities for k-beta mappings

In 1935, Griiss established an integral inequality which gives an estimation for the integral
of a product in terms of the product of integrals [17]. We use the following lemma [21] to
prove our next theorem which is based on the Griiss integral inequality.

Lemma 4.1 Iff and g are two functions defined and integrable on (a, b), then

1 b 1 b 1 b
‘mf;f(x)g(x)dx—m/a f(x)dx-m/a g(x) dx

“f/”OO”g”lr pVOVidEdgELl[ﬂ, b]!f, GLOO(ﬂ’b);
< lezml b=l gl ifg € Lalablf' € Loola,b),c>1,1 + 1 =1,
41 o gl oo provided g,f' € Loo(a,b).

Theorem 4.2 Let m,n > k and p,q,k > 0, then we have the following inequality for the
k-beta mapping:

’ﬁk(m+p+k,n+q+k)—ﬁk(m+k,n+k)ﬁk(p+k,q+k)|

M. (m,mkBi(p + k,q + k),
(e Mb Om, m) [kBeldp + ko dq + K3, ifc>1,1+ %=1,
r g

IA

where

(m-K)"F (1 k)T

, 1
M (m,n) = % max{m, n} i mn>k>0.
(m+n-2k) *
Proof Consider the mappings
m n I q
S@ =lpp=xk -2k,  gx) =Ly =xF(1-x)k,

defined on the interval [0,1]. Using Lemma 4.1, along with the mappings defined above,
we get

1 1 1
/pr(l—x)qux—/ x%(l—x)%dx-/ x%(l—x)%dx
0

0 0

||l;,,,,,||oo||lp,q||1y m,n>k,p,q,k>0,

IA

1 .
[m]c 10, llocllpglla  ifm,n>kp,gk>0,c>1,1+1=1,

180 llpglloos mn>kp,qk>0.

Applying (24) and (26) and using the fact ||/, , lc <M, (m,n) given in Section 2, we get

M, (m, mkBr(p + k,q + k), m,n>1,p,q,k>0,

[m]%M/Oo(m,n)[k,Bk(dp+k,dq+k)]%, mnp,q>k>0,c>1,1+%=1,

p
&
%M{X,(m, )2 ((Zi 7 m,n,p,q, k> 0.

(b+q) * -

IA
4

b
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Theorem 4.3 Let m,n >k and p,q,k > 0, then the k-beta mapping satisfies the inequality

k
p+kgtk)— ————
Ao+ ka0 = G
ﬁ, mn>k,ifp>k,q>—kk>0,
1
<A le ) >k,g>0,c>1,1 s L-1,
= ke (dq”ﬁ p q a

z p>k>0.
Proof Consider the mappings

P
k

fx) = xk, g = 1-nf,

defined on the interval [0, 1]. Here, we observe that

S T

P,
k
RS
= 1 k d = ’
gl = (A %) x) (dq+k)

and
14 k
= 1-x)kdx=——, =1
leh = f( otds-—o gl
Now, by Lemma 4.1, we get the required result. g

The following inequality of Griiss type has been established in [22].

Lemma 4.4 Iff and g are two functions defined and integrable on (a, b), then

/f dx——/f dx—/g(xdx

=z 7. lg'] (o -a)

provided

1 1
f'€La,b), g eLylab), c>1,-+ ks 1.
c

Theorem 4.5 Letm,n,p,q,k >0, then we have the following inequality for the k-beta map-
ping:

’ﬁk(m+p+k,n+q+k)—ﬁk(m+k,n+k)ﬁk(p+k,q+k)’

Q=

=

N =

ma {m,n}max{p,q}[ﬁk((m k)c+ k,(n— k)c+k)]

&\H

x [Bc((p - k)d + k, (q - k)d + k)] ?,

wherec>1,%+$=1.

Page 9 of 19
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Proof Consider the mappings

ka-xt, munpqk>0,

f@=xt1-2)F,  g)=x
defined on the interval [0,1]. Using Lemma 4.4, along with the mappings defined above,

we get

1 1 1
/xT”a-x)%dx-/ x%u-x)%dx-/ x%1—x)F dx
0

0 0 <5l llel.

provided

1 1
f'€La,b), g eLyab), c>1,-+ ki 1.
c

Now, using the fact that

Sl

/[, < maxm, my[kBi(0m - K)e + &, (2 - K)e + k)] (43)
and

€], < max{p, g [kBe((p ~ b)d + K, (g - b)d + K)]7, (44)
we have our required result. O

Remarks If we use k =1, inequalities (43) and (44) are the results for the classical beta

function proved in [22].

Lemma 4.6 Iff and g are two functions defined and integrable on (a, b), then we have the

inequality

1 b 1 b 1 b 1 / ,
m/;f(x)g(x)dx—m/a f(x)dx-m/a g(x) dx Sgﬂf I 1], a).

Theorem 4.7 Ifk > 0, the following inequalities for the k-beta mapping hold good:

k
m@+kq+”‘@+mW+m‘
»q 1 C 1 a 11
EW[C@—knk] [d(q—k)+k] el g =l (45)
and
k p
ﬂk(p+k,q+k)—m‘fw, p>k. (46)

Proof Consider the mappings

f)=xF,  gx)=01-xF pg>k>0

Page 10 of 19
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defined on the interval [0,1]. Here, we note that

I LT S S
Hf”c‘k[c(p_k)Jrk]’ ”g”d_k[d(q—k)+k:| .

Using Lemma 4.4 for the above results, we get

1 1 1
/x%u_x)%dx-/ x‘%dm/(l—x)%dx
0 0 0

1

p k °q k a
Z[c(p-/mk] %[d(q-knk} ’

provided

1 1
f eLlab), g elyab), c>1,-+ p =1
c
By (6) and the fact % + % =1, we have the inequality (45). Also, ||[f|lcc = % and ||g|l; = 1.
Thus, using Lemma 4.6 we have the inequality (46). O

5 Main results: via Ostrowski’s inequality

In this section, we use the integral inequality which is known in the literature as Os-
trowki’s inequality [23]. The following lemma concerning Ostrowski’s inequality for ab-
solutely continuous mappings whose derivatives belong to L, spaces hold [24, 25]. Here,
we give some lemmas which are helpful for the results involving k-beta mapping.

Lemma 5.1 Letf :[a,b] — R be an absolutely continuous mapping for which f' € L,|a, b],

p>1. Then
1 [ 1 x—a\"  [b-x\T"74 1,
‘f(x)—m af(t)dt‘s(q+l)% [(b—a) +<E> }(b—a)q\[fup
1 1
< _(b-a)i |f’ (47)
Cb-atirl,

forall x € [a, b], where

i1, - ([ bb”(t)\"drf

and the best inequality for (47) is embodied in the form

a+b 1 b 1(19—61)%
- d - 1.
'/( 5 ) b—u/af(t) t‘fz(qul)% 171,

For the application of the above inequalities to some numerical quadrature rules, we have

the following lemma.
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Lemma5.2 Letf :[a,b] — R be an absolutely continuous mapping for which f' € L,|a, b],
p > 1. Then for any partition I, :a = xy <x1 < - -+ < x,_1 <%, = b of [a, D) and any interme-
diate point vector & = (&, &1,...,E,1) satisfying &; € [x;,xi,1] ((=0,1,...,n—1), we have

b
/ S dx = Ar(f, 1,,€) + Re(f, 1, §).
Here Ay denotes the quadrature rule of the Riemann type defined by
n-1
AR(f,1,,8) = E fEhi,  hi=xi -
i=0

and the remainder satisfies the estimate

I, [ " A\ W (e )’
|RR(f>1,€)| < 1 Z[('Si—xi)q + (i - &) ) < T Zh,« ,

(g+1)7 \'ioo (g+1)7 \'ico

where h; = x;,1 —x; (i =0,1,...,n—1). Lemmas 5.1 and 5.2 are proved in [19] and the best
quadrature formula that can be obtained from the above result is one for which & = (**711L),

i=0,1,...,n—1, and is given in the following corollary.

Corollary 5.3 Let f and I, be as in the Lemma 5.2, then

b
/ £ dx = Ap(f 1) + Rua(F ),

where A,y denotes the mid point quadrature rule i.e.,

n-1
Xi+ Xy
AM(f;In):E 7( 5 l)hi

i=0
and the remainder Ry satisfies the estimation
) 1
LNy (0
Rt 1] < 5 AL ()
(@+1)7 \'izo
We are now able to apply the above results for Euler’s k-beta mapping.

Theorem 5.4 Lets>1, p,q > 2k — % >k, and k > 0. Then we have the inequality for the
k-beta function as

1
(1 +1)1

x [Be(sp—k=1)+1Ls(g-k-1)+1)]

1
|kpi(p,q) - xE1 1 -0 F | < [« + (1= 2)*"]" max{p - k,q - k}

Gl

. 1,1
provided that < + ; =1.


http://www.journalofinequalitiesandapplications.com/content/2014/1/445

Rehman and Mubeen Journal of Inequalities and Applications 2014, 2014:445
http://www.journalofinequalitiesandapplications.com/content/2014/1/445

Proof Consider the mapping f(¢) = tF 11 - t)%‘1 =lp_kq-k(t), t € [0,1]. From Lemma 5.1
along with this mapping, we get

’kﬁk(lﬂ 61 p k,q— k(x)|
< 1 - [ I+1 +(1 x)l+1]

< x € [0,1], (48)
(I+1)1

where s > 1 and % + % = 1. Now, taking the derivatives of the above mapping, we have

kg k() = pqukl[p k—(p+q-2kt], te(0,1).

If t € (0, pfq 2k) gk > 0 and if ¢ € ( 2k,l) then l gk <05 which shows that at
to = 5 fq kzk’ we have a maximum for lp_k,q_k and

L U
sup / t ty) = ,
b froka k) = o) = 2 a0

».q>k.

Consequently, we have

1
-t O] = Ellp-tor.q-0)] max|(p— ) = (p + g - 2001]

_1b- k)= (g — k)\a
~k (p+q-2k)pra2k)

max{p — k,q — k}

for all £ € (0,1). Thus

1! R
10 gk ®], = (% /0 Boirgxa®lp—k=(p+q-2k)| ds)

11 spke
:(%/t(pkkl)(l— qk1|p k-(p+q- 2k|ds)
0

=max{p - k,q - k}[,Bk(s(p k-1)+1,s(g-k-1)+ )]

1

1
s

(49)
Using (48) and (49), we get the desired Theorem 5.4. O

Now, we have the result concerning the approximation of the k-beta function in terms

of the Riemann sums.

Theorem 5.5 Lets>1,p,q>2k—% Skand k>0.1If1,:0=x9 <x; <+ <x,_1 <%, =11is
a division of [0,1], &; € [x;,%:41), i = (0,1,...,n — 1) a sequence of intermediate points for I,
then we have the formula for the k-beta function:

p
2

n-1
Bpa) =Y & (L-&)E i + T, ),
i=0
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where the remainder T,(p, q) satisfies the estimate

I ,q)|iw
(I +1)1

alm

[Be(sp—k-1)+Ls(g—k-1)+1)]

n-1 %
X (Z[(«fi —x)" 4 (0 — &‘)m])
i=0

1

T
< max{p — k,lq -k} ’
({+1)1

1 n-1
[Be(stp—k-1)+1,s(g—k-1)+1)]* (Z(h,-)“l)
i=0

where h; = x;,1 —x; (i=0,1,...,n—1) and % + % =1.
Proof Taking f(¢) = t%’l(l - t)%’l, t € [0,1], k > 0 along with Lemma 5.2 we get Theo-

rem 5.5. The proof of Lemma 5.2 is available in [11], so details are omitted. O

6 Inequalities in probability theory and applications for k-beta function

Here, we give some applications of the Ostrowski type inequality for the k-beta function
and cumulative distribution functions. For this purpose, we need some basic concepts of
random variable, distribution function, probability density function and expected values.

A process which generates raw data is called an experiment and an experiment which
gives different results under similar conditions, even though it is repeated a large num-
ber of times, is termed a random experiment. A variable whose values are determined
by the outcomes of a random experiment is called a random variable or simply a variate.
The random variables are usually denoted by capital letters, X, Y, and Z, while the values
associated to them by corresponding small letters x, y, and z. The random variables are
classified into two classes namely discrete and continuous random variables.

A random variable that can assume only a finite or countably infinite number of values
is known as a discrete random variable, while a variable which can assume each and ev-
ery value within some interval is called a continuous random variable. The distribution
function of a random variable X, denoted by F(x), is defined by F(x) = Pr(X < x) i.e., the
distribution function gives the probability of the event that X takes a value less than or
equal to a specified value x.

A random variable X may also be defined as continuous if its distribution function F(x) is
continuous and differentiable everywhere except at isolated points in the given range. Let
the derivative of F(x) be denoted by f(x) i.e., f(x) = dixF (). Since F(x) is a non-decreasing
function of «,

fx)>0 and F(x):/x fx)dx, forallx.

Here, the function f'(x) is called the probability density function, denoted by (pdf) or sim-
ply a density function of the random variable X. A probability density function has the

properties

f(x)>0, forallx and F(x):/wf(x)dle
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and the probability that the random variable X takes on a value in the interval [a, ] is

given by

b a b
P(a<x§h):P(h)—F(a):/ f(x)dx—/ f(x)dx:/f(x)dx,

which shows the area under the curve y = f(x) between X = a and X = .
A moment designates the power to which the deviations are raised before averaging
them. In statistics, we have three kinds of moments:
(i) Moments about any value x = A is the rth power of the deviation of variable from A
and is called the rth moment of the distribution about A.
(i) Moments about x = 0 is the rth power of the deviation of variable from 0 and is
called the rth moment of the distribution about 0.

(iii) Moments about mean i.e., x = u is the rth power of the deviation of variable from
mean and is called the rth moment of the distribution about mean. If a random
variable X assumes all the values from a to b, then for a continuous distribution,
the rth moments about the arbitrary number A and 0, respectively, are given by
[P = AYf(x) dx and [ (x - 0)f(x) dx (see [26-28]).

Definition 6.1 In a random experiment with # outcomes, suppose a variable X assumes
the values x;, ..., x, with corresponding probabilities p, ..., p,, then the paring (x;, p(x;)),
i=1,2,...,is called a probability distribution and Xp; =1 (in the case of discrete distri-
butions). Also, if f(x) is a continuous probability density function defined on an interval
[a, b], then f: f(x)dx =1. The expected value of the variate is defined as the first moment
of the probability distribution about x = 0 i.e.,

b
E(X):/ xf (x) dx.

Definition 6.2 Let X be a continuous random variable, then it is said to have a beta k-
distribution of the first kind with two parameters m and #, if its probability k-density
function (pkdf) is defined by [8]

1 21 91
———xk(1-x)k", 0<x<L;p,qk>0,
fitwy = | T e (50)

0, elsewhere.

In the above distribution, the k-beta variable of the first kind is referred to as By (m, n)

and its k-distribution function Fy(x) is given by

0, x<0,
Fe(x) =14 [ mxg‘l(l —0)F, 0<x<Lipqk>0, (51)
0, x> 1.

Remarks We can call the above function an incomplete k-beta function because, if k = 1,

it is an incomplete beta function, as tabulated in [29, 30].
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Proposition 6.3 For the parameters p,q,k > 0, the expected value of the k-beta random
variable is given by

Proof For the k-beta random variable defined above, we observe that
EX) = / xfic(x) dx
0
= /x ;x-x%_l(l—x)%_ldx 0<x=<1p,q>0.
0 kﬁk(P, CI) - ’

Using (5), (6), and (8), we have

! 1 D 1_1 ﬁk(p"'er)
= —xk(1 - dx=—"— -
= /o B LA
_ Te(p + Tk(@Tk(p + q) _p
TP @ +q+k) pra =

Lemma 6.4 Let X be a random variable taking values in the finite interval [a, b, with
the cumulative distribution function F(x) = Pr(X < x). Then the following inequalities of
Ostrowski type hold:

b— E(X)

—-a

Pr(X <x) -

b
|:[2x —(a+b)|Pr(X <x)+ / sgn(t —x)F(¢) dt]

Ny

Q

IA
‘H

[(b—x)Pr(X > %) + (x — @) Pr(X < x)]

N

- 42

b-a

IA

= &

+

forall x € [a, b]. All the inequalities are sharp and the constant % is the best possible. How-

ever, by the integration by parts formula for the Riemann-Stieltjes integral, we have

E(X) = / ' L) - tF(t)C - / e e
= bF(a) - aF(b) - / "E) =5 - / k)
and
1- F(x) = Pr(X > x). (52)

The proof of Lemma 6.4 is given in [19, 31]. Now, we are able to give some applications

for the k-beta random variable.

Page 16 of 19
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Theorem 6.5 Let X be a k-beta random variable with parameters p, q,k > 0, then we have
the following inequalities:

1 1
Pr(sz)—L <-4 jx--
p+q 2 2

and
1 1
Pr(XZx)—L < —+|x—=
p+q 2 2

forall x € [0,1] and, in particular,

1 q
PriX=<-|)-
2 p+q

1
< =
—2

and

1
<-.
-2

1
Pr(X > —) _ 2
2) p+q
Proof Using Lemma 6.4 along with the k-beta random variable and (pkdf) defined in (50)
and (51) and Proposition 6.3 for the expected values, we get

1 1
Pr(Xfx)——‘§—+ x—=|
2 2
and, by (52), we have
1
Pr(X > x) - ‘§—+’x——’
p+q 2 2

for all x € [0,1]. In particular, for the intermediate point of the interval [0,1], i.e., at x = %,

we have the remaining results of Theorem 6.5. 0

Lemma 6.6 Let X be a random variable with probability density function f : [a,b] CR —
R, and with cumulative distribution function F(x) = Pr(X < x).Iff € L,[a,b], p > 1, then
the following inequality holds:

l+s l+s
s i fx—a\s b—x\*
R S(b-a)s _
§s+1”f”( %) [(b—a) +<b—a) :|
N 1
< —Ifl(b-a)s
s+1
- 52

+

b-a

IA
N

for all x € [a, b], where % + % =1.
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Now, we have the application of the beta random variable X in terms of the parameter

k > 0. A k-beta random variable X with positive parameters p, q, and k has the probability
density function

xIF”l(l —x)%’1

Jlwipq) = kB> q)

0<x<l,

where Bi(p, q) is the k-beta function. Here, we observe that

1

1 Lt o, a,\’
|[f/<(x;Prq)||r=m<%/ox (1-x%) dx)

_ 1 (1 /lx%r+11(1 _x)%—rﬂ—l dx>%
,Bk(P;q) k 0 '

Thus, we have

B 1
 Bpq)

~I

lfctsp.a)], [Bc(rp = K) + k,r(g = k) + k)], (53)

provided
(r(p—k) +k,r(qg—k) +k) >0, ie,p>k-— /—( and q >k — /—(
r r

Theorem 6.7 Let X be a k-beta random variable with parameters p,q,k >0, p > k— é and
q>k- é Then we have the following inequalities:

P <) 4 ‘< s T+ 0-9 T -K) +krlg-k) + O
T prq|T sk Prp,q)

for all x € [0,1] and, in particular

Pr(Xil)_ q ‘5 s [Blr-R+krg=k+R)
2] p+q|” 2Ks(s+ k) B, q)

Proof Using Lemma 6.6 along with the k-beta random variable and (pkdf) defined in (50),
(51), and (53) for the expected values, we get the required Theorem 6.7. O
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