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1 Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H and P¢ be the metric
projection of H onto C. Let S : C — H be a nonlinear mapping on C. We denote by Fix(S)
the set of fixed points of S and by R the set of all real numbers. A mapping S: C — H
is called L-Lipschitz-continuous (or L-Lipschitzian) if there exists a constant L > 0 such
that

1Se =Syl <Lllx=yll, VYx,yeC.

In particular, if L = 1 then S is called a nonexpansive mapping; if L € [0,1) then S is called
a contraction.

A mapping A : C — H is said to be ¢-inverse-strongly monotone if there exists ¢ > 0
such that

(Ax - Ay,x—y) = (| Ax - Ay|*, VxyeC.
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It is clear that every inverse-strongly monotone mapping is a monotone and Lipschitz-
continuous mapping. A mapping T : C — C is said to be &-strictly pseudocontractive if
there exists & € [0,1) such that

ITx— Tyl1® < lx =yl + €| (I - T)x— (I - Ty,

Vx,y € C.

In this case, we also say that T is a &-strict pseudocontraction. In particular, whenever
& =0, T becomes a nonexpansive mapping from C into itself.

Let A: C — H be a nonlinear mapping on C. We consider the following variational
inequality problem (VIP): find a point x € C such that

(Ax,y—x) >0, VyeC. 1.1)

The solution set of VIP (1.1) is denoted by VI(C, A).

The VIP (1.1) was first discussed by Lions [1]. There are many applications of VIP
(1.1) in various fields; see e.g.,, [2-5]. It is well known that, if A is a strongly monotone
and Lipschitz-continuous mapping on C, then VIP (1.1) has a unique solution. In 1976,
Korpelevich [6] proposed an iterative algorithm for solving the VIP (1.1) in Euclidean
space R”:

Yn = PC(xn - fon)7
KXntl = PC(xn - TAyn)t Vn = 07

with t > 0 a given number, which is known as the extragradient method. The literature on
the VIP is vast and Korpelevich’s extragradient method has received great attention given
by many authors, who improved it in various ways; see e.g., [7-19] and references therein,
to name but a few.

Consider the following constrained convex minimization problem (CMP):

minimize {f(x) 1x € C}, (1.2)

where f : C — R is a real-valued convex functional. We denote by I" the solution set of
the CMP (1.2). If f is Fréchet differentiable, then the gradient-projection method (GPM)

generates a sequence {x,} via the recursive formula

%ni1 = P (%, — AVf(x,)), Vn=0, (1.3)
or more generally,

%ni1 = P (= 1nVf (%)), Vn =0, (1.4)

where in both (1.3) and (1.4), the initial guess x is taken from C arbitrarily, the parameters,
A or X,, are positive real numbers, and Pc is the metric projection from H onto C. The
convergence of the algorithms (1.3) and (1.4) depends on the behavior of the gradient Vf.
As a matter of fact, it is well known that if Vf is strongly monotone and Lipschitzian;
namely, there are constants 7, L > 0 satisfying the properties

(V&)= Vf(),x—y)=nllx—yI> and ||Vf(x)-VFQ)| <Llx-yl, VryeC,
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then, for 0 < A < 2n/L?, the operator T := Pc(I — AVf) is a contraction; hence, the se-
quence {x,} defined by (1.3) converges in norm to the unique solution of the CMP (1.2).
More generally, if the sequence {A,} is chosen to satisfy the property 0 < liminf, o A, <
limsup,,_, ., A, < 21/L?, then the sequence {x,} defined by (1.4) converges in norm to the
unique minimizer of the CMP (1.2). However, if the gradient Vf fails to be strongly mono-
tone, the operator T defined by T := Pc(I — AVf) would fail to be contractive; conse-
quently, the sequence {x,} generated by (1.3) may fail to converge strongly (see Section 4
in Xu [20]).

Theorem 1.1 (see [20, Theorem 5.2]) Assume the CMP (1.2) is consistent and let I" denote
its solution set. Assume the gradient Vf satisfies the Lipschitz condition with constant L > 0.
Let V : C — Cbea p-contraction with coefficient p € [0,1). Let a sequence {x,} be generated
by the following hybrid gradient-projection algorithm (GPA):

Xne1 = 0 Vay + (1= )P (0 — AnVf(x)), ¥n>0. (1.5)

Assume the sequence {,} satisfies the condition 0 < liminf,_, . A, <limsup,_, ., A, < 2/L,
and, in addition, the following conditions are satisfied for {A,} and {a,} C [0,1]: (i) o, —
0, (i) D_ep oty = 00, (ili) Y oog lus1 — atul| < 00, and (iv) Y oo |Aus1 — Anl < 00. Then the
sequence {x,} converges in norm to a minimizer of CMP (1.2), which is also the unique
solution x* € I to the VIP

(I-V)x*,x—x")>0, VxeTl. (1.6)
In other words, x* is the unique fixed point of the contraction PrV, x* = Pr Vx*.

On the other hand, let S and T be two nonexpansive mappings. In 2009, Yao et al. [21]
considered the following hierarchical variational inequality problem (HVIP): find hierar-
chically a fixed point of T, which is a solution to the VIP for monotone mapping I — S;
namely, find x € Fix(T) such that

(I-8)%p-x)=0, VpeFix(T). 1.7)

The solution set of the hierarchical VIP (1.7) is denoted by A. It is not hard to check that
solving the hierarchical VIP (1.7) is equivalent to the fixed point problem of the composite
mapping Prix)S, i.e., find X € C such that ¥ = Prix(r)SX. The authors [21] introduced and
analyzed the following iterative algorithm for solving the HVIP (1.7):

In = BuSxn + (1= Bu)xy, (1.8)
Xpi1 =0V, + (1—0) Ty, Vr>0.

Theorem 1.2 (see [21, Theorem 3.2]) Let C be a nonempty closed convex subset of a real

Hilbert space H. Let S and T be two nonexpansive mappings of C into itself. Let V :C — C

be a fixed contraction with o € (0,1). Let {o,} and {B,} be two sequences in (0,1). For any

given xg € C, let {x,} be the sequence generated by (1.8). Assume that the sequence {x,} is

bounded and that

(1) 2o o =005
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(if) Timy oo 214 = 521 = 0, limy, o0 -1 - 2221 | = 0;

(i) 1m0 B = 0, 1ty & = 0 and lim, o 25 = 0;

(iv) Fix(T)NintC # @;

(v) there exists a constant k > 0 such that ||x — Tx|| > k Dist(x, Fix(T)) for each x € C,
where Dist(x, Fix(T)) = infycpix(r) [1% — yll.

Then {x,} converges strongly to x = P, Vx which solves the HVIP
(U-9)%p-x) <0, VpeFix(T).

Furthermore, let ¢ : C — R be a real-valued function, A : H — H be a nonlinear map-
ping and ® : C x C — R be a bifunction. In 2008, Peng and Yao [9] introduced the gen-
eralized mixed equilibrium problem (GMEP) of finding x € C such that

Ox,y) +(y) —px) + (Ax,y —x) >0, VyeC. (1.9)

We denote the set of solutions of GMEP (1.9) by GMEP(®, ¢, A). The GMEP (1.9) is very
general in the sense that it includes, as special cases, optimization problems, variational in-
equalities, minimax problems, Nash equilibrium problems in noncooperative games and
others. The GMEP is further considered and studied; see e.g, [7, 10, 15, 17, 19, 22-24].
In particular, if ¢ = 0, then GMEP (1.9) reduces to the generalized equilibrium problem
(GEP) which is to find x € C such that

Ox,y) + (Ax,y—x) >0, VyeC.

It was introduced and studied by Takahashi and Takahashi [25]. The set of solutions of
GEP is denoted by GEP(®, A).

If A = 0, then GMEP (1.9) reduces to the mixed equilibrium problem (MEP) which is to
find x € C such that

O,y +9() -¢x) >0, VYyeC.

It was considered and studied in [26]. The set of solutions of MEP is denoted by
MEP(®, ¢).

If p =0, A =0, then GMEP (1.9) reduces to the equilibrium problem (EP) which is to
find x € C such that

O(x,y) >0, VyeC.

It was considered and studied in [27, 28]. The set of solutions of EP is denoted by EP(®).
It is worth to mention that the EP is a unified model of several problems, namely, varia-
tional inequality problems, optimization problems, saddle point problems, complemen-
tarity problems, fixed point problems, Nash equilibrium problems, etc.

It was assumed in [9] that ® : C x C — Ris a bifunction satisfying conditions (A1)-(A4)
and ¢ : C — R is a lower semicontinuous and convex function with restriction (B1) or
(B2), where

(Al) O(x,x)=0forallx e C;

(A2) © is monotone, i.e., O(x,y) + O(y,x) <0 for any x,y € C;
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(A3) O is upper-hemicontinuous, i.e., for each x,y,z € C,

limsup ® (tz + (1 -0, y) < O(x,y);
t—0%
(A4) O(x,-) is convex and lower semicontinuous for each x € C;
(B1) for each x € H and r > 0, there exists a bounded subset D, C C and y, € C such
that, foranyz € C\ Dy,

1
O(@7:) + () = 9(2) + ~{yx 2,2 2) < 0;

(B2) Cisabounded set.

Given a positive number r > 0. Let T,(@""

)1 H — C be the solution set of the auxiliary
mixed equilibrium problem, that is, for each x € H,

1
T\ (x) := {y €C:0(2) +9@) —¢0) +-(y-x2-y) 2 0,Vz € C}‘
r
In addition, let B be a single-valued mapping of C into H and R be a multivalued mapping
with D(R) = C. Consider the following variational inclusion: find a point x € C such that

0 € Bx + Rx. (1.10)

We denote by I(B, R) the solution set of the variational inclusion (1.10). In particular, if
B =R =0, then I(B,R) = C. If B = 0, then problem (1.10) becomes the inclusion prob-
lem introduced by Rockafellar [29]. It is known that problem (1.10) provides a convenient
framework for the unified study of optimal solutions in many optimization related areas
including mathematical programming, complementarity problems, variational inequal-
ities, optimal control, mathematical economics, equilibria, and game theory, etc. Let a
set-valued mapping R : D(R) C H — 2/ be maximal monotone. We define the resolvent
operator Jz, : H — D(R) associated with R and A as follows:

Jro=U+AR), VxeH,

where A is a positive number.

In 1998, Huang [30] studied problem (1.10) in the case where R is maximal monotone
and B is strongly monotone and Lipschitz-continuous with D(R) = C = H. Subsequently,
Zeng et al. [31] further studied problem (1.10) in the case which is more general than
Huang’s one [30]. Moreover, the authors [31] obtained the same strong convergence con-
clusion as in Huang’s result [30]. In addition, the authors also gave a geometric conver-
gence rate estimate for approximate solutions. Also, various types of iterative algorithms
for solving variational inclusions have been further studied and developed; for more de-
tails, refer to [12, 24, 32—34] and the references therein.

Motivated and inspired by the above facts, we introduce and analyze a multistep hybrid
extragradient algorithm by combining Korpelevich’s extragradient method, the viscos-
ity approximation method, thehybrid steepest-descent method, Mann’s iteration method,
and the gradient-projection method (GPM) with regularization in the setting of infinite-
dimensional Hilbert spaces. It is proven that under appropriate assumptions the proposed
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algorithm converges strongly to a solution of the CMP (1.2) with constraints of several
problems: finitely many GMEDPs, finitely many variational inclusions, and the fixed point
problem of a strictly pseudocontractive mapping. In the meantime, we also prove the
strong convergence of the proposed algorithm to the unique solution of a hierarchical vari-
ational inequality problem (over the fixed point set of a strictly pseudocontractive map-
ping) with constraints of finitely many GMEPs, finitely many variational inclusions, and
the CMP (1.2). Our results represent the supplementation, improvement, extension, and
development of the corresponding results in Xu [20, Theorems 4.1 and 5.2] and Yao et al.
[21, Theorems 3.1 and 3.2].

2 Preliminaries

Throughout this paper, we assume that H is a real Hilbert space whose inner product
and norm are denoted by (-,-) and | - ||, respectively. Let C be a nonempty closed convex
subset of H. We write x, — x to indicate that the sequence {x,} converges weakly to x
and x, — x to indicate that the sequence {x,} converges strongly to x. Moreover, we use
wy(x,) to denote the weak w-limit set of the sequence {x,}, i.e.,

wy(x,) = {x € H : x,, — x for some subsequence {x,,} of {x,,}}.

The metric (or nearest point) projection from H onto C is the mapping Pc : H — C
which assigns to each point x € H the unique point Pcx € C satisfying the property

lx — Pcx|| = inf ||x - y|| =: d(x, C).
yeC

Definition 2.1 Let T be a nonlinear operator with the domain D(T) C H and the range
R(T) C H. Then T is said to be
(i) monotone if

(Tx—Ty,x—y) >0, Vx,ye€D(T);

(ii) B-strongly monotone if there exists a constant 8 > 0 such that
(Tx— Ty,x —y) = n|x —y||2, Vx,y € D(T);

(ili) v-inverse-strongly monotone if there exists a constant v > 0 such that
(Tx — Ty,x —y) > v||Tx — Ty||*>, Vx,y € D(T).

It is easy to see that the projection Pc is 1-inverse-strongly monotone. Inverse-strongly
monotone (also referred to as co-coercive) operators have been applied widely in solving
practical problems in various fields, for instance, in traffic assignment problems; see e.g.,
[35]. It is obvious that if T is v-inverse-strongly monotone, then T is monotone and %—
Lipschitz-continuous. Moreover, we also have, for all u,v € D(T) and A > 0,

| =2T)u— (1 =2T)v|?

= ||(u—v) - MTu - TV)H2
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=|lu—v||* = 20(Tu - Tv,u — v) + A2|| Tu — Tv|*

<llu=v|I®+ 1 =20)|| Tu - Tv||>. (2.1)

So,if » <2v, then I — AT is a nonexpansive mapping.
Some important properties of projections are gathered in the following proposition.

Proposition 2.1 For given x € H and z € C:
(i) z=Pcx & (x—2,y—2) <0,Vy e C;
(i) z=Pcx & lx—z|* < lx =y~ ly—=zl* Vy € C;
(iii) (Pcx—Pcy,x~y) = |Pcx—Pcyl*, Vy € H.

Consequently, Pc is nonexpansive and monotone.

Definition 2.2 A mapping T': H — H is said to be
(a) nonexpansive if

”Tx—TyHSHx_yHr eryeH;

(b) firmly nonexpansive if 27 — I is nonexpansive, or equivalently, if T is
1-inverse-strongly monotone (1-ism),

(x—y, Tx—Ty) > | Tx - Ty||?>, Vx,y€H;
alternatively, T is firmly nonexpansive if and only if T’ can be expressed as

1
T= §(I+S),

where S: H — H is nonexpansive; projections are firmly nonexpansive.

It can easily be seen that if 7" is nonexpansive, then / — T' is monotone.
Next we list some elementary conclusions for the MEP.

Proposition 2.2 (see [26]) Assume that ® : C x C — Rsatisfies (Al)-(A4d) and let ¢ : C —
R be a proper lower semicontinuous and convex function. Assume that either (B1) or (B2)
holds. For r > 0 and x € H, define a mapping T . H > C as follows:

T99)(x) = {z €C:0(z,y) +9(») —¢(z) + %(y—z,z—x) >0,Vye C}

forall x € H. Then the following hold:
(i) foreachx e H, T,(@"p)(x) is nonempty and single-valued,;
(i) T/7¥ is firmly nonexpansive, that is, for any x,y € H,

| 79— TEOOy|* <(TE9x - T Oy, x - y);
(iii) Fix(T'°*)) = MEP(®, ¢);

(iv) MEP(O, ) is closed and convex;
W) 1TO% - T2 < =t (T~ TO9 g, TLO9) . _ ) foralls,t>0andxeH.

Page 7 of 40
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Definition 2.3 A mapping T : H — H is said to be an averaged mapping if it can be writ-
ten as the average of the identity / and a nonexpansive mapping, that is,

T=(01-a)l+as,

where @ € (0,1) and S: H — H is nonexpansive. More precisely, when the last equality
holds, we say that T is «-averaged. Thus firmly nonexpansive mappings (in particular,
projections) are %—averaged mappings.

Proposition 2.3 (see [36]) Let T : H — H be a given mapping.
(i) T is nonexpansive if and only if the complement I — T is %-ism.
(i) If T is v-ism, then fory >0, y T is 5—i5m.
(iii) T is averaged if and only if the complement I — T is v-ism for some v > 1/2. Indeed,
. . . L1
Jora €(0,1), T is a-averaged if and only if I - T is 5 -ism.

Proposition 2.4 (see [36,37]) Let S, T,V : H— H be given operators.
(i) fT=Q0-a)S+aV forsomea € (0,1) and if S is averaged and V is nonexpansive,
then T is averaged.

(i) T is firmly nonexpansive if and only if the complement I — T is firmly nonexpansive.

(iti) If T =1 -a)S+aV forsomea € (0,1) and if S is firmly nonexpansive and V is
nonexpansive, then T is averaged.

(iv) The composite of finitely many averaged mappings is averaged. That is, if each of the
mappings {T:}Y, is averaged, then so is the composite T - - - Tn. In particular, if Ty is
ar-averaged and T, is ay-averaged, where o, a5 € (0,1), then the composite T1 T is
a-averaged, where a = a1 + oty — Q10tp.

(v) If the mappings {T:}Y, are averaged and have a common fixed point, then

N

ﬂFix(T,-) =Fix(Ty - Ty).
i=1

The notation Fix(T) denotes the set of all fixed points of the mapping T, that is,
Fix(T) ={x € H: Tx = x}.

We need some facts and tools in a real Hilbert space H which are listed as lemmas below.

Lemma 2.1 Let X be a real inner product space. Then we have the following inequality:
Il +y1% < llll* + 20p,2 +9),  Va,y e X.

Lemma 2.2 Let H be a real Hilbert space. Then the following hold:
@) llx=yI? = ll%lI* = IylI* = 2(x ~ y,9) for all x,y € H;
() 1A%+ uyll® = Alx)1? + wllyl? = Apllx — y||? for all x,y € H and &, € [0,1] with
A+p=1
(c) if{xn} is a sequence in H such that x, — x, it follows that

lim sup ||x, —y||2 = limsup ||x, —x*+ = —y||2, VyeH.

n—0o0 n— 00

Page 8 of 40
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It is clear that, in a real Hilbert space H, T : C — C is & -strictly pseudocontractive if and
only if the following inequality holds:

1—
(T~ Tx=y) = Iyl = =25 |0 = Dy (= T

, Vx,yeC.

This immediately implies that if 7" is a & -strictly pseudocontractive mapping, then / — T’
is %-inverse strongly monotone; for further details, we refer to [38] and the references
therein. It is well known that the class of strict pseudocontractions strictly includes the
class of nonexpansive mappings and that the class of pseudocontractions strictly includes

the class of strict pseudocontractions.

Lemma 2.3 (see [38, Proposition 2.1]) Let C be a nonempty closed convex subset of a real
Hilbert space H and T : C — C be a mapping.
(i) If T is a &-strictly pseudocontractive mapping, then T satisfies the Lipschitzian
condition

1+&
Tx - Ty| <
1= Tyl =

le-yl, VxyeC.

(i) If T is a &-strictly pseudocontractive mapping, then the mapping I — T is semiclosed
at 0, that is, if {x,} is a sequence in C such that x, — x and (I — T)x, — 0, then
(I-T)x=0.

(iti) If T is &-(quasi-)strict pseudocontraction, then the fixed point set Fix(T) of T is
closed and convex so that the projection Prix(ry is well defined.

Lemma 2.4 (see [11]) Let C be a nonempty closed convex subset of a real Hilbert space H.
Let T : C — C be a &-strictly pseudocontractive mapping. Let y and § be two nonnegative
real numbers such that (y + 8)€ < y. Then

ly@—-y) +8(Tx-T)| < (v +)llx-yll, Vx,yeC.

Lemma 2.5 (see [39, Demiclosedness principle]) Let C be a nonempty closed convex subset
of a real Hilbert space H. Let S be a nonexpansive self-mapping on C with Fix(S) # (). Then
I - S is demiclosed. That is, whenever {x,} is a sequence in C weakly converging to some
x € C and the sequence {(I — S)x,} strongly converges to some y, it follows that (I — S)x = y.
Here I is the identity operator of H.

Lemma 2.6 Let A: C — H be a monotone mapping. In the context of the variational in-

equality problem the characterization of the projection (see Proposition 2.1(i)) implies
ucVI(C,A) & u=Pc(u—rAu), i>0.
Let C be a nonempty closed convex subset of a real Hilbert space H. We introduce some
notations. Let A be a number in (0,1] and let u > 0. Associated with a nonexpansive map-

ping T': C — H, we define the mapping T* : C — H by

T x:= Tx - \uF(Tx), VxeC,
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where F : H — H is an operator such that, for some positive constants «,n > 0, F is
k-Lipschitzian and n-strongly monotone on H; that is, F satisfies the conditions:

|Ex—Fy| <«llx—y| and (Fx—Fy,x—y) > nlx—yl>
forallx,y € H.

Lemma 2.7 (see [40, Lemma 3.1]) T* is a contraction provided 0 < u < i—g; that is,
[T % - T"y| < (1 -Ar1)|lx -y, VxyeC,

where T =1—/1- u(2n - ux?) €(0,1].

Remark 2.1 (i) Since F is « -Lipschitzian and 7-strongly monotone on H, we get 0 < n < «.
Hence, whenever 0 < i < i—;’, we have 7 =1 - /1 - u(2n — ux?) € (0,1].

(ii) In Lemma 2.7, put F = %I and ¢ = 2. Then we know thatx =7 = %, O<pu=2< % =4,
and t =1.

Lemma 2.8 (see [41]) Let {a,} be a sequence of nonnegative real numbers satisfying the
property:.

Ap1 < (L=S8,)a, + 8,0, +t,, Yn=>0,

where {s,} C (0,1] and {b,;} are such that:
(D) 2o 8n = 00;
(i) either limsup,_, . b, <0 or Y o2 18uby| < 00;
(i) Y02 tn < 00 where t, > 0, for all n > 0.

Then lim,—, o a,, = 0.

Recall that a set-valued mapping 7 : D(T) C H — 2" is called monotone if for all x,y €
D(T),f € Tx and g € Ty imply

f-gx-y >0.

A set-valued mapping T is called maximal monotone if T is monotone and (/ + AT)D(T) =
H for each A > 0, where [ is the identity mapping of H. We denote by G(T') the graph of T'.
It is well known that a monotone mapping T is maximal if and only if, for (x,f) € H x H,
(f —g,x—y) = 0 for every (y,g) € G(T) implies f € Tx. Next we provide an example to
illustrate the concept of a maximal monotone mapping.

Let A: C — H be a monotone, k-Lipschitz-continuous mapping and let Ncv be the
normal coneto CatveC,ie.,

Nev={ueH:(v-p,u)>0,YpeC}.
Define

~ AV+NCv, ifve C,
Tv=
@, ifveC.
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Then T is maximal monotone (see [29]) such that
0ecTv & veVIGA). (2.2)

Let R : D(R) C H — 2" be a maximal monotone mapping. Let A, u > O be two positive

numbers.

Lemma 2.9 (see [42]) We have the resolvent identity

JrRax :]R,M<%x + (1 - %)]R,Ax), Vx € H.

Remark 2.2 For A, 1 > 0, we have the following relation:

1 1
Wrox =Ryl < llx =yl + |A - M|<X||]R,M—y|| + ;Hx—fR,uJ’H), Va,ye H. (2.3)

In terms of Huang [30] (see also [31]), we have the following property for the resolvent

operator Jg, : H — D(R).

Lemma 2.10 i, is single-valued and firmly nonexpansive, i.e.,

Urax = TRy % =) > rax = Jrayll*,  Va,y € H.
Consequently, /r, is nonexpansive and monotone.

Lemma 2.11 (see [12]) Let R be a maximal monotone mapping with D(R) = C. Then for
any given A > 0, u € C is a solution of problem (1.5) if and only if u € C satisfies

u = Jr;(u — LBu).

Lemma 2.12 (see [31]) Let R be a maximal monotone mapping with D(R) = C and let
B: C — H be a strongly monotone, continuous, and single-valued mapping. Then for each
z € H, the equation z € (B + AR)x has a unique solution x;_for X > 0.

Lemma 2.13 (see [12]) Let R be a maximal monotone mapping with D(R) = C and B :
C — H be a monotone, continuous and single-valued mapping. Then (I + A(R+ B))C=H

foreach X > 0. In this case, R + B is maximal monotone.

3 Main results

In this section, we will introduce and analyze a multistep hybrid extragradient algorithm
for finding a solution of the CMP (1.2) with constraints of several problems: finitely many
GMEPs and finitely many variational inclusions and the fixed point problem of a strict
pseudocontraction in a real Hilbert space. This algorithm is based on Korpelevich’s ex-
tragradient method, the viscosity approximation method, the hybrid steepest-descent
method [43], Mann’s iteration method and the gradient-projection method (GPM) with
regularization. Under appropriate assumptions, we prove the strong convergence of the
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proposed algorithm to a solution of the CMP (1.2), which is also the unique solution of a
hierarchical variational inequality problem (HVIP).

Let C be a nonempty closed convex subset of a real Hilbert space H and f: C — Rbe a
convex functional with L-Lipschitz-continuous gradient Vf. We denote by I" the solution
set of the CMP (1.2). Then the CMP (1.2) is generally ill-posed. Consider the following
Tikhonov regularization problem:

minf, () =) + Salel,
where « > 0 is the regularization parameter. Hence, we have
Vf, = Vf +al.
We are now in a position to state and prove the main result in this paper.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let M, N
be two positive integers. Let f : C — R be a convex functional with L-Lipschitz-continuous
gradient Vf. Let Oy be a bifunction from C x C to R satisfying (Al1)-(A4) and ¢ : C —
R U {+00} be a proper lower semicontinuous and convex function with restriction (B1) or
(B2), where k € {1,2,...,M}. Let R; : C — 2" be a maximal monotone mapping and let Ay :
H — H and B;: C — H be py-inverse-strongly monotone and n;-inverse-strongly mono-
tone, respectively, where k € {1,2,...,M}, i € {1,2,...,N}. Let T : C — C be a &-strictly
pseudocontractive mapping, S : H — H be a nonexpansive mapping and V : H — H be a
p-contraction with coefficient p € [0,1). Let F : H — H be k-Lipschitzian and n-strongly
monotone with positive constants k,n > 0 such that 0 <y <t and 0 < u < ':’—g where T =
1—/1— w(2n — pk?). Assume that 2 := (\y; GMEP(Oy, gk, Ax) N (n, 1By, R;) N Fix(T) N
I #0. Let {1,} C [a,b] C (0, %)» {an} C (0,00) with Z:io oy < 00, {€,}, {8,}, {Bub {yuhs
{on} C(0,1) with By + yu + 0n =1, and {Ain} C [ai, bi] C (0,21:), {rin} C lex dic] € (0,2nk)
where i € {1,2,...,N} and k € {1,2,...,M}. For arbitrarily given xo € H, let {x,} be a se-
quence generated by

OM, OM-1,9M- &1,
Uy = T;SM,}Z[ WM)(I - rM,VlAM)Tr(MiVinl om 1)(1 - TM—l,nAM—l) cee Tr(l,nl wl)(l - Vl,nAl)xm

Vn = ]RNy)\.N,n (I - )"N,HBN)]RN,L)LN,L” (I - )"N—I,VIBN—I) o .]Rlv)‘l,n (1 - )\l,nBl)um

(3.1)
Yn = Buxn + YuPc( = 1y Vo, )i + 04 TPc(I = 14 Vfa, Vi,
Xns1 = €0 Y (80 Vatn + (1= 8,)8x,) + [ — €uuuF)yn, Vn >0,
where Vf,, = a,l + Vf for all n > 0. Suppose that

(C1) Timy o0 €5 = 0, Y520 €4 = 00 and lim,, oo 2|1 - 21| = 0;

(C2) limsup,, o & < 00, limy o0 = |3 — 71| = 0 and lim,, . o 31— %=1 = 0;

(C3) 1im,, o0 Lfotl = 0 and lim,, . o, =2l = 0;

(C4) lim, oo P22l 2 0 gl lim,, oo "=kl 2 0 for i =1,2,...,N and
k=1,2,...,M;

(C5) lim,_s o0 % =0, lim,_, o M =0 and (y, + 0,)€ < y, forall n > 0;

(C6) {Bn} Clc,d] C(0,1), lim,_ ‘;—Z =0 and liminf,_, o, 0, > 0.
Then we have:

ANRT Xp+1—%,
(1) hmn%oo ”%ﬂn“ = O;

Page 12 of 40
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(i) ww(x,) C £2;
(ili) {x,} converges strongly to a minimizer x* of the CMP (1.2), which is a unique
solution x* in $2 to the HVIP
(WF =y S)x*,p—x*) >0, Vpeg.

Proof First of all, observe that

un=t & pn>=1-,/1-pu(2n-puk?)

& Jl-u(2n-uc?)=1-pun

& 1-2un+p’k*>1-2un+ pu’n’
& krxp?

& k=7

and
((WF =y S)x = (WF -y S)y,x )
=u(FEx—Fy,x—y) —y(Sx— Sy, x — y)
> pnllx=yl> - yllx -yl

=(un-y)lx-yl*>, VxyeH.

Since 0 < y <t and k > 7, we know that un > t > y and hence the mapping uF — yS is
(un — y)-strongly monotone. Moreover, it is clear that the mapping uF — y S is (ux + y)-
Lipschitzian. Thus, there exists a unique solution x* in £2 to the VIP

(WF =y S)x*,p—x*)>0, Vpeg.
That is, {x*} = VI(§2, uF — yS). Now, we put
AL = Ty = 1 AN T = riypAgr) - TR (1 = 1A,
forall k €{1,2,...,M}and n > 1,
A = JRiin I = 2in B R iy (L = AicinBic1) - -+ Ry, (L = A1, B1)
forallie {1,2,...,N}, A% =1 and A% = I, where [ is the identity mapping on H. Then we

have u,, = A¥x, and v, = ANu,.
In addition, we show that Pc(I — AVf,) is v-averaged for each A € (0, ﬁ), where
2+ Ma+L
po 2EMerD) oy

Indeed, the Lipschitz continuity of Vf implies that Vf is %—ism (see [20] (also [44])); that is,

(V£6) =V O)x~3) 2 1| V) - VO

Page 13 of 40
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Observe that

(o + L)(Vfa (%) = VI (0,2~ )
= (o + L)[allx - ylI* + (Vf(x) - V), % - )]
=& llx = yII* + «(Vf (%) - VI (), 2 = y) + eLllx = yII* + L{Vf (%) - V() %~ y)
> o[l = Y11 + 20V (%) = VF(), 2 9) + | Vf () = V)
= o= 9) + V@) = VFO) | = | VAul) - VD).

Therefore, it follows that Vf, = Vf + «l is ﬁ—ism. Thus, by Proposition 2.3(ii), AVf, is
@-ism. From Proposition 2.3(iii), the complement I — AV, is W—averaged. Con-
sequently, noting that P¢ is %—averaged and utilizing Proposition 2.4(iv), we find that, for
each A € (0, -%), Pc(I — AVf,) is v-averaged with

? o+l

1 Ma+L) 1 Ma+L) 2+Ma+L)
V= 4 _Z. = €(0,1).
2 2 2 2 4

This shows that Pc(I — AVf,) is nonexpansive. Taking into account that {},} C [a,b] C

(0, %) and «,, — 0, we get

. 2+ Aulay, +L) 2+ bL
lim sup < <1.
n—00 4 4

2+ (ay+L
4

Without loss of generality, we may assume that v, := ) <1 for each n > 0. So,

Pc(I - A, Vf,,) is nonexpansive for each 7 > 0. Similarly, since

. Mo, +L)  bL
limsup —— < > <1,
n—00

it is well known that I — A,,Vf,, is nonexpansive for each n > 0.
We divide the rest of the proof into several steps.
Step 1. We prove that {x,,} is bounded.
Indeed, take a fixed p € §2 arbitrarily. Utilizing (2.1) and Proposition 2.2(ii) we have

ltw = pll = | T = rg,uBag) AN, — T[T — ryg, Brg) AN p |
< | = raguBat) AN 5 — (I = raguBar) AL |

< [ a3 x - A3 |

< | A% - A%p|

= llx, —pll. 3.2)
Utilizing (2.1) and Lemma 2.10 we have

Vi =PIl = oy T = ANaAN)AY 10 = Try g, I = AnnAN) AN |

< [T = A AN ALty = (T = dnnAn) A7
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= |43 un - 47|

< || AQun = App
= llun = pll- 33
Combining (3.2) and (3.3), we have
v — pll < llx0 = pll. (3.4)

For simplicity, put ¢, = Pc(I — 1, Vfy,)v, for each n > 0. Note that Pc(I — AVf)p = p for
A€ (0, %). Hence, from (3.4), it follows that
£ = pll
= [Pc( = 2nVfeos Vi = PeI = 1,V )p |
< [Pe = 2u Ve, u = Pell = 1V o, )| + [Pcl = 2n Ve, )0 = Pcl = 2uVS)p |
< vn=pll + [ = 20V fo, Jp = U = 20V )p
= v — pll + Anatulipll
= %0 = pll + Anaulipll- (3.5)
Since (y, + 0,4)é <y, for all n > 0 and T is &-strictly pseudocontractive, utilizing Lem-
ma 2.4 we obtain from (3.1) and (3.5)
I9n =PIl = 1BuXn + Vutn + 0n Tty — pli
= | Bulxn = p) + Yultn = p) + 0u(Tts — )|
< Bulln =PIl + | vults = p) + 0u(Tt, — p) |
< Bull%n = pll + (vu + 04) 1w — pl|
< Bullxn = pll + (Vi + 00)[ 1% = pll + Xnctulipl]
< Bullxn = pll + (Yu + 8) 110 = pll + Anetnllpll
= % = pll + Anaulpll. (3.6)
Utilizing Lemma 2.7, we deduce from (3.1), (3.6), {*,,} C [a,b] C (O, %), and 0 < y < 7 that,
foralln >0,
%141 =PI
= | €y (84 Vatn + (1= 8,)Sx4) + (I = €utF)y, — p|
= |l €ny (82 Vaty + (1 = 8,)Sxs) — €uitEp + (I — €uutF)y, — (I — €uuF)p |
< | €ny (8nVaw + A = 8,)Sxn) — €uip|| + | (I — €utF)y, — (I — €uuF)p|
= €[ 8n(y Vitw — Fp) + (1= 8,)(y Sxn — wED) || + | I — €uttF)yn — (I — €4t F)p||

< €n[8ully Vaty — uEpll + (1= 8,) 1y S — Epll] + | (I = €uptF)yn — (I — €uuF)p |
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< en[8u(y 1 Vn — Vol + lly Vo — wEpll) + (1= 8,) (v 1Sxs — Spll + Iy Sp — nEpll) ]
+ | (I = €nptF)yn — (I = Ayt F)p |
<en[Su(ypllxn —pll + Iy Vo — nEpll) + A = 8,) (v I%: — pll + lySp — nFpll)]
+ (=€, T)llyn —pll
< €[ (1-8,(1= p))y llxn — pll + max{|ly Vo — uFpl, lly Sp — ufpll}]
+ (1 - €,)[ 1% — pll + Aneallpll]
=€,(1-8,(1- )y lxn — pll + Ay max{lly Vo — uFpl, llySp - nEpll}
+ (1= €,7)lxn = pll + Auetalpll
< €y lxn —pll + €xmax{lly Vo — uFpll, |y Sp — uEpll} + (1 - €,7)||x, — p

= (1-ex(r =) lxn — pll + exmax{lly Vp — uEpll, |y Sp — uEpll} + a.blipll
max{||y Vp — ukpl, lly Sp — ukpl}

= (1-eu(r =) lIxu —pll + €n(t = ) — +a,blip|l
ly Vo — wkpll |lySp — ukpl|
gmax{Hxn— s, , +aublpll.
T-y T—y

By induction, we get

ly Vo - ubpll llySp—pbpll | . <
||xn+1—p||smax{||xo—p||, PR P S ablipll, Vn=o0.
T—-Y T—=VY =0

Thus, {x,} is bounded (due to Y . o, < 00) and so are the sequences {¢,}, {u,}, {v,} and

{yn}-
Step 2. We prove that lim,,_, o w = 0.
Indeed, utilizing (2.1) and (2.3), we obtain

Vi1 = vull
= [ A = A |
= rninmes T = ANt BN) AN 3 it = Try o (I = ANnBN) A~ 1t
< rnirger T = A1t BN) AN T i1 = TRy g n I = AnnBN) AN T 1t |
+ [ Trnoinems T = ANaBN) A it = Tryne 4 = ANnBN) A 1|
< H (I = Ayt BN) AN thq = (I = 2o BN) ANt ||

+ ” (- }\N,nBN)Ag:llunH -(I- )LN,nBN)AQ[_lun ” + AN 41 = ANl

1
X (— I rn s eir T = AninBN) AN thnar = (I = Ay uBa) AN 1|
)\N,n+1

1
AN

+ 1T = AnuBN) AN Tttt = Tryg g T = AnnBN) AN 1ty H)
R

< Ansr = ol (| By AN || + M) + | AN th1 = AN |

< |ANgs1 — )\N,n|(||BNAQ[;11M”+1 ” + M)
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+ | AN-Lns1 — AN- 1n|(||BN lAn+1 Uns1 ” +M) + ||An+1 Upsl — Aﬁ]_zun ”

< Anmet = Al (| BN AN thnn | + M)
+ | AN-1ns1 = An-il (| BNar AN Pt || + 1\~4)

-+ |)¥1,n+1 - )\l,n|(||BlA2+1un+l “ + M) + ||A2+1un+1 - Agun ||

N
= MO Z |}\i,n+1 - }\i,n| + ||un+1 - un”: (3«7)
i=1

where

Sup{ )‘N ||]RN AN 41 (1 )\N VIBN)An+1 Unpsl — (1 - )\-N,nBN)A]nV_llxln ||

n>0

||1 AN BN) AN L st = Ty i T = A BN) AN un||}<M

for some M > 0 and supnzo{zg\i1 I1B: A |l +]VI} < M, for some M > 0.

n+l

Utilizing Proposition 2.2(ii), (v), we deduce that

122141 — 14|
= | AN X1 — AN x|

= || T = raga Ane) AN e = TN = rag e Aag) A |

IA

| T8N — rag 1 A AN R = T = gy Ang) A 2 |

+ | T — rag M) AN 9000 = TS0 = rg Ag) AN 26, |

(©) M- Op, M-1
= H TrM/;4+;ﬂM (1 - rM,n+1AM)An+11xn+l - T,EMA: (pM}(] - rM,n+1AM)An+1 Xn+1 ||

+ || Tr(;i};\;l:‘ﬂM)(I - rM,n+1AM)A£/.[;11xn+1 - T}Eﬁ)]‘::‘ﬂM)([ - rM,nAM)A%.ilan H

+ | (I = ranAan) AL %1 = (I = rpg nApg) AY 5, |

M “ T ©rem)

TM,n+1 (1 —Tm n+1AM)An+1 Xn+l — (1 —Tm n+1AM)An+1 Xn+l ||

YM,n+1

+ |rM n+l — rMn| ”AMA,H.l Xn+l H + || An+1 Xn+l — Ayilxn ”

” TOMeM ([ — pp w1 Aan) AM

= 7ans1 = gl |:”AMAW+1 Xn+1 ” + M+l

B

) 8] |4 28|

1
Opr M-1
|| T’EM/\:Jr(lpM)(I - er”+1AM)An+l Xn+1

+1 ’

= |rMn+1 _rMn||:”AMA +1 xn+l|| +

= (I =t An) AV % H:| + ot [P = Tl |:||A1A2+1xn+1 [

“ T Ol’m (- rl,n+1Al)A2+1xn+l (- rl,n+1A1)A2+1xn+1 ||:|
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+ ” Aguxml - Agxn ”

M

<MY ks = Tl + %1 = %l (3.8)
k=1

where ]\N/Il > 0 is a constant such that, for each n > 0,

M

1 6
E |:HAkAﬁjxn+l ” + $ ” Tﬁ,?fffk)(l - rk,mlAk)A]:,jerl -(- rk,n+1A/<)A,;;jxn+l ||]
k=1 *

M

< ]~V11.
Furthermore, we define y, = 8,x, + (1 — 8,)w,, for all n > 0. It follows that

Wnil — Wy
_ Ynrt = Bua®nar Yn — Bun
S 1-Bm 1=,
_ Vuribu + O Tty Vutn + 04Tty
 1-Bw 1-B,
~ Yurt(tun = bn) + 0wt (Ttyin = Tty)
- 1-Bun

+ ( Yn+1 _ Vn )tn + ( On+l _ On )Tt,,. (39)
1_I3n+1 1_,371 1_/371+1 l_ﬁn

Since (y,, + 0,)§ <y, for all n > 0, utilizing Lemma 2.4 and the nonexpansivity of Pc(I —
AnVfa,) we have

||Vn+1(tn+l - tn) + Gn+1(Ttn+1 - Ttn) ” =< (Vn+1 + Un+1)||tn+l - tn” (310)

and

I6n01 = Eall = [ Pc = nia ey Wast = Pel = 2 Vifar, V|
< NP = 21 V)it = Pel = X1 V)V |
+ | P = Ani1 Yoy )V = Pel = n Voo, )V |
< Vst =Vl + (T = i1V = (= 2 Vo, W |

< Visr = Vil + Ans1@nar = 2@l 1Vll + [ Aax = 2l | V() |- (3.11)
Hence it follows from (3.7)-(3.11) that

W1 — Wyl

< Vi1 (Enir — ta) + O (Ttan — T, ||

1- ﬁnﬂ
0, O
+ Y+l _ Vn ||tn|| + ‘ n+l _ n ” Ttn”
l_ﬁnﬂ l_ﬁn 1_ﬁn+l 1_/3n
(yn+1 + 0n+1) Vn+l Vn
st —tull + | —— - Eall + I Tt
l_ﬂn+1 " ! l_ﬂnﬂ 1_/3;4 ( " n)
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Y+l Vn
= G = Ll + - t.ll + I T¢,
It =tall 4| 25— = 7= | (Ml + 1T
< Viir = Vall + A1 @ni1 = Al [Vl + 1At = Aal || VF () |
Vn+1 Vn
- 2ull + [ Tt
‘l_ﬂnﬂ l_ﬁn ( ! ! )

N
<M, Z [Aips1 = il + 1 Uis1 = U || + | A1 @ns1 = At ||Vl
i=1

Y+l VYn
+ | Ansr = Ml | V()| + - Lol + Tt
=l 0+ | 25— L (1 1700)
N M
< Mo ) Wi = il + MY Fimer = Pl + [1%ni1 =
i=1 k=1

+ |)"n+1an+1 - )\nan| ”Vn” + |)"n+1 - )”n| || Vf(vn)”

‘ Y+l Vn

+
l_ﬁnﬂ l_ﬁn

(2l + 1 TEA1). (3.12)

In the meantime, a simple calculation shows that

yn+1 _yn = ,Bn(xrul _xn) + (1 - ﬁn)(wnﬂ - Wn) + (ﬂm—l - ﬂn)(xr”l - Wn+l)'

So, it follows from (3.12) that

”ynﬂ _yn”

< Bullxnwa —xull + @ = B)lIWns1 = Wall + 1Bt — Bul %1 — W |l

N M
< Bullxper —xull + (1 - ﬂn)[MOZMi,nH — Xipl +MIZ|rk,n+1 — Tl
i=1 k=1
Vn+l V
+ |1 — xnll + - . (”tn” + ”Ttn”) + [An1@ni1 = 20| || Vil
1- ﬂnﬂ 1- ,Bn

+ ot = Al | V() ||} + 1Bt = Bulll%ns1 = Wasa |

N M
< ||xn+1 _xn” +MOZ|)\i,n+1 - )\i,n| +M12|rk,n+l - rk,n|
i=1 k=1
[Vis1 = Val (L = Bu) + Yul Bpa = Bl
e (1l I Tll) + 10 = Al [V
l_lgn+1
+ |)\n+1 - )"nl || vf(Vn)” + |ﬂn+1 - ﬂn|”xn+1 - Wn+1||
N M
< %1 = xull +MOZ|)\LVH1 = Ainl +Mlz|rk,n+l — Tkl
i=1 k=1
SRR L 1 SRy SO 21 B €421
n+l n 1-d n+l n n+l n+l 1-d

+ 101 = M@ 1Vl + st = Al | V)|
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N M
=< ||xn+1 _xn” + M2 <Z|)\i,n+1 - )\i,n| + Z|rk,n+1 - rk,nl + |yn+l - yn|
i=1 k=1
+ 1 Bust = Bul + [Aps1@us1 — A0t | + [ A1 — )\n|): (3.13)

where sup,_ o { %41 ~ Wy | + L2LLEL 4y || 4+ ||V £ (v,,) || + Mo + My} < M, for some M; > 0.
On the other hand, we define z,, := §, Vx,, + (1 -6,)Sx, for all n > 0. Then it is well known

that x,,,1 = €2, + (I — €,uF)y, for all n > 0. Simple calculations show that

Zni1 = Zn = (8ps1 = 8) (Ve — Sx) + 8001 (Vitsn — V)
+ (1= 8,41) (Sxpa1 — Sx),
Xns2 = X1 = (€n41 — €0) (Y Zn — WEY ) + €411 (Zus1 — Zn)
+ (I = At fF)Y a1 — I — At WF) .

Since V is a p-contraction with coefficient p € [0,1) and S is a nonexpansive mapping, we
conclude that
”Zn+1 - Zn” = |5n+1 - 5n| || Vxn - an” + 8n+1” Vxn+l - Vxn” + (1 - 8n+1)||an+l - an”
= |8n+1 - 8n| || Vxn - an” + 8n+lp||xn+1 - xn” + (1 - 8n+1)”xn+l _xn”

= (1 =81 - p))”xn+l =%l + [8us1 = 8ulll Vaer, — Sxpll,
which, together with (3.13) and 0 < y < 7, implies that

1042 = Xl
< l€nr1 = €nlllY2n — LEYul + €ni1¥ 1201 — 2l
+ | = €na b F)yust — U = €ns il E)y |
< lens1 = €nlllyzn — LEYull + €na1y 1Zns1 = Zull + (1 = €1 T) Y1 = il

< €1 — €nlllyzn — wEyull + €n+1y[(1 =8 (1~ ,0)) %41 = %l

N
181 = 8l Vit — Sxull] + (1 - €n+1f)|:||xn+1 =l + My (me = hi]
i=1
M
+ erk,rﬁl _rk,n| + |Vn+1 - yn| + |,8n+1 _ﬂn|
k=1

+ | Apns1041 — Aplly| + [Apsy — }\n|>:|
= (1 —€n1(T — V)) 1641 = xnll + l€ns1 = €alllY 20 = LEYR |l + 18101 = Sl | Ve — S|

N M
+M2 (Zp\z’,rﬁl - )\i,n| + Z|rk,n+1 - rk,n| + |yn+1 - Vn| + |ﬂn+1 - ,Bnl

i=1 k=1
+ |)"n+lan+1 - )\nan| + |)\n+1 - )"n|>

= (1 - €n+1(T - V)) ”xn+1 _xn”
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N M
+ M3 Zp\i,m—l - )\i,n| + Z|rk,n+1 - Vk,n| + |€n+1 —€n
i=1 k=1

+ 18541 = Sul + |Bus1 = Bal + Vi1 = Yl + 1 As1tr — Auty| + [Apir — Ayl ¢4

where sup,.o{llYzn — wEyall + || Viy — Sxy|| +M2} < M; for some Mj > 0. Consequently,

12241 = Xl
n
60 = %na P = A
<(1-e (1 - n — “n-1 +]VI iin — Nin-1
_( n( J/)) 5,, 3 ; 5;1

M
[T = Tkn-1l  |€n = €n1l 165 =8ual  |Bn = Bu-l
+ Z + + +
2, 5 5 5,

|yn - yn—1| |)\n+1an+1 - )\nan| |)¥n+1 - )\n|
+ + +
Sn On Oy

”xn _xn—lll

1 1
+ (1 =€,(t = Y)) %0 — % (—— )
5 ( ) 1l 5, 5

N M
+M Z [Ai = Aip-1l + Z [Tk = Tkt + l€y — €41l + 18 = 81l
3
i=1 O k=1 O 8n O

=(1-eur-p))

|,8n - ﬂn—1| |7/n - yn—1| |)\n+1an+1 - )\nan| |)\n+1 - )\n|
+ + + +
S O 3 8

=~ N
Xy — Xy M 1|1 1 Min — Ain_
<(1_6n(7-'— ))” n nl” +En(T—]/)' 4 I el +Z| in in 1|
(Sn—l T—Y|€n 871 (Sn—l i-1 Ensn
S lren=rial L[ €| 1| S| 1Ba=Bual | lvw=vinl
+ Z k,n k,n—1 A n-1 ~ iz n-1 . n n—-1 + Yn — Vn-1
€,0, Sn €y €y Sn €,6, €,0,

k=1

N [Ans1041 — ApCly| N |1 = Al }’ (3.14)

€,0, €0,

where sup,.; {ll%; — x,-1 |l + Mg} < M, for some M > 0. From conditions (C1)-(C5) it fol-
lows that Y 720 €,(t — ¥) = 0o and

~ N M
. M4 1)1 1 |)\i,n - )\i,n—1| |Vk,n - rk,n—1| 1 €p-1
lim ————+Z +Z +—|1-
N=>00T =Y | €n 871 8;1—1 i-1 671671 k=1 Enfsn 8;1 €n
1 St 1Bn = Bu-il Vi = Vi1l [Apia@uin — Antn| A1 — Ayl
+—1- + + + =0.
€4 Sn €0, €0, €6, €0,

Thus, utilizing Lemma 2.8, we immediately conclude that

. ||xn+1 _xn”
Iim — =

n—00 Sn

0.
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So, from §,, — 0 it follows that
lim ||xn+1 - an =0.
n— 00
Step 3. We prove that lim,,_, o ||, — &, || = 0, limy,—, o ||, — v, || = 0, limy,— o ||V, — £4]| = O

and lim,,_, » ||£, — Tt,|| = 0.
Indeed, utilizing Lemmas 2.1 and 2.2(b), from (3.1), (3.4)-(3.5), and 0 < y < t we deduce

that
Iy - pI?

= || Buxn + Vuln + o, Tt, —19"2

Vubu + 0u Tty ’
= ‘ Bnl%n _17) +(1- ,Bn)<7 —P>

l_ﬁn
Yty + 0, Tty 2 Vb + 0, Tty 2

= Bullxn =PI + (1= By) W -p| - B:.(1-By) W — %

Vn(tn_ )+ 0u(Tt, — p) 2 n—%Xn 2
= Bull —pII? + (1~ ) o IO

(Vn +Un)2||tn —19||2 B 2
S,Bn”xn_pnz"'(l_ﬁn) - ” n_xn”

(1_,3;1)2 1_,3n y
B
= Bullxn —pI* + (L= Bt~ pII* - -5 lyn = %411
2 :3;1
< Bullxn —P||2 +(1- ﬁn)(”xn -pl+ )Lnan”P”) 1 B [ _xn”Z
—Fn
2 2 ,Bn 2
< Bu(ll%n = pll + neullpll)” + (1= B) (1% — pll + Anctullpll)” = -8 75 — 2l
B
= (I =l + RocaIp1)* = 2 ol =
< 2 Bn 2
= (”xn -l +Olnb||P||) - 1-8 Iy —xall® (3.15)
and hence

%01 — pII?

= leny (84 Vitn + (1= 8,)Sx,) + (I - €urtF)y, — p|*

= €y (8xVitn + (1= 8,)S%,) — €itEp + (I = €qtF)y, — (I — €uueF)p|)*

= || €n[8n(y Vatn = wEp) + (1 = 8,)(y % — EP)] + (I = €4t F)y, — (I - euuF)p||”

= || €n[8a(y Vitw — ¥ VD) + (1 = 8,)(y Sxu — ¥ Sp)| + (I — €4t F)yu — (I — €uuuF)p
+€a[8,(y Vo — WED) + (1= 8,)(y Sp — up) ] ||*

< [l €n[8(y Vatu = ¥ Vi) + (1= 8,)(y Sx — vSp)] + (I = €qiaF)y — (I - €quuF)p|’
+26,8u((y Vo = WED), %1 — p) + 26(1 = 8,)((v Sp — WFp), %1 — p)

= [En ||8n(y Va, =y Vp) + (1= 8,)(ySx, — v Sp) H + ” (I - €uuF)y, — (I - EnMF)pH]Z
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+2€,8,((y Vo — WED), %ins1 — P) + 264(1 = 8,)((y Sp — WED), %ins1 — )
< [en(8nypllxn = pll + (1= 8)y 0 — pI) + (1 = €,T) 1y —Pll]2

+2€,8,((y Vo — WEP), X1 — p) + 2(1 = 8,)€u((y Sp — WEP), X1 — p)
= [en(1 = 8,01 = P)) ¥ 12w — Pl + (A~ &)y —pII]”

+2€,8,((y Vo — WEP), X1 — p) + 2€4(1 = 8,)((v Sp — WEP), X1 — p)
< [y llxn —pll + (1 = €47 130~ P11 ]’

+2€,8,((y Vo — WED), X1 — p) + 2€4(1 = 8,)((¥ Sp — WEP), X1 — p)
2
- [enr Ll —pll + (L= el —p@
+2€,8,((y Vo — WEP) X1 — p) + 2€,(1 = 8,)((y Sp — WFP), X1 — p)
V2 2 2
< GnTHxn =plI° + =€)y - pl

+ 26n8n<(y Vp — KEp), Xni1 —P> +2€,(1 - 5n)(()’519 — WEp), Xpi1 _p>

ﬂn 2
l_ﬁn ”yn _xn” i|

+2€,8,((y Vo — WEP) X1 — p) + 2€,(1 = 8,)((y Sp — WFP), X1 — P)

2
14 2
Sen s — pII* + (1 - ent)[(llxn -pll +aabllpll)” -

2
2 2
< GnyT(”xn - pll+anblpl)” + 1 - an)[(llxn - pll +a,blipll)

Bn
- ”yn - xn||2 + 2€n3n((VVP - :qup)ran —P>
1- ﬁn
+2€,(1 - 8,)((vSp — WFp), Xni1 — p)
-y? 2 Bull—e€u1)
=(1- n n— nb -5 WVn—%n 2
( € )(le pll +aublpl) 15, Y = %l

+ 2€n8n<(y Vp - MFp)rer—l —P) + 2671(1 - 5n)((VSP - //LFp)rer—l —P>

Bn(l—€,7)
- 1_18;1

+2€,8,ly Vp — wEp| 1% — pll + 2€4ly Sp — wEpll %041 — oI

2
I

2
< (Ilxn = pll + cublipll) IYn = %n

which, together with {8,} C [¢,d] C (0,1), immediately yields
c(1-¢€,1)
1—
< ,8;1(1 - En":)
- 1- /3;1
2
< (ln = Il + cubllpll)” = 101 =PI + 26484 lly Vo — wEp|l %1 - pll

2
”yn _xn”

2
”yn _xn”

+2€4lly Sp — nEp||l1%na — pli
< (s = 2naall + et llpl) (1160 =PIl + %01 = Pl + cublipll)

+ 2648 lly Vp — wEp||I1%n1 = pll + 2€nlly Sp — nEp| %01 — plI-

(3.16)
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Since €, — 0,8, — 0, a,, — 0, ||%,451 — %,]| = 0, and {x,} is bounded, we have
lim [y, — %l = 0. (3.17)
n— o0

Observe that

|| Aﬁxn —PHZ = ” T;f:mk)(l - rk,nAk)A];_lxn - T}E}?k:‘ﬂk)(] - rk,nAk)pHZ

<[ = rinA) AF sy — (1 = rinA)p
= HAltft_lxn _P“2 + rk,n(rk,n - 2/«Lk)“AkAﬁ_lxy, —Akp“2

< 116 =PI + Pron (i — 2000 || Ax AK o, — Arp|)? (3.18)
and

| At = | = R U = XinB) AL sy = T, (I = hinBi)p|)
< |t = 2inB) ALy — I = 2B |
< | A5 = p|* + dihi — 20| BiAT wy — Bip|)?
< et =PI + Aot — 20| B AL 1 — Bip|*
g

< 1% = pII* + Ai(hi — 20) | Bi AL 4ty — Bip | (3.19)

forie{1,2,...,N}and k € {1,2,..., M}. Combining (3.5), (3.15), (3.18), and (3.19), we get

B
l_ﬁn

2
”yn _xn”

ly = PI* < Bullxu = pII* + (L= Bt - pII* -

< Bulln = pl* + A= B)l1tw - plI>

< Bulltn = pI* + A= Bo) (Vs — pll + dnctullpll)?

< Bullu — I + (1= Bo) (Ve — pll + etubllpll)*

= Bulltn —pI” + A= B[V — pI* + ubllpll (21lve - pl + aublipll) ]

< Bulln = pI* + A = B)lIva = pII* + 2ubllpll (211, = pll + cublipl])

< Bullw = I + (1= Bo) | At — p|| + abllpll (201v, - pll + ubllpll)

< Bulltn =PI + (1= B[t — PI* + hi (i — 20| B AL — Bip|| ]
+ bl pll (2]1v — pll + 2ublipll)

< Bullwn —pI* + (= B[ | A% = p||* + A (hin — 200) | Bi A 11~ Bip ]
+ a,bl|pll (2]1v = pll + @ublipll)

< Bulltn = pI% + (1= Ba) 1160 = DI + P (rion — 2000) | A AK L — Arp |
+ i — 200)| Bi AL — Bip |*] + abllpll (20v, - pll + ublipll)

= 110 = pI? + (A= B) [ (i — 20020 [ Ax A%, — Agp |
+ hin(hin — 200 || B:AT s, - Bip|)?]

+ aubl|pll (21v. - pll + axblipll), (3.20)
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which immediately leads to

(1= B)[rin itk — rin) [ Ak AN %, = Aap|” + 2@ = 2i0) || BiA - Bip|)?]
< 1%y = P12 = 3 = pII* + aubllpll (211vs — pll + 2ublipll)

< 1% = 3l (Il6n =PIl + 11y = PI) + 2ablipll (211vs = pll + €ublipll)-

Since ”xn —J’n” - O) oy — 0’ {:Bn} - [C7d] C (0’1)7 {)"i,n} C [airbi] C (0,2771‘): {rk,n} -
[er, di] € (0,21k), i € {1,2,...,N}, k € {1,2,...,M}, and {v,}, {x,}, {y»} are bounded se-
quences, we have

lim |AxAN "%, —Agp| =0 and  lim ||B;A u, - Bip|| =0 (3.21)
n—00 n—00

forall k €{1,2,...,M}and i€ {1,2,...,N}.
Furthermore, by Proposition 2.2(ii) and Lemma 2.2(a) we have
| 4%, - p|*
= ” Tr(]%'(pk)(l - rk,nAk)A];_lxn - Tf}?j:‘ﬂk)([ - rk,nAk)pHZ
<((I = renAi) A % = (I = rinAr)p, At — p)
1
= E(|| (I = 1y wAg) AR N, — (1 rk,,,Ak)p”2 + || Ak, —p”2
- H I - Vk,nAk)Az_lxn - (I - rk,nAk) (Akxn ) ” )
1
< (a5 —p [+ [ A —p | = | A5 0 = Ak = rin (A 2 - Ap) ),
which implies that
| A%x, -p”
< Al - p| = AR - Al — rn (A A 5, - Ap) |
= || Aﬁ’lxn —p”2 - ”Aﬁ_lx,, - Aﬁxn HZ - r,%'n HAkAﬁ_lx,, —Akp”2
+ 2rk,n(A’;_1x,, - Aﬁx,,,AkA’;_lxn —Akp)
< HA];’Ix,, —pH2 - H Aﬁ’lxn - Aln‘x,, ||2 + 2rkp H Aﬁ’lxn - A'n‘x,, || ||A/(A’,‘,’1x,, —Aka
< llw = plI? ~ [ 4K, — Ak, |

+ 2 || A 0 = Al | | Ak A 2 — Arp|. (3.22)
By Lemma 2.2(a) and Lemma 2.10, we obtain
| Ajen -]

= R I = 2B AL = TR, (I = 2iB)p |

< (U = AinB) ATty — (I = My uBi)p, Al — p)

1 ) ’
= S (10 = 2uB) A 1 = U = 24, BIp|* + | At = p |
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— (7 = 2B A sy = (I = 2iBi)p — (Al - p) )

1 X i i X X

< S (1A v = p [+ | At = | = | A = A1t = 21 (Bi A} 10~ Bp) )
1 . , , .

< 5 (It = I + | A0 —p|P = | A5 = ALy = 2 (BiAE 1, - Bip) %)
1 , ) . ,

= 5 (= —pl? + | Al —p||* — | ATy — ALty = i (B AT 1, - Bip) ),

which immediately leads to

| Afe—p|°
< lotn =PI = | ALt = Aty = i (Bi AT 10~ Bip) |
=l = = [ 4w~ Al |* =32, | Bt} s~ Bip |
+ 20 ALy — ALy, Bi A wy, — Bip)

< llwn —pl? = | AL s — Al Hz + 2| AL = Al ||| BiA s — Bip||. (3.23)
Combining (3.20) and (3.23) we conclude that

19 = pI* < Bullxw = pII* + (1= B)lve = pI* + cublipl (211vs - pll + b))
< Bullww — I + (1= Bo) | Al — p||* + abllpll 20V, - pll + ubllpll)
< Bulltn = pI* + A= B[l — pI — | AL 1t — Al
+ 2| Ay — Al ||| BiAT 1, - Bip|]
+ bl pll (211ve — pll + ublipll)
< % =PI = (= Ba) | ALt — Al ]®
+ 20| A sy = At ||| B AT - Bip|

+ @b pll (21ve - pll + aublipl),
which yields

(1= B A = Al |
< 11 = PI* = 1yn =PI + 220 | A wy = Al | | B A 1 — Bip|
+ a,bl|pll (2]1ve = pll + @ublipll)
< 1% = yull (1160 = 21l + 1y = P1) + 2hin | AL 10 — Alyua ||| BiAL 14 - Bip |
+ aubl|pll (211ve = pll + @ublipll).

Since {8,} C [c,d] € (0,1), {A;,,} C lai,b;] C(0,2n,),i=1,2,...,N, and {u,}, {v,}, {x,,} and
{y,} are bounded sequences, we deduce from (3.17), (3.21), and «,, — 0 that

lim | AL, — Abu,| =0, Vie{l,2,...,N}. (3.24)

n—00
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Also, combining (3.3), (3.20), and (3.22) we deduce that

yn = pI> < Bullxw = pII* + (1= Bu)llva = pII* + cublpll (2llv — pll + ublip]l)
< Bulln = plI* + (1= Bu)llw, — plI* + a,bllpll (2[1vs — pll + ublipl))
< Bullw —pI* + (1= Bo) | Ak, — p||* + €ublipll (211ve — pll + aublp]])
< Bulln —pI* + (1= B[l — pII* — || A5, — Ak, |
+ 21 || A5 00 = Al ||| Ak A3~ Arp] ]
+ bl pll (2]1vn = pll + 2ublipll)
<l =PI = (1= Bo) | AK L, — Ak, |
+ 27k | AK o, — AR | || Ak AS 5, — Arp |
+ aubl|pll 211V = pll + @ublipll),
which yields
(1= Bo)| A = Ak
< %0 = pI” = [y =PI + 2ricn | Ay 0w — A ]| || A Ay 0 — Arp |

+aubllpll (2lv, - pll + @:blpll)
<t = yull (1% = Il + 1y = pll) + 27k | AX o — AR | || Ak AE 2 — Arp |

+ aub|pll (21vs - pll + axblipll).

Since {ﬂrl} - [Crd] - (0’1)’ {rk,n} C [Ck’dk] C (01 2/1“/() for k = 17 2)~~7M’ and {Vn}r {xn}’ {)’n}

are bounded sequences, we deduce from (3.17), (3.21), and «,, — 0 that

lim | A% %, - Afxu| =0, Vke{L,2,...,M}.

n—00

Hence from (3.24) and (3.25) we get

%0 — | = || Ao — AM, |
< | A%, — Alx, | + [ Alxy — A2, | + -+ | AM Ly, — AMy, |

—0 asun— o0
and

ety = vall = | ASut — A us |
< || AQun — A | + || At — A || + - + | AN sy — AN |

—0 asn— oo,
respectively. Thus, from (3.26) and (3.27) we obtain

”xn - Vn” =< ”xn - un” + ”Mn - Vrl”

— 0 asun— oo.

(3.25)

(3.26)

(3.27)

(3.28)
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On the other hand, note that I" = VI(C, Vf). Then, utilizing Lemma 2.1 and the %-inverse

strong monotonicity of Vf, we deduce from (2.1) that

lw = pI? < | U = 2n Vi = (I = 2,V )p
= V0 =2 = 2 (Vf W) = VF(P)) = Mntuv]®

< vu=p = 2a(Vf ) - Vf @) |
= 220 (Vis I = 2y Vfo, W = (L = s V[ )p)

<lva-pI*+ M(AM - %) IVf W) - V@)

+ 20, D] Vull | Vi = P = A (Voo (V) = VL)) |- (3.29)

Combining (3.4), (3.20), and (3.29) we obtain

Iyn = pI* < Ballw =PI + A= B Itw - pII?

< Balles —pll* + (1 ﬁn)[uvn Pl + <An - %) [vren -Vl
+20,b |Vl | vie = = 2 (Vo () = V() ||}

< Bullx —plI* + (1 —ﬂn)[nxn -pl? w(xn - %) |Vfwn) - V@)
2anblvll v~ 2 (9 )~ V)

< llxn = plI* + (1 - ﬂM(xn - %) IVf W) - V@)

+ 20, b1Vl |V = p = 2 (Vo (Vi) = V(D))

)

which, together with {1} C [a,b] C (0, %) and {8,} C [¢,d] C (0,1), leads to

(1- d)a(% - b> |Vf W) - V@)

=< (1 - ,Bn))\n (g

I

2. xn) [V () = V()

= ||xn —P||2 - ”yn —P||2 + 2anbllvn” ”Vn 2 )Vn(vfotn(vn) - Vf(p)) H

< 10 = ull (16 = 21+ 11yn = p11) + 200D 11| [V = 2 = 2 (Vo (Vi) = V(D)) .
Since {v,}, {x,}, and {y,} are bounded sequences, we deduce from (3.17) and «,, — 0O that
Tim || V£ () - V()] = 0.
So, it is clear that

Tim ||V, (va) = Vf(p)| = 0. (3.30)
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Again, utilizing Proposition 2.1(iii), from ¢, = Pc(I — 1, Vf,)v, and p = Pc(I — A, Vf)p,
we get

It - pII®
= |Pcld = 1o v = Pell = 2,V )p |

<{( = 2V, )i = U= 2,V )p, 12— )

= %(H (I = 2n Vo Vn = (L= 2, VPp|” + It — pII?
U = 2V oo )Vu ~ U= 2V = (8= P)|)

= =25 fo s~ =¥ fo )~ aap [+ =
~ | = 2V o u = U= 2V f)p = (80~ p)]|*)

- %(H (I = 2 Vo)V = (I = 1V oo |

= 200 (ps (I = Ay Voo, )i — I = 2V f)p)

+tn =l = [ = 2 Voo Jvn = (U = 2,V )p =t~ D)|*)

1
< 5(||vn —pII* = 22n0(p, I = 2y Vo u — (L = 2, V)P) + It — plI?
| = 2V o0 = T = 2 V)P = (8 - D))
1
< 5(||vn = pI* + 20,0 p | = 20 Voo, )V — I = 2 VO + l1E0 — pII?

[V = 0 = 2 (Voo ) = V@) %),

which immediately leads to

I£: = pI* < lva = pI* + 2xn0tulpll | (T = 2u Voo Vi — T = 2u V)|
- ”Vn —ty— Ay (Vfan (Vu) - Vf(p)) H2 (3.31)

Combining (3.4), (3.20), and (3.31) we obtain

lyn = pI* < Bullxw = pII* + (1= Bt - pII>

< Bullxn —pII* + @ = B[ IIve — pI?
+ 22| (= 2 Voo, )i = I = 2, VS )p |
~ [vn = tn = 2 (Voo ) = V£ @) ]

< Bullan = pII” + (1 = B[ 1%, — pII*
+ 22PN (= 2 Vfor, )i = T = 2 VS )p |
~[[vn =t = 2 (Vo ) = VF @) ]

< [l = pI* + 2xneullpll | (7 = 2 Voo, )i = T = 2,V )p |

~ (= B[V =t = 2V ooy ) = VD) ||,
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which immediately yields

I

1-4d) ” Vi =ty — An (Vfay, (V) = Vf(P))
< (L= B)||vn = tw = 2n(Vor ) = VD) |
< Nn = pI* = lyn = PI? + 2xn0tu N | (I = 2 Vo)V = I = 2u VD

< 1% = ¥l (116 =PIl + 130 = pl) + 20,B1pI [ = 2n Vo)V — I = 2,V f)p]|.

Since {v,}, {x,}, and {y,} are bounded sequences, we deduce from (3.17) and o,, — 0O that

lim ||v, =ty — A (Vo (vi) = VF(p)) || = 0. (3.32)

n—00

Observe that
vy = tull < ”Vn —ty—An (Vﬁx,, (V) — Vf(P)) ” + Ay ” vﬁwn (V) — Vf(P) ”
Thus, from (3.30) and (3.32) we have
lim ||v, — £,]| = 0. (3.33)
Taking into account that ||x, — ¢, < ||x, — v, + ||V, — £, ]|, from (3.28) and (3.33) we get
lim ||x, —t,|| = 0. (3.34)
n— o0
Utilizing the relation y, — x, = y, (¢, — %,) + 0,(Tt, — x,,), we have

lon(Ttn = ta)|| = | 0u(Ttn — %4) = Oultn — %) |
= o = 200 = s = ) = 0t — )|
= |lyn =0 = (1= Bu)(tw — %) |
< ym = xall + @ = Bl — x|

<y =xull + 120 = % ll,
which, together with (3.17) and (3.34), implies that
lim |0, (Tt — )| = 0.
n— 00
Since liminf,_, o, 0,, > 0, we obtain
lim ||z, — Tt,| = 0. (3.35)
n—oQ
Step 4. We prove that w,,(x,) C £2.
Indeed, since H is reflexive and {x,} is bounded, there exists at least a weak convergence

subsequence of {x,}. Hence we know that w,(x,,) # ?. Now, take an arbitrary w € wy,(x,).
Then there exists a subsequence {x,,} of {x,} such that x,,, = w. From (3.24)-(3.26), (3.28),
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and (3.34) we have that u,, = w, v,, = w, t,, = w, Aty =W and A],‘,ix,,i — w, where
m e {1,2,...,N} and k € {1,2,...,M}. Utilizing Lemma 2.3(ii), we deduce from ¢,, — w
and (3.35) that w € Fix(T). Next, we prove that w € ﬂZ:l I(B,1, R,,). As a matter of fact,
since B, is n,,-inverse-strongly monotone, B,, is a monotone and Lipschitz-continuous
mapping. It follows from Lemma 2.13 that R,, + B,, is maximal monotone. Let (v,g) €
G(Ry, + Byy,), i.e., g — B,,v € Ry,v. Again, since Au, = Jp, I - Am,an)A,’f’lun, n>1,
me{l,2,...,N}, we have

Am,n

A = KB ATy € (T4 MynRi) Ay,
that is,
1 m-1 m m-1 m
—(An Uy — Aty — ApnBim A} un) ERL A Uy
m,n

In terms of the monotonicity of R,,, we get

1
<V— Ay, g — Byv— .

m,n

(A7 — Ay — Am,anA;”-lun)> >0
and hence

(v—Au,,g)

> <V — AV Uy, By + (A:,"_lu,, - Ay, — Am,y,BW,A;”_lun)>

m,n

= <V — A", By = By A wy + By Ay — By A7y + (A7 uy, — A;”un)>

m,n

1

> (v— A, By ALty — B A 1) + <v - Au,, (A7 uy, — Afu,,)>.

mn

In particular,
(v- AL’:u,,l.,g) >(v- Aty B Ay, —BmAZ;‘luni>

1

+ <v - Ay, —— (A My, — A;”,uy,i)>.
i Am’ni i i

Since || A" u, — A7 u, || — 0 (due to (3.24)) and ||B,, A7 u,, — B,, A7 u,,|| — 0 (due to the

Lipschitz-continuity of B,,), we conclude from AJ'u,, — w and {A;,} C [a;,b:] C (0,2n;)

that

lim (v — Al u,,g) = (v-w,g) > 0.

i—00 ¢
It follows from the maximal monotonicity of B,, + R,, that 0 € (R,, + B,)w, i.e, w €
1(B,;, R,). Therefore, w € ﬂi\nlzl I(B,;, R,,). Next we prove that w € ﬂﬁl GMEP(Oy, @i, Ax).
Since Aﬁxn = T,(Z)}f’wk)(l - rk,nAk)AZ’lx,,, n>1,kefl,2,...,M}, we have

Ok (Asxny) + 0 y) — i (Antn) + (A Ay Hn y — Ali)

1
+ —(y - Ak, Alx, - AFx,) > 0.
Tkn
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By (A2), we have

1
k() — i (ARx) + (A Ay — Alx,) + ;(y — AR, Ay — Ak,
o

= @k (y: Aﬁxn)
Letz, =ty+ (1—t)wforall ¢t € (0,1] and y € C. This implies that z, € C. Then we have

(zf - AﬁxmAth)
R R T o

Akx, — AK Ly,

k
- <Zt A W
Tk

> + O (2, Aﬁxn)

= e (A%%,) — ize) + (7 — Al Arze — A Ak,
+(ze — Ak, A A, — Ax AN,
ARxy — ALy,

k
- <zt — AL Xy,
Ykn

> + Oz, Axy). (3.36)

By (3.25), we have ||AkA’;x,, —AkA’;‘lxn || = 0 as n — oo. Furthermore, by the monotonic-
ity of Ay, we obtain (z; — A’n‘x,,,Akzt - AkA’;x,,) > 0. Then by (A4) we obtain

(20 = w, Arze) = (W) = @(2e) + Oplze, ). (3.37)
Utilizing (A1), (A4), and (3.37), we obtain

0 = Olz1, 2:) + or(2z0) — pi(ze)
<tO(z,y) + (1 - 1)Or(ze, w) + tor(y) + (1 — )or (W) — o (22)
< t[Ok(z9) + o) — i) ] + A = ) (2 — w, Axzy)

= t[Ok(z1,y) + 0k () — pi(z) | + (1= DEly — w, Aezy),
and hence
0 < Oxl(ze,y) + () — ilze) + A = D) (y — w, Agze).
Letting £ — 0, we have, for eachy € C,
0 < Oc(w,9) + k() — (W) + (y — w, Axw).
This implies that w € GMEP(6y, ¢k, Ax) and hence w € ﬂﬁl GMEP(Oy, ¢k, Ax). Thus, w €
2 = (22, Fix(T,) NN, GMEP(Or, 0r, Ax) N (oot LBy Rn).-

Furthermore, let us show that w € I'. In fact, define

Fo = Vf(v) + Ncv, ifveC,
g ifveC,
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where Ncv={u€ H: {(v—-x,u) > 0,Vx € C}. Then T is maximal monotone and 0 € Tv if
and only if v € VI(C, Vf); see [29]. Let (v,V) € G(T), Then we have 7 € Tv = Vf(v) + Ncv,
and hence v — Vf(v) € N¢v. So, we have (v —x,v — Vf(v)) > 0 for all x € C. On the other
hand, from ¢, = Pc(v,, — A, Vfy, (vi)) and v € C, we get (v, — A, Vfy,, (V) =ty tn —v) > 0, and
hence,

tn_ n
<v—t,,, )\V +Vﬁ1n(vn)>20.

n

Therefore, from v — Vf(v) € Ncv and ¢, € C, we have

(V_ tn,-rf/) = <V_ tnl-t Vf("))

= <V = by Vf(")) - <V =ty tnl): o + Vﬁrni (Vni)>

nj
Ly, — Vi,

- <V — by Vf(v)) - <v — b, T+ Vf(v,,l,)> — 0, (V = by Vi)

nj

= <V — Ly Vi) - Vf(t”i)> + (V =ty Vf(t”i) - Vf(V”i)>
tni _an‘
- <V_ tn," )L—m> - ani(V_ tn,':Vn,')

ty, — Vy,
: )= (V—t,, V).
- > (V= by V)

i

= <V — by Vf(tn,') - Vf(vn,')> - <V =ty

Hence, it is easy to see that (v — w, V) > 0 as i — o0. Since T is maximal monotone, we
have w € 710, and hence w € VI(C, Vf) = I'.Consequently, w € ﬂﬁl GMEP(Oy, o, Ax) N
NN, 1(B;, R;) NFix(T) N I" =: £2. This shows that w,(x,) C £2.

Step 5. We prove that x,, — x* where {x*} = VI(£2, y S — uF).

Indeed, take an arbitrary w € w,,(x,). Then there exists a subsequence {x,,} of {x,} such
that x,,, — w. Utilizing (3.16), we find that, for all p € £2,

2
”xn+1 -p ”

TZ_VZ Bn(l—€,7)
S(l—én . )(”xn_p”+anb”p”)2_T”J’n_xn”2

+2€48u((y Vo — WEP)s X1 — p) + 2€0(1 = 8,)((y Sp — WFP) X1 — P)

< (1%, = pll + blipll)* + 2€,8,((y Vo = 11FD), %1 — )

+ 26,,(1 - 5n)((7/5p - IJ«FP), Xn+l —P>r

which implies that

((MF Y S)psxn _p>
< ((WF = yS)p, %y — %1 + ((LE = Y )P, 201 — )

(% = pll + 0tublIpI)? = [0 — pII>
26;’1(1 - 871)

< ||(wF = yS)p | 1% = Xnsa || +

n

1-4,

+ ((yV = uF)p, 1 - p)
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= H (WF - VS)P” 1% — %1

. (Il = i1l + ubllpl)(Ulx, = pll + %041 = pll + bllpll)
2€,(1-6,)

8n
1-6,

+ [V = uP)p| 151 - 2. (3.38)

Since a,, — 0, "‘—: — 0, ||%, = %441]]| = 0, and

T +anbllpll lim ¥ = Xl +aublipl n

n—00 €, n—00 Sy €

from (3.38) we conclude that

((WF —yS)p,w —p) = lim ((LF — y S)p,x, — p)

<lim sup((/LF —YS)p, %y —P)

n— 00
<0, Vpe®,
that is,
((uWF - yS)p,w-p)<0, Vpeg. (3.39)

Since uF — yS is (un — y)-strongly monotone and (uk + y)-Lipschitz-continuous, by
Minty’s lemma [39] we know that (3.39) is equivalent to the VIP

((MF —-yS)w,p— w) >0, Vpef2. (3.40)
This shows that w € VI(£2, uF — yS). Taking into account {x*} = VI(§2, uF — y S), we know
that w = x*. Thus, w,(x,) = {x*}; that is, x,, — x*.

Next we prove that lim,,_, o [|x, —x*|| = 0. As a matter of fact, utilizing (3.16) with p = x*,

we get

[ =

‘172—)/2 % %\ 2 ,Bn(l_enf) 2
e LR R s e T

+ 26,,5,,(()/ Vx* — qu*),xn+1 - x*) +2¢,(1- 8,,)(()/596* - qu*),x,Hl - x*)

T2_V2 * %1\ 2 * *
= (1-en——— ([ =a"] + b #"[)" + 268, [/ V = )" | |01 = 27

+ 26;'1(1 - 5n)((7/5 - MF)x*’an - x*>

.L.2_y2 %2 * * *
= (=&l =a"|" + cnb ™| (2 s = 5[ + ctnb|27])]

+2€,8, || (V= uF)x* || o011 = 27| + 2€5(1 = 8,){(v S = WE)x", 001 — 27

.L,Z_yZ x]|2 * *
<(1-e" )”x,,—x” 26,8, (7 V = wE)* | [s0ms1 - 5°
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+2¢,(1- EV,)(()/S — wE)x*, %01 —x*) + ot,,b”x* || (2||xn —x* || + oty,b”x* ||)

2.2 2.2 9
=(1_en’ Y >||x,,_x*||2+e,,’ S v - P e - |

+(1- 8,,)(()/5 — uE)x*, %01 — x*)] + a,,be* ” (2 ”x,, —x* ” + ay,b”x* H) (3.41)

Since Y 070ty <00, > o2 €y = 00, and limy,— o0 (¥ S — uF)x*, x* —x,11) = 0 (due tox, — x*),

2 2
we deduce that Y% ct,blla* | (2[1x, — x*[| + ublx*]]) < 00, 3~ 20 €4 = 00, and

2
Jim — _Tyz [ 0 V = )| e = | + (1= 8,)(( S = HF)x*, %10 = x¥)] = 0.

Therefore, applying Lemma 2.8 to (3.41) we infer that lim,_, ||x, — x*|| = 0. This com-
pletes the proof. d

In Theorem 3.1, putting M =1 and N = 2, we obtain the following.

Corollary 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let f
C — R bea convex functional with L-Lipschitz-continuous gradient Vf . Let ©, be a bifunc-
tion from C x C to R satisfying (Al)-(A4), ¢1 : C — R U {+00} be a proper lower semicon-
tinuous and convex function with restriction (B1) or (B2), and A; : H — H be p,-inverse-
strongly monotone. Let R; : C — 2" be a maximal monotone mapping and B; : C — H be
n;-inverse-strongly monotone, for i =1,2. Let T : C — C be a &-strictly pseudocontractive
mapping, S : H — H be a nonexpansive mapping and V : H — H be a p-contraction with
coefficient p € [0,1). Let F : H — H be k-Lipschitzian and n-strongly monotone with posi-
tive constants k,n > 0 such that 0 <y <t and 0 < u < i—Z where T =1— /1 - u(2n — uk?).
Assume that 2 := GMEP(O®1, ¢1,A1) N 1(By, Ry) NI(B,Ry) NFix(T)N T # . Let {\,} C
[a,b] C (0,%), {an} C (0,00) with 3725y < 00, {€},{8u}, (B} {vu}, {0} C (0,1) with
Bn+ Yu +0n =1, and {r,,} C [c1,d1] C (0,2u1), {Ain} C lai, bi] C (0,21;) for i =1,2. For
arbitrarily given xy € H, let {x,} be a sequence generated by

O (tn,y) + () — @(un) + (A%, y — ) + %(y_ Up, Uy —%4) >0, VyeC,
Vi = JRanan U = A2,nB2)JRy 0y (L = A1,nB1) s,

(3.42)
Yn = ﬂnxn + VnPC(I - )\nvﬁxn)vn + UnTPC(I - )\nvfan)vn:
Xpi1 = €,y (8, Vi + (1= 68,)Sx,) + (I — €0 F)y,, Yn=>0,
where Vf,, = a,I + Vf for all n > 0. Suppose that
(C1) limy o€, =0, > 020 €, = 00 and lim,,_, o é 11- ‘Sg'—;‘| =0;
(C2) limsup,_, ., ‘z—z <00, lim,_, o0 $|$ - ﬁ| =0 and lim,_, o $|l - EZ’—;I| =0;
(C3) lim,, o0 Prbostl = 0 and lim,, . o, =2l = 0;
(C4) lim, oo 222 = 0 and i, o 222520 2 0 for i = 1,2
(C5) lim,,_, 00 % =0, lim,_ o W =0 and (yy + 0,)€ < yu forall n > 0;

(C6) {Bn} Clc,d]l C(0,1),lim,_ ‘;—: =0 and liminf,_, o, 0, > 0.
Then we have:
M 3 ” n+l nH —_ .
(i) lim,_ o % =0;

(ii) ww(xn) C £2;
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(ili) {x,} converges strongly to a minimizer x* of the CMP (1.2), which is a unique
solution x* in §2 to the HVIP

(WF =y S)x*,p—x*)>0, Vpeg.
In Theorem 3.1, putting M = N =1, we obtain the following.

Corollary 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
f:C— R be a convex functional with L-Lipschitz-continuous gradient Vf. Let ®; be a
bifunction from C x C to R satisfying (A1)-(A4), ¢1 : C — R U {+00} be a proper lower
semicontinuous and convex function with restriction (Bl) or (B2), and A : H — H be ;-
inverse-strongly monotone. Let Ry : C — 2" be a maximal monotone mapping and By :
C — H be n-inverse-strongly monotone. Let T : C — C be a &-strictly pseudocontractive
mapping, S : H — H be a nonexpansive mapping and V : H — H be a p-contraction with
coefficient p € [0,1). Let F : H — H be k-Lipschitzian and n-strongly monotone with posi-
tive constants k,n > 0 such that 0 <y <t and 0 < u < i—’; where T =1— /1 - u(2n — ux?).
Assume that 2 := GMEP(O1, g1, A1) N 1(By, R) NFix(T) N I #9. Let {1} C [a,b] C (0, 2),
{a,} C (0, 00) with Zf,io oy < 00, {€,}, {81}, {Bn}s {vn) {on} C (0,1) with B, + Ynt0n=1, and
{ri,n} C e, di] € (0,211), {Arn} C a1, b1] C (0,2m1). For arbitrarily given xo € H, let {x,}
be a sequence generated by

O (tny) + 90) = () + (A%, y = ) + 5y = thy Uy = %) 20, ¥y €C,
Vn :]Rl,kl,n (1 - )\l,nBl)um

(3.43)
Yn = Buxn + )/nPC(I - )\nvfay,)vn +0,TPc(I - )"nvﬁxn)vm
Xps1 = €Y (8, Vi + (1= 8,)Sx,) + (I — €yt F)y,, Yn >0,
where Vf,, = a,l + Vf for all n > 0. Suppose that
(C1) lim,, o€, =0, Y52g €, = 00 and lim,, oo [1— %] = 0;
(C2) limsup, . ﬁ—z <00, im0 213 — 7| = 0 and lim,,_ o 31— 21| = 0;
(C3) lim,, o0 Lfostl = 0 and lim,, . o =2l = 0;
(C4) Timyy o 2222051l = 0 and i, o Mebet] =
(C5) limy,_ s % =0, lim,_ o M”"’”;’:—g;“”*” =0 and (y, + 0,)€ <y, foralln > 0;

(C6) {Bn} Clc,d] C(0,1), lim,_ ‘;—: =0 and liminf,_, o, 0, > 0.
Then we have:
(i) lim,,, o L2l = 0;
(ii) wy(x,) C £2;
(iif) {x,} converges strongly to a minimizer x* of the CMP (1.2), which is a unique
solution x* in §2 to the HVIP

((,uF —-ySx*,p —x*) >0, Vpeg.

In Theorem 3.1, putting M =N =1, u =2,and F = %I where [ is the identity mapping
on H, we obtain the following.

Corollary 3.3 Let C be a nonempty closed convex subset of a real Hilbert space H. Let f :
C — R be a convex functional with L-Lipschitz-continuous gradient Vf . Let ©; be a bifunc-
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tion from C x C to R satisfying (Al)-(A4), ¢1 : C — R U {+00} be a proper lower semicon-
tinuous and convex function with restriction (B1) or (B2), and A; : H — H be p-inverse-
strongly monotone. Let R, : C — 2" be a maximal monotone mapping and B, : C — H be
m-inverse-strongly monotone. Let T : C — C be a &-strictly pseudocontractive mapping,
S:H — H be a nonexpansive mapping and V : H — H be a p-contraction with coefficient
o € [0,1). Assume that §2 := GMEP(Oy, 91, A1) N1(B, R) NFix(T)NT #@. Let 0 <y <1,
{n} C [a,b] C(0,3), {aa} C (0,00) with Y52 ay < 00, {€u}, (8} {Bu} {vu)s {ou} € (0,1)
With By + Yu + 0n = 1, and {r1,} C [a1,d1] C (0,211), {A1,n} C a1, b1] C (0,2m). For arbi-
trarily given xo € H, let {x,} be a sequence generated by

@(uﬂ’y) + ¢(y) - §0(Mn) + <Axmy_ un) + i(}’— Uy, Un _xn> 2 0’ V}’ S C»
n= I-A nB n»
Vi = TRy ap 1aB1)u (3.44)
Y = Bun + YuPc = 1y Vfy, Wn + 0, TPc(I — Ay Vfo,)Vas
Xpi1 = €,y (8, Vay + (1= 68,)Sx,) + (1 — €,)y,, Vn=>0,

where Vf,, = a,l + Vf for all n > 0. Suppose that
(C1) lim,, oo €, =0, Y52g €, = 00 and lim,, .o 21— %] = 0;

. k) . 1,1 1 _ : 1 -1 _ 0.
(C2) limsup,_, é < 00, limy,_s 5 5'@ - ml =0 and lim,,_, « g|1 - 2,1 | =0;
(C3) lim,, o0 Pfotl = 0 and lim,, . o, =2l = 0;

. An—An— . rLn—T1,n—
(C4) hmn—>oo | l,ne 5l,n 1l —_ 0 (/ll’ld hmn—>oo | l,n6 Bl,n 1l — 0;

nn nn

. Mr—he . I S

(C5) lim,_ s % =0, lim,— o W =0 and (y, + 0,)6 < yu forall n > 0;

(C6) {B.} Clc,d] C(0,1),lim, ‘g‘—: =0 and liminf,_, o, 0, > 0.
Then we have:
(i) lim,, o0 Pzei=l = 0;
(i) ww(x,) C £2;
(ili) {x,} converges strongly to a minimizer x* of the CMP (1.2), which is a unique
solution x* in $2 to the HVIP

((1— yS)x*,p—x*) >0, Vpegf.

Remark 3.1 It is obvious that our iterative scheme (3.1) is very different from Xu’s it-
erative one (1.4) and Yao et al.’s iterative one (1.8). Here, Xu’s iterative scheme in [20,
Theorem 5.2] is extended to develop our four-step iterative scheme (3.1) for the CMP
(1.2) with constraints of finite many GMEDPs, finite many variational inclusions and the
fixed point problem of a strict pseudocontraction by combining Korpelevich’s extragra-
dient method, the viscosity approximation method, the hybrid steepest-descent method,
Mann’s iteration method, and the gradient-projection method (GPM) with regularization.
It is worth pointing out that under the lack of the assumptions similar to those in [21,
Theorem 3.2], e.g,, {x,} is bounded, Fix(7) NintC # @ and ||x — Tx|| > k Dist(x, Fix(T)),
Vx € C for some k > 0, the sequence {x,} generated by (3.1) converges strongly to a point
x* e ﬂﬁl GMEP(Oy, @i, Ax) N ﬂf\il I(B;,R;) N Fix(T) N I' =: £2, which is a unique solu-
tion of the HVIP (over the fixed point set of strictly pseudocontractive mapping T), i.e.,
((UWF = yS)x*,p—x*)>0,Vp € £2.

Remark 3.2 Our Theorem 3.1 improves, extends, supplements, and develops Xu [20,
Theorem 5.2] and Yao et al. [21, Theorems 3.1 and 3.2] in the following aspects:
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(a) Our HVIP with the unique solution x* € §2 satisfying

x" = Pmﬁl GMEP(O 01, A1)NNY, 1(B,.R)NFix(T)NT (1 = (uF - VS))’C*

is more general than the problem of finding a point ¥ € C satisfying & = Prix(1)S¥ in [21] and
very different from the problem of finding a point x* € I" satisfying x* = Pr Vx* in [20, The-
orem 5.2]. It is worth emphasizing that the nonexpansive mapping 7 in [21, Theorems 3.1
and 3.2] is extended to the strict pseudocontraction 7" and the CMP in [20, Theorem 5.2]
is generalized to the setting of finitely many GMEDPs, finitely many variational inclusions
and the fixed point problem of a strict pseudocontraction T'.

(b) Our four-step iterative scheme (3.1) for the CMP with constraints of several problems
is more flexible, more advantageous and more subtle than Xu’s one-step iterative one (1.4)
and than Yao et al.’s two-step iterative one (1.8) because it can be used to solve two kinds
of problems, e.g., the HVIP (over the fixed point set of strictly pseudocontractive map-
ping T, and the problem of finding a common point of four sets: ﬂkle GMEP(Oy, or, Ar),
ﬂf\il I(B;, R;), Fix(T) and I'. In addition, our Theorem 3.1 also drops the crucial require-
ments in [21, Theorem 3.2(v)] that Fix(T) NintC # @ and ||x — Tx|| > k Dist(x, Fix(T)),
Vx € C for some k > 0.

(c) The techniques for the argument in our Theorem 3.1 are very different from [21,
Theorems 3.1 and 3.2] and from [20, Theorem 5.2] because we make use of the properties
of strictly pseudocontractive mappings (see Lemmas 2.3 and 2.4), the ones of resolvent
operators and maximal monotone mappings (see Proposition 2.2, Remark 2.2, and Lem-
mas 2.9-2.13), the ones of averaged mappings (see Propositions 2.3 and 2.4), the inclusion
problem 0 € Tv (& v € VI(C,A) for maximal monotone operator T) (see (2.2)), and the
contractive coefficient estimates for the contractions associated with nonexpansive map-
pings (see Lemma 2.7).

(d) Compared with the restrictions on the parameter sequences of [21, Theorem 3.2] and
[20, Theorem 5.2], respectively, the hypotheses (C3)-(C6) in our Theorem 3.1 are added
because our Theorem 3.1 involves the quite complex problem, i.e., the HVIP (over the fixed
point set of strictly pseudocontractive mapping T') with constraints of several problems:
CMP (1.2), finitely many GMEPs and finitely many variational inclusions.
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