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1 Introduction

In this paper, we consider the regularity theory on an A-Dirac system,

—DA(x, u, Du) =f(x,u,Du), in €, 1.1)
and an A-harmonic system,

—divA(x,u, Vu) =f(x,u, Vu), in Q. (1.2)

Here  is a bounded domain in R" (n > 2), A(x,u, Vu) and f(x,u, Vi) are measurable
functions defined on  x R" x R"™Y, N is an integer with N > 1, u : @ — R" is a vector
valued function. Furthermore, A(x, u, Vir) and f(x, u, Vu) satisfy the following structural
conditions with m > 2:
(H1) A(x,u,p) are differentiable functions in p and there exists a constant C > 0 such
that

<C(1+1pP)

0A(x, 1, m=2
'w' for all (x,u,p) € Q@ x R" x R™N,
p

(H2) A(x,u,p) are uniformly strongly elliptic, that is, for some A > 0 we have

J0A(x, u, m=2

<va‘)v-ﬁ > k(l + |p|2) LIRS
ap /

(H3) There exist 8 € (0,1) and K : [0, 00) — [0, 00) monotone nondecreasing such that

B
m

A, u,p) - AG i, p)| < K (Iaal) (1 = Z" + [ — ") 7 (1+ |pl) £

for all x,% € Q, u, iz € R”, and p € R™N. Without loss of generality, we take K > 1.

° ©2014 Sun and Chen; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Prlnger Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
— in any medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2014/1/443
mailto:shiny0320@163.com
http://creativecommons.org/licenses/by/2.0

Sun and Chen Journal of Inequalities and Applications 2014, 2014:443 Page 2 of 14
http://www.journalofinequalitiesandapplications.com/content/2014/1/443

(H4) There exist constants C; and C; such that

[f(x, u,p)| < Cp|™ + C,.

(H1) and (H2) imply

m=2
2

|AGx,u,p) - A, u,6)| < C(1+ |pI* +1E1*) 2 Ip—E&l; 1.3)

m=2
(A u,p) =A@ u§))p-6) = AL+ |p* +1€1°) 7 Ip-§I° (1.4)
forallx € Q, u € R” and p, & € R"™N, where A > 0 is a constant.

Definition 1.1 We say that a function u € W&)’Z”(Q) N L% (L2) is a weak solution to (1.2), if
the equality

/ A(x,u, Vu)Vo dx = /f(x, u, Vu)p dx (1.5)
Q Q

holds for all ¢ € W&’m(Q) with compact support.

In this paper, we assume that the solutions of the A-harmonic system (1.1) and the
A-Dirac system (1.2) exist [1] and establish the regularity result directly. In other words,
the main purpose of this paper is to show the regularity theory on an A-harmonic sys-
tem and the corresponding A-Dirac system. It means that we should know the properties
of an A-harmonic operator and an A-Dirac operator. This main context will be stated in
Section 2. Further discussion can be found in [2-10] and the references therein.

In order to prove the main result, we also need a suitable Caccioppoli estimation (see
Theorem 3.1). Then by the technique of removable singularities, we can find that solutions
to an A-harmonic system satisfying a Lipschitz condition or in the case of a bounded mean
oscillation can be extended to Clifford valued solutions to the corresponding A-Dirac sys-
tem.

The technique of removable singularities was used in [2] to remove singularities for
monogenic functions with modulus of continuity w(r), where the sets r"w(r) and Haus-
dorff measure are removable. Kaufman and Wu [11] used the method in the case of Holder
continuous analytic functions. In fact, under a certain geometric condition related to the
Minkowski dimension, sets can be removable for A-harmonic functions in Holder and
bounded mean oscillation classes [12]. Even in the case of Holder continuity, a precise
removable sets condition was stated [13]. In [7], the author showed that under a certain
oscillation condition, sets satisfying a generalized Minkowski-type inequality were remov-
able for solutions to the A-Dirac system. The general result can be found in [14].

Motivated by these facts, one ask: Does a similar result hold for the more general case
of the systems (1.1) and (1.2)? We will answer this question in this paper and obtain the
following result.

Theorem 1.2 Let E be a relatively closed subset of 2. Suppose that u € L” (2)NL*°(S2) has

loc
distributional first derivatives in Q, u is a solution to the scalar part of A-Dirac system (1.1)
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under the structure conditions (H1)-(H4) in Q\ E, and u is of the type of an m, k-oscillation
in Q\ E. If for each compact subset K of E

f d(x, K)"kDk ¢ o0, (1.6)
Q\K

then u extends to a solution of the A-Dirac system in Q.

2 A-Dirac system
In this section, we would introduce the A-Dirac system. Thus the definition of the A-Dirac
operator is necessary. We first present the definitions and notations as regards the Clifford
algebra at first [7].

We write U, for the real universal Clifford algebra over R”. The Clifford algebra is gen-
erated over R by the basis of the reduced products

{e,e0,...,e160,...,61---€,}, (2.1)

where {e1, es,...,e,} is an orthonormal basis of R” with the relation e;e; + eje; = —25;;. We
write e for the identity. The dimension of U, is 2”. We have an increasing tower R C C C
H CUs C --- . The Clifford algebra U, is a graded algebra as U, = @, U’, where U are
those elements whose reduced Clifford products have length /.

For A € U,, Sc(A) denotes the scalar part of A, that is, the coefficient of the element ey.

Throughout this paper, 2 C R” is a connected and open set with boundary 9.
A Clifford-valued function u : Q — U, can be written as u = ), uye,, where each u,
is real-valued and e, are reduced products. The norm used here is given by | > uqeq| =
Q. ui)%, which is sub-multiplicative, |AB| < C|A||B.

The Dirac operator defined here is

S
D= ; e’a_x,' (2.2)
Also D? = —A. Here A is Laplace operator.

Throughout, Q is a cube in Q with volume |Q|. We write o Q for the cube with the
same center as Q and with side length o times that of Q. For g > 0, we write L1(2,U,,) for
the space of Clifford-valued functions in € whose coefficients belong to the usual L7($2)
space. Also, W(,U,) is the space of Clifford valued functions in Q whose coefficients
(2,U,) for
(N L1(2,U,), where the intersection is over all Q' compactly contained in Q2. We simi-
larly write W(S2,U,,). Moreover, we write Mg = {u : @ — U,|Du = 0} for the space of

loc

as well as their first distributional derivatives are in L7(£2). We also write L?OC

monogenic functions in Q.

Furthermore, we define the Dirac Sobolev space

/Qlu|m +/Q|Du|m < oo}. (2.3)

The local space Wlfém is similarly defined. Notice that if # is monogenic, then u € L™ ()

if and only if u € WP (Q). Also it is immediate that W>"(Q) ¢ WP (Q).

wWhm(Q) = {u e,
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With those definitions and notations and also of the A-Dirac operator, we define the
linear isomorphism 6 : R” — U} by

n
O, 00) = Y wie;. (2.4)
i=1

For x,y € R", Du is defined by 0(V¢) = D¢ for a real-valued function ¢, and we have

=Sc(0()O()) = (x,9), (2.5)
|0(x)|= |xl. (2.6)

Here A(x, &, n): Q x Uy x U, — U, is defined by
A(x,u,m) = 0A(x,u,6™'n), (2.7)

which means that (1.5) is equivalent to

/ Sc(0A(x, u, Vu)0 (Vo)) dx = f Sc(A(x, u, Du)D) dx
Q Q

=fSc(f(x,u,Du)¢) dx. (2.8)
Q

For the Clifford conjugation m = (—l)leﬂ --- &1, we define a Clifford-valued inner
product as @ 8. Moreover, the scalar part of this Clifford inner product Sc(@f) is the usual
inner product («, 8) in R*", when o and $ are identified as vectors.

For convenience, we replace A with A and recast the structure systems above and define
the operator:

A(xr E! 77) 12X Z/{l X un - Unr (29)

where A preserves the grading of the Clifford algebra, x — A(x, &, n) is measurable for all
&, n,and &€ - A(x, &, 1), n > A(x, &, 7n) are continuous for a.e. x € Q.

Definition 2.1 A Clifford valued function u € Wlfém(Q, Z/I,]f) ﬂL"O(Q,Z/I’f), fork=0,1,...,n,
is a weak solution to system (1.1) under conditions (H1)-(H4). If for all ¢ € Wé’m(Q,Z/{y’f),
then we have

/ A(x, u, Du)D¢ dx = /f(x, u, Du)p dx. (2.10)
Q Q

3 Proof of the main results
In this section, we will establish the main results. At first, a suitable Caccioppoli estimate

[7, 15] for solutions to (2.10) is necessary.

Theorem 3.1 Let u be weak solutions to the scalar part of system (1.1) with A > 2C;M and
where (H1)-(H4) are satisfied. Then for every xo € 2, ug € Z/llk ,Po € L{,f , and arbitrary o > 1
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we have

m=2
2

/Q[(l + 1pol?) " 1Du = pol? + 1Du - pol™] dx

_ 2
= C{ 1) fae(“ pol”)

1 m 2
+7(0|Q|)m/n [:Q|M—P| dx+/;QG dx}, (3.1)

where P = u(x) — ug + po(x — xo) and

m=2
2

|u—P|*dx

I3

28
n

/UQG2dx=a|Q|{[K(|uo|+|po|)(1+|po|) 17 (o1Q)

NI

+(C2+ Clipol*™) (1QI) " ). (32)

Proof Denote u(x) — ug — po(x — x0) by v(x) and 0 < |Q|% < 0|Q|% < min{1, dist(xq, L2)} for
o > 1, consider a standard cut-off function 1 € C3°(0 Q(xo)) satisfying 0 <n <1, |Vn| <

|Q|+/w n =1 on Q(xo). Then ¢ = n?v is admissible as a test-function, and we obtain

fQA(x, u, Du) - (Du — po)n? dx
= —2/ A, u, Du)nv - Vndx + / fx,u,Du) - ¢ dx.
aQ aQ
We further have
- [ A wpo- Du-poy s
= Z/QA(x, u,po)nv - Vndx — /QA(x, u,po) - Do dx,
and
/QA(xo,uo,po) -Dodx = 0.
Adding these equations yields
/Q(A(x, u, Du) = A(x,u, po) ) (Du. — po)n’” di
- _Q/Q(A(x, u, Du) — A(x, u, po))(Du — po)nv - Vi dx
- /UQ(A(x, u,po) — A(%, 1o + po(x — %0), po)) - Dy dx

_/ (A(x, Uup +}70(x _xO)’pO) _A(xO,MO:pO)) . D(p dx + / f(x: M’Du) . (pdx
oQ aQ

<I+HO+II+1V+YV, (3.3)

Page 5 of 14
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where

2

1=2C/ (1+1Dul? + |pol?) T |Duc— polnlvl| V1| dox;

aQ

I =K (Juo| + |P0|)/ [vIP1Du - pol (1 + |pol) * n* dax;
oQ

III = 2K (Juo| + |pol) / WPVl + Ipol) 2 nda;
oQ

IV = K(Juo| + |P0|)/ (e = x0l™ + |po(x - x0)[")

(o

B
m

m
2

(1+1pol)
- (2n1Vnllvl + n*|Du - pol) dx;

V:/ (C1IDul™ + Cy)|vin* dx,
oQ

after using (1.3), (H3), (H4).

For positive ¢, to be fixed later, using Young’s inequality, we have

m=2
ISZC/ (1+21Du—pol* +3lpol*) = |Du—polnlvl|Vn|dx
oQ

2

= C[/ 1+ Ipolz)T_IDu—po|n|V||Vn|dx+f
oQ

|Du—Po|m_l77|V||V77|dx}
aQ
m=2 1
§Csf (1+|pol?) 2 |Du—p0|2n2dx+Cgf (1+1pol?)
aQ aQ

m=2
2

vI*1Vnl* dx

+C8/ |Du—p0|”’n2dx+C(s)f ™| Vn|™ dx.
aQ aQ

Using Young’s inequality twice in /I, we have

1
1158/ |Du — pol*n* dx + =K*(luo| + Ipol) (1 + |Po|)m/ [v[* dx
oQ € oQ
<s/ |Du—p |2n2dx+l/ <#|v|>2dx
=" Jeo 0 e J.o\ (@]QN)Y
1 z 1725 (127%+n)/n
+ E[K(luo| +1pol) (L + |pol) 2 ]77 (01QI)

58/ (1+ pol?)
oQ

1 m_ 2 26
+ E[K(Iuol +1pol) (1 + |pol) 2 ] (0|Q|)(1’ﬁ ”

m=2

1 m2 1 2
|Du—p0|2n2dx+g‘/ (1+|po|2) <W> |v|* dx

oQ

m=2
2

and similarly we see
1
Il < —/ [v|?|Vn|? dx
2 Jsq

2 m 28 |V| 2 2
+4K?(luo| + Ipol) (L + Ipol) /Q(a|QI) " (W) 0" dx
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SN

1 2 5 28 in)in
S/GQ<W) [vI* dx + [4K (luol + Ipol) (1 + |pol) | ™7 (a|Q|)<1—/j9 )

m=2 1 2
<(1+ |170|2) : /aQ(W) v|* dx

% ﬁ (%1’”)/”
+ [4K (Juo| + |pol) (1 + pol) 2 ]™F (o1Ql)

and

X

B
m

IV§/QK(Iuo|+|po|)(1+Ipol)%(OIQI) (1+ lpol™) ™ (11D ~ pol + 21|V 1||v]) dx

m B
< /QK(|M0| c1pol) L+ 1pol) £ (01Q1) 7 (1 + lpol)” (11Dt = pol + 201V nliv]) dx
(o2
58/ (1+ |P0|2)mT4|DM—P0|2U2dx+/ (L+ o) T |V Iv2 dx
oQ oQ

n+2p

1 P =
N (4+ g)mw +1pol) 1+ 1po) T P (a10)

and for positive p, to be fixed later, this yields

1 1
V= ‘/;QC1|DM|"”|M—M0 _pO(x_x0)|n2dx+/UQ<W|V|”)(C2(G|Q|)””)‘1’“
1
S/ C1|:(1+M)|Du—[90|m+<1+;)|p0|mi||u_uo_po(x_x0)|n2dx
oQ

1 22 1
- C2 n e — 2d
+ 28 2(0|Q|) + 23(0‘|Q|)2/n /UQ V" dx
<C(1+ u)(ZM +P0(C’|Q|)%)/

o

1
\Dut— o™i dx + C, (1 . —>|Po|m/ vin? dax
Q 1% aQ

1 2 ] 1
_ (32 n _ - 2 Ci
rgeciene) ¥ o o [ g

1 1 1
<Ga 2M ” Du—po|™n*dx+~= | ————|v|*d
< Gi(1+ ) (2M + po(01Q)) )/GQ| u—pol™ x+g[,Q(a|Q|)2/n'”' x

e 1 2 n+2
+ = c2+c2(1+—> Ip |2’"} alQ) " .
2|: 2 1 » 0 ( )

By (1.4), we obtain

/Q(A(x, u, Du) — A(%, u, po) ) (Du — po)n”* dx

m=2
ZA/ (1+1Dul® + pol*) * |Du—pol*n* dx
aQ

m=2
=0 [ (1 1Du=poP + o) % 1Du— o
aQ

m=2
2

zk{/ (1+|po|2)7|Du—poI2n2dx+/ IDu—poI’”nzdx}.
oQ oQ

Page 7 of 14
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2

2
Combining these estimates in (3.3) and noting that K? < K™% (as K > 1), (o|Q|) A" <
2 ma 2 m 2
(@1Q)F foro > 1, [(1+|po) 2177 > (1 + |po)*%#*P, and 4 < 477, we can estimate

[A—ZCS -2e-C(1+ ,u)(ZM +po(U|Q|)%)]

m=2
{/ (1+1pol?) 2 IDu—pol2n2dx+/ IDu—poI’"Ude}
oQ oQ

2

c 2 1 2\ 5% 2
5(;+E+C(8)+z>{WLQ(1+|po|) ju— PP dx

e e o)
t— u-— xt+2 —+4T
@R Juq e

n+2p
- [K(luol + |pol) (1 + pol)

m
2

2 n+2p
17 (s1Q)
€ 1\? )
+ E[cg + cf(l + ;> |p0|2m](G|QI) ",
Define ¢ = (A, m), u = u(Cy, M, m, ) small enough, we obtain

m=2
2

/(1+|P0|2) |DM—P0|2772dx+/ \Dtt = pol™ i dx
oQ oQ

2

1 m=2
<C 7/‘ 1+ 22 |y - PP dx
{ i [, 0 ) T e

1
+— |u—P|’”dx+/ szx},
(a|Ql)m/n /aQ oQ

where C = C(m, A, 8, M) and

BN
X

2 28
/QG2 dx = o |QI{[K(Iuol +1pol) (1 +1pol) 2 ]# (a1QI) ™ + (C5 + CLIpo*™) (o'1QI) " }.
Now let the domain of the left-hand side be Q, then we can get the right inequality

immediately. 0

In order to remove singularity of solutions to A-Dirac system, we also need the fact that
real-valued functions satisfying various regularity properties. Thus we have the following.

Definition 3.2 [7] Assume that u € L} (Q,U,), g >0, and that —co < k < 1. We say that u

loc

is of the type of a g, k-oscillation in €2 when

1/q
sup |Q|7@k+Wian  inf (/ Iu—uQ|q) < 00. (3.4)
Q\JQ

2QC uQeM

If g =1 and k = 0, then the inequality (3.4) is equivalent to the usual definition of the
bounded mean oscillation; when g = 1 and 0 < k <1, then the inequality (3.4) is equivalent
to the usual local Lipschitz condition [16]. Further discussion of the inequality (3.4) can
be found in [8, 17]. In these cases, the supremum is finite if we choose 1 to be the average
value of the function u over the cube Q.

We remark that it follows from Holder’s inequality that if s < g and if u is of the type of
an g, k-oscillation, then u is of the type of an s, k-oscillation.
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The following lemma shows that Definition 3.2 is independent of the expansion factor

of the sphere.

Lemma 3.3 (7] Supposethat Fe L} (,R),F>0a.e.,r€Randoy,00>1.If

loc

sup |Q|r/F<oo,
01QCQ Q

then

sup |Q|" [ F<oo. (3.5)
02QCQ Q

Then we proceed to prove the main result, Theorem 1.2.

Proof of Theorem 1.2 Let Q be a cube in the Whitney decomposition of Q \ E. The de-
composition consists of closed dyadic cubes with disjoint interiors which satisfy

@ 2\E=Ugew Q.
(b) |QI"" <d(Q,89) < 4|Q"",

(© (1/4)|QuI"" < |QaM" < 4|Qi|"" when Qi N Qy is not empty.

Here d(Q, 9R2) is the Euclidean distance between Q and the boundary of 2 [18].
If A C R" and r > 0, then we define the r-inflation of A as

A(r) = UB(x, 7). (3.6)

Let Q be a cube in the Whitney decomposition of 2\ E. Using the Caccioppoli estimate
(3.1), we have

m=2
2

f[(1+|p0|2)_|Du—p0|2+|Du—p0|”’]dx
Q
<c{;/ (1+|p0|2)m772|u—P|2dx
- (GQ)Z/n aQ

1
R — |u—P|”’dx+/ G2dx},
(cQ)mn [;Q cQ

with (3.2)

n+!

/ G?dx < CloQ| nZﬂH2(1+|uQ|+|p0|), (3.7)
oQ

where
- My 2~
H(t) = [K@)1+0)2]|F,  K(2) = max{K(t),C1, C,},
and choose |Q| small enough such that

8
|QI7H (1 + lugl + |pol) <1.
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By the definition of the g, k-oscillation condition, we have

2

/Q [(1+1pol?) " 1Du - pol® + |Dut = pol™] dx

2k+n

2 _m
<GIQIHQI™ + Co|QI™# QI ™™ 4 C51Q
< ClQl“. (3.8)

Here a = (n+mk—m)/n. Since the problem is local (use a partition of unity), we show that
(2.10) holds whenever ¢ € Wé’m(B(xo, r)) with % € E and r > 0 sufficiently small. Choose
r = (1/5/n) min{1, d(xo, 8R2)} and let K = E N B(xy, 4r). Then K is a compact subset of E.
Also let W, be those cubes in the Whitney decomposition of €2\ E which meet B = B(xy, r).
Notice that each cube Q € W lies in 2 \ K. Let y = m(k — 1) — k. First, since y > —1, from
[12] we have m(K) = m(E) = 0. Also since na — n > y, using (1.6) and (3.8), we obtain

m=2
/B( 100+ 1) 1D ol + D1 = ol
X0,

<C Y IQU=C )y dQK)™

QeWp QeWp
<Cc>y / d(, K)"“ " dx < C / d(x, K)" " dx
Qewy Y Q KQ)\K
< C/ d(x,K)Y dx < oo. (3.9)
KQ)\K

Hence u W/lg’cm(ﬂ).
Next let B = B(xo, ) and assume that ¢ € C5°(B). Also let W}, j =1,2,..., be those cubes
Q € Wy with [(Q) < 27,

Consider the scalar functions
¢; = max{ (27 - d(x,K))2,0}. (3.10)

Thus each ¢;,j = 1,2,..., is Lipschitz, equal to 1 on K and as such ¥ (1 - ¢;) € W"(B\ E)
with compact support. Hence

/‘[A(x, 1, DD — f (%, u, Dut) | dxe
B
) /1;\5 [ml: (W(l - ¢/)) —mw(l - ¢1)] dx

+ /];[A(x, u, Du)D(yr ;) — f (%, u, Du)l/fqb,'] dx. (3.11)
Let

= [ [AGw DD ) Tl D 1 - 9],
B\E

Jo = fB [Ax, u, Du)D(yry) — f (x, u, Du)yr ;| dx.

Since u is a solution in B\ E, J; = 0.

Page 10 of 14
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Next we estimate J, as

b= /A(x, u,Du)l//D¢>,~dx+/qb,»A(x,u,Du)Dlp dx—/f(x, u, Du)yr ¢; dx
B B B

=N+ )y + 7y (3.12)

Noting that there exists a constant C such that || < C < oo,

il =¢ Y [ At DufiDgdx

Q<W;
Recalling that | Q| %K(t) <1, we have

/ |A(x, u, Du)||Dyj| dx
B
< [ 146101 - A, p0) 1D
B

. / |A e, 4, 0) — Ao, 10, o) | 1D dx
B

m=2
2

< c/(l +1Dul+ |pol?) % 1Du~ pol|Dey | dx
B

3o

m
2

+C

=

K (Jaal) (o = 20 |™ + |t = 1o |™)

(1+1pol) * IDgy| dx

m=2
2

= C/((l +1pol*) = +|Du—pol|"?)|Du~ pol|Dgy| dx
B

N3

+C | K(Jul)(1x = x0l? + |t —uo|?) (1 + |pol) * |Dey| dx

5 —

m=2
2

< C/(1+ Ipol?) % 1Du — pol D¢yl dx + C/ |Du — po|" ! | D¢ty dx
B B

SN

+C | K(lul)lx—x0l# (1+ |pol) 2 IDgy] dox

+C K(|u|)|u— u0|ﬂ(1 + |p0|)%|D¢>,-|dx

< C/B[(1+ Ipol®)

[(1+ pol?) "% DI + Dy dx

— 5

m=2
2

|Du — pol* + |1Du — po|™] dx

+C

N

|Depj| dx

—

+C Bl<(|u|)|Q|5(1+ o)

I3

+c/31<(|u|)|Q|5(1+ Ipol) ? 1D dx
<ClQf +C/B[|D¢;|2+ |D¢;|’”]dx+C/B|D¢;ldx+C/B|D¢>f|dx

<C|QI* + c/(22f +2") dx + c/ 2 dx. (3.13)
B B
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Now for x € Q € W}, d(x,K) is bounded above and below by a multiple of | Q| and for
Qe W, |Q|"" <27. Hence

] <C Y (1Q1° +1QI71Q1 + ClQI# QI + QI [Q)

Q<W;

scy Qe dmkrtt (3.14)
Uw;

Q<W;

Since |J W; C \ K and ||J Wj| — 0 as j — oo, it follows that J; — 0 as j — oo.

For

Bl<c> / ¢;A(x, u, Du)Dyr dx.
B

Q<W;

Similarly, we get

/ @A (x, u, Du)Dr dx
B

5/(A(x,u,Du)—A(x,u,po))Di/fdx+/(A(x,u,po)—A(xo,uo,po))Dlﬁdx
B B

m=2
§C/(1+|Du|2+lpo|2) T |Du — po| dx
B

3w

N3

+ C/BK(m|)(|x—xo|m +lu=uol") " (L+ Ipol) ¥ 1Dy

m=2
< C/((1+ pol?) T + 1Du = po|"2)|Dut = pol DY | dx
B
+C [ K(ul) (b= 50l + = ol") (L4 pol) ¥ 1D
B

< C/B(1+ Ipol®)

R c/31<(|u|)|x—xolﬁ(1+ lpol)

m=2
2

D~ pol|Dy| dx + C /B \Du — pol" Dy | dx

¥ |\Dy | dx
+C/BK(|u|)|u—uo|ﬁ(1+ pol) ? \DY | dx

< C/B[(“ 1pol?) " 1Dut — po? + 1Du  po || dx

+ C/B[(l + |pol?)

+C/|D1//|dx+C/I((|u|)|Q|§|D1/f|dx
B B

m=2
2

IDY|* + Dy "] dx

§C|Q|“+C/(|Dw|2+|D¢|W’)dx+C/|D1/f|dx
B B

<ClQI* + cf dx.
B
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Thus,
l=c Y (ior i) =C Y lar=c [ iy, (315)
QeW; QeW; Wi
Since u € Wﬁ)’?(Q) and ||J W;| — 0 as j — oo, we have J; — 0 as j — oo. In order to

estimate J;’, we should use (H4):

) = / S, u, Du)yryydx < C f |Du — po|” dx + C / lpol™ dx = J5 + 3. (3.16)
B B B
Similar to the estimate of (3.14), using the Caccioppoli inequality (3.1) and the inequality
(3.8), we get
; m (n+mk—m)
p=cy [iDu-pinar=c Y i
Qew; @ QeW;

<C d(x, K)™" " gy < C d(x, K)"k-Dk gy

-0 (— o),

and

]é’sCZ/de=CZIQI

QeW; QeW;

<C d(x,K) dx < C d(x, K)" "5 g
uw; uw;

< C/ d(x, K)" Dk gy
uw;
-0 (— o0).

Hence J, — 0.

Combining estimates /; and J; in (3.11), we prove Theorem 1.2. O
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