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Abstract

In the present paper, we introduce the g-analog of the Stancu variant of
Szész-Baskakov operators. We establish the moments of the operators by using the
g-derivatives and then prove the basic convergence theorem. Next, the Voronovskaja
type theorem and some direct results for the above operators are discussed. Also, the
rate of convergence and weighted approximation by these operators in terms of
modulus of continuity are studied. Then we obtain a point-wise estimate using the
Lipschitz type maximal function. Lastly, we study the A-statistical convergence of
these operators and also, in order to obtain a better approximation, we study a King
type modification of the above operators.
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1 Introduction

In recent years, there has been intensive research on the approximation of functions by
positive linear operators introduced by making use of g-calculus. Lupas [1] and Phillips [2]
pioneered the study in this direction by introducing g-analogs of the well-known Bern-
stein polynomials. Derriennic [3] discussed modified Bernstein polynomials with Jacobi
weights. Gupta [4] and Gupta and Heping [5] proposed the g-analogs of usual and dis-
cretely defined Durrmeyer operators and studied their approximation properties. In [6],
Stancu introduced the positive linear operators Pﬁ,o”ﬂ .C [0,1] — C[0,1] by modifying the

Bernstein polynomials as

PP (fyx) = an,k(x)f< k+a )

Py n+p

where p,, i (x) = (Z)xk (1 —x)"*, x € [0,1] is the Bernstein basis function and «, 8 are any
two real numbers satisfying 0 < o < . Recently, Buyukyazici [7] introduced the Stancu
type generalization of certain g-Baskakov operators and studied some local direct results
for these operators. Subsequently, several authors (cf. [8—11] ezc.) have considered such a
modification for some other sequences of positive linear operators.
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To approximate Lebesgue integrable functions defined on [0, 00), Gupta et al. [12] in-
troduced the following positive linear operators:

M) =3 ) [ buaterode (L)
v=0 0

where b,,,(x) = m mx’)‘%, (%) = e’”x%, x € [0,00), and studied the asymptotic

approximation and error estimation in simultaneous approximation. Subsequently, for
f € C,[0,00) := {f € C[0,00) : [f(£)| < Mf(1 + t”) for some My > 0,y > 0}, Gupta [13] in-
troduced the following operators:

o0

Sufix) = g @) /0 byt (Of (O)dt + e (0), (12)

v=1

by considering the value of the function at zero explicitly, and studied an estimate of error
in terms of the higher order modulus of continuity in simultaneous approximation for
a linear combination of the operators (1.2), introduced by May [14]. Later on, Gupta and
Noor [15] discussed some direct results in a simultaneous approximation for the operators
(1.2).

In [16], Aral introduced Szdsz-Mirakjan operators based on g-integers and established
some direct results and gave two representations of the rth g-derivative of these operators.
Aral and Gupta [17] studied the basic convergence theorem for the rth order g-derivatives,
a Voronovskaja type theorem, and some more properties of these operators. Agratini and
Dogru [18] constructed Szasz-King type operators and investigated the statistical con-
vergence and the rate of local and global convergence for functions with a polynomial
growth. Orkcii and Dogru [19] proposed two different modifications of g-Szasz-Mirakjan
Kantorovich operators and obtained the rate of convergence in terms of the modulus of
continuity. In [20], they introduced Kantorovich type generalization of g-Szdsz-Mirakjan
operators and discussed their A-statistical approximation properties.

Let the space C, [0,00) be endowed with the norm |||, = sup,c(o ) (I{f—fl),‘) then for f €
C,[0,00), 0 <g <1, 0 <a < B and each positive integer n, we introduce the following

Stancu type modification of the operators (1.2) based on g-integers:

ad olA Vot +
Bf,fff)(f;x) = an,v(q,x)q”_l/ byy-1(qs t)f(u) dqt
v=1 0

(nlg + B
; ([]x)f( o ) .
e (—[n ) ‘
! ! [nlg + B
where g, (q,x) = ea-lmg¥)lmgx” 4 boo(q,t) = : g 0-D2

! @+ty VB (v L)
For a = B = 0, we denote B (f;x) by B, (f; ).
Clearly, if g — 1~ and « = 8 = 0, the operators defined by (1.3) reduce to the operators
given by (1.2).
The purpose of the present paper is to study the basic convergence theorem, Voronovs-
kaja type asymptotic formula, local approximation, rate of convergence, weighted approx-
imation, point-wise estimation and A-statistical convergence of the operators (1.3). Fur-
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ther, to obtain a better approximation we also propose a modification of these operators
by using a King type approach.
We recall that the g-analog of beta function of second kind [21, 22] is defined by

o0/A xt—l
B,(t,s) = K(A,t ———dx, 1.4
=K [ d 14)
where K(x,£) = L' (1+ %);(1 + x);‘t, and (a + b)}, = [Tooa+q'b),seZ.
In particular, for any positive integers n, m, we have
K@n=¢"5", K@x0)=1 (15)
and
L, (m)T,(n)
B,(m,n) = 11—
alm ) T, (m +n)

2 Moment estimates
Lemmal For Bn,q(t’”;x), m=0,1,2, one has
(1) Bug(Lix) =

(2) Byy(t;x) = [Ln ‘li]x ,forn>1;

2,4 — qln ]q 2 [24(n]q
(3) Bug(t*x) = TSR q[n_uq[n_z]qx,for n>2.

Proof We observe that B, , are well defined for the functions 1, ¢, £*. Thus, for every x €
[0, 00), using (1.4) and (1.5), we obtain

o0

oco/A
nq 1 x = Z qn,v q’ f bn,v—l(qr t) dqt"' eq(_[n]qx)
0

= an(g®) =1.
v=0

Next, for f(¢) = ¢, again applying (1.4) and (1.5), we get

oo/A
Byq(t; %) an v(g%) / byy-1(q, t)q"t dgt

[Vl]q
e l]qx.

Proceeding similarly, we have

20N (2]4(n], q[n]; )
Bua(®55) = o -2, T2,
by using [v + 2], = [2], + ¢*[v],. O

Lemma 2 For the operators Bg,‘ff )(f ;%) as defined in (1.3), the following equalities hold:
M B (L) = 1;

Page 3 0of 18
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(n]2
[n]q+ﬁ)q[n—1]qx + [,,]Z+/3 ,fOV n>1;

(@,8) (42, _ [n] 2 (q[n]2+2a[n—2]q) 2 [2]4[n] 2
(3) Bug (%) = (51 p) 5oz, %+ gtlgiray®) + () Jor n> 2.

) B (6x) = ¢

Proof Thislemma is an immediate consequence of Lemma 1. Hence the details of its proof

are omitted. 0

Lemma 3 For f € Cp[0,00) (the space of all bounded and uniform continuous functions
on [0, 00) endowed with norm ||f || = sup{|f(x)| : x € [0, 00)}), one has

|BL (50| < IF-
Proof In view of (1.3) and Lemma 2, the proof of this lemma easily follows. O

Remark 1 For every g € (0,1), we have

([ = (g + B)n = 1g)x + a[n - 1],

(a,B) o)) —
B (¢ =) = (0l + P11, o b
and
B (€ - %))
glnl’ 2[n]? }2
=11 -1)—
{+(Mb+ﬁﬂm—ﬂﬂn—ﬂq+m Om B =1, )
+{ (2], 2 2 }x+ o L
q([n]q+ﬁ)2[n—1]q[n—2]q [Vl]q"'/g ([Vl]q"’ﬁ)z’

= Vn,q(x)v
say.

3 Main results
Theorem1 Let0<gq, <land A >O0. Then foreachf € C,[0,00), the sequence {Biﬁ‘,’,ﬁ)(f; x)}
converges to f uniformly on [0,A] if and only iflim,_, o g, = 1.

Proof First, we assume that lim,_, g, = 1.
We have to show that {Bg,‘f‘éf)(f ;%)} converges to f uniformly on [0, A].
From Lemma 2, we see that

qu""éf)(l;x) -1, B;",‘é‘z)(t;x) — X, B(“‘ﬂ)(tz;x) — a2,

n,qn

uniformly on [0,A] as n — oo.

Therefore, the well-known property of the Korovkin theorem implies that {Bﬁ,”f,’]ﬁ)(f ;%))
converges to f uniformly on [0, A] provided f € C, [0, 00).
We show the converse part by contradiction. Assume that g, does not converge to 1.

Then it must contain a subsequence {g,, } such that g, € (0,1), g,, — a € [0,1) as k — oo.
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1, , ) :
Thus, [nké]an = q)nkﬂ — (1 - a) as k — co. Choosing 1 = g, q = gy, in qu‘i‘q‘j)(ﬁ;x),

from Lemma 2, we have

200(1 — a))x® (1-a®)x 1-a)*a?

B@P) (g2, (a+ 2 k ,
i %) > S apr t alle G-apE A aapp Tt Sk
which leads us to a contradiction. Hence, lim,,_, o, q,, = 1. This completes the proof. O

Theorem 2 (Voronovskaja type theorem) Let f € C,[0,00) and g, € (0,1) be a sequence
such that q, — 1 and q} — 0 as n — oo. Suppose that " (x) exists at a point x € [0,00),
then we have

nlLrIgo[n]qn( P A (f; ) f(x)) = (o = Bx)f (%) + 1 — a)x(l — x)f" ().
Proof By Taylor’s formula we have
f&) =f(x) + (& —x)f(x) + %f”(x)(t —x)* +r(t, %)t —x)?, (3.1)

where r(¢,x) is the Peano form of the remainder and lim;_,, 7(¢,x) = 0.
Applying B;ﬁ’,’,ﬂ )(f ,x) to the both sides of (3.1), we have

[n]g, (BEP(f3%) - f(x)) = [ng,f )BE (£ - x); x)+— Jouf" @B (£ - %)% %)

+ [n],,B“ p P ((t-xr(t, x);x).

In view of Remark 1, we have

nli)rgo[n]an;"féf)((t - x);x) =a-PBx (3.2)
and
im [n], BEaP) (¢ — x)%5x) = 22(1 —)(1 - ). (3.3)

Now, we shall show that
(1], By ""3 P (r(t, 2)(¢ - x)%x) = 0

when n — oco.
By using the Cauchy-Schwarz inequality, we have

BB (r(t,2)( \/B (r2(t,%); \/Bn ) 4x). (3.4)
We observe that 72(x,x) = 0 and 7(-,x) € C, [0,00). Then it follows from Theorem 1 that

lim B}, "‘ﬁ ( 2(t,x);x) =r(x,x) =0, (3.5)

n—00


http://www.journalofinequalitiesandapplications.com/content/2014/1/441

Agrawal et al. Journal of Inequalities and Applications 2014, 2014:441 Page 6 of 18
http://www journalofinequalitiesandapplications.com/content/2014/1/441

in view of the fact that B(nof,’lf)((t —x)%x) = O(ﬁ). Now, from (3.4) and (3.5), we get
"lgn

lim BH) (r(t,)(t — x)%%) = 0, (3.6)
and from (3.2), (3.3), and (3.6), we get the required result. O

Theorem 3 (Voronovskaja type theorem) Let f € C,[0,00) and g, € (0,1) be a sequence
such that q, — 1 and ql, — 0 as n — oo. If f"(x) exists on [0, 00), then

Tim [n]g, (B (%) = /() = (o = B)f () + (1= )x(1 = )" (%)
holds uniformly on [0, A], where A > 0.

Proof Let x € [0,A]. The remainder part of the proof of this theorem is similar to that of
the proof of the previous theorem. So we omit it. O

3.1 Local approximation
For Cz[0, 00), let us consider the following K-functional:

Ka(f,8) = inf {IIf —gll +3[g"[}. (3.7)
gew

where § > 0 and W? = {g € Cp[0,00) : g’ € Cp[0,00)}. By [23] there exists an absolute
constant C > 0 such that

Ky(f,8) < Can(f,V/3), (3.8)
where
wo(f,/8) = sup  sup |[f(x+2h) = 2f (x + 1) + f(x)] (3.9)

0<h<+/5*€[0,00)

is the second order modulus of smoothness of f. By

o(f,8) = sup sup [f(x+h)—f(x)

0<h<8 x€[0,00)

)

we denote the usual modulus of continuity of f € Cg[0, 00).

Theorem 4 Let f € Cg[0,00) and q € (0,1). Then, for every x € [0,00) and n > 2, we have

n-1 _ _ _
|Bffc}ﬂ) (F@)x) = f(x)| < Can(f,8(%)) + w(f, (nloq Aln—Llg)x + aln 1]q>,

(Inlg + B)ln —1]4

where C is an absolute constant and

(Mg = Bln—1])x + aln—1], 7\
_ (@B) (£ _ )2 q q q
5”(")‘<B"’q ((t=2 ”‘)+[ (I, + Bl -1, ]) '
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Proof For x € [0,00), we consider the auxiliary operators E:lf) defined by

2
B9 (7. ) = BB (£, [rr]gx o )
B, ;%) =B, ;) — ( + +f(x). (3.10)
o V=B UD I G e pla=1l, " 0+ 5) ™
From Lemma 2, we observe that the operators E%ﬁ) are linear and reproduce the linear
functions.
Hence
B (¢ - x)5) = 0. (3.11)
Let g € W2. By Taylor’s theorem, we have
t
g(t) =gx) + g x)(t —x) + / (t—u)g"(u)du, tel0,00).
Applying Ei, qﬁ) to the both sides of the above equation and using (3.11), we have
() @ ([
o, . _ —(a, 7 .
B,, (&x)=gx)+B,, (/; (t-u)g"(u) du,x).
Thus, by (3.10) we get
(@)
B, (g:x)—g()|
t
< Bﬁf,‘f) (f |t — u| |g”(u)| du;x)
X
[n]tzix o [ ]Zx
([nlg+B)n-11q " [nlg+p n q o /)
+ + -u u)|d
/x oty Pl T, * Tl w5 i€l
[n]2x a 2
< | B ((t —x)%x) + ( 1 + —x> :| g
- [ i VTl P10, Ty 5 l¢']
<&Wlg"| (3.12)
On other hand, by (3.10) and Lemma 3, we have
1By (f:0)] < [BEP(f;0)] + 211f 1l <311l (3.13)

Using (3.12) and (3.13) in (3.10), we obtain

BEA (fi0) — ()| < [BED(f - gim)| + |(F - 90| + | Bl (@50) - (@) )|

[n];x o )
* P(([m]q BT, ,ep) ™

[n]2x + a[n —1]
2 " q q
< 4lf - gl + 8, + P(—([n]q " ﬁ)[n_l]q) —f(x)‘.

Hence, taking the infimum on the right hand side over all g € W? and using (3.8), we get

the required result.

O
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Theorem 5 Let f € C,[0,00), g, € (0,1) and w,,1(f,8) be its modulus of continuity on the
finite interval [0,a + 1] C [0, 00), where a > 0. Then, for every n > 2,

|B£,‘T£If)(f, x) —f(.?C)| = 4'Mf(1 + az)yn,qn (x) + 2wa+1 (f’ \ Yn,qn (x)))
where y, 4, (x) is defined in Remark 1.

Proof From [24], for x € [0,4] and ¢ € [0, 00), we get

|t — x|
8

[f(t) —f(x)| < 4Mf(1+a2)(t—x)2 + <1+ )a)ml(f,(S), 5>0.

Thus, by applying the Cauchy-Schwarz inequality, we have

| Blea (50) —f ()] < 4My (1 +a?) (B (¢ — x)%; x)

nqn

D=

1
annlf) 1+ (B - a750) )
=AMy (1+ %) Vg, () + 20001 (f, m)

on choosing 8 = /y4, ). This completes the proof of the theorem. g

3.2 Weighted approximation

Let C;[0,00) := {f € C3[0,00) : lim,_, llffi)z‘ < oo}. Throughout the section, we assume

that {g,} is a sequence in (0, 1) such that g, — 1.

Theorem 6 For each f € C;[0,00), we have
Tim B () ], = 0.

Proof Making use of the Korovkin type theorem on weighted approximation [25], we see
that it is sufficient to verify the following three conditions:

lim || BYP (%) -#*|, =0, k=0,1,2. (3.14)

n—00

Since B(,fglf)(l;x) =1, the condition in (3.14) holds for k = 0.

By Lemma 2, we have for n>1

B (t%) =]
(g = Bln =1,
(Inly, + Bln =1,

(nlg.ay™ = Bln—1],,
([n]g, + B)n—1]4,

o 1
+ sup
x€[0,00) 1+a2 [n]qn + /3 x€[0,00) 1+a2

o

", + B

which implies that the condition in (3.14) holds for k = 1.
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Similarly, we can write for n > 2

2 qn[n]én 2u B
”Bnqn (t ’x) x ”2 = [n_l]qn[n_z]qn + [”_l]qn

214, [1]g, o

T aan-11,,n-21, (i, + B

which implies that lim,,_, o [| B v J(£%x) — x2||5 = 0, (3.14) holds for k = 2.

Now, we present a weighted approximation theorem for functions in C;[0,00). Such

type of results are proved in [26] for classical Szasz operators.

Theorem 7 For each f € C;[0,00) and a > 0, we have

li |nqn)(fx f
im sup — =

=0.
n>00 yeiooe) (L +a2)lHe

Proof Let xg € [0,00) be arbitrary but fixed. Then

suy
xE[OEO) (1 + x2)1+0{ - x<xg (1 + x2)1+oz £5%0 (1 + x2)1+a

“B”qn (f) f”C[OxO] + |lf||2 sup

(1 +x2)1+a
[ )l
+sup ————.
x>xro) (1 + x2)1+a
Since |f(x)| < ||f]l2(1 + x2), we have sup Il _Ifl2
= 2 ’ x2%0 (Lea2)He = (14ad)e”
Let € > 0 be arbitrary. We can choose x to be so large that
Il _e
(1 +xd) 3
In view of Theorem 1, we obtain
Flo tim B 250) 122 Wl Wl e
Pimoo (L4a)lte (14+a2)le 1+x2)* = 1+a3)”

B (i) ~f @ _ (B (3) ~f@1 1B () ()

|B£‘f;;‘j)(1 +1%%)|

O

(3.15)

(3.16)

(3.17)

Using Theorem 5, we can see that the first term of the inequality (3.15), implies that

”Bnqn (f) f”C[Oxo] asn— oo.
Combining (3.16)-(3.18), we get the desired result.

For f € C;[0, 00), the weighted modulus of continuity is defined as

s+ ) ~f 9]

Q(f,8) =
2(f9) x>0,0<h<$ 1+ (x+h)?

(3.18)

O
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Lemma 4 [27] Iff € C;[0,00) then
(i) Q0(f,8) is monotone increasing function of §,
(ii) lims_or 2(f,8) = 0,
(iii) for any A € [0,00), 2(f,A8) < (1 + 1)Qx(f, 8).

Theorem 8 Iff € C;[0,00), then for sufficiently large n we have
’Bnqn(fx) —f(x) ’ <K(1 +x2+*)522(f 8,), x€]0,00),
where A > 1, 8, = max{a,, By, Yn}> ¥u> Bus Vn being
n* +2aln-2],, [n]? 2[n)?
< ol + 20l 2y, [, +1>, < 2, 2) o
[n— l]qn [n— 2]qn([n]qn + ﬁ) qn [n— l]qn [n— 2]qn([n]qn + /3)

0[2

([nlg, + B>’

respectively, and K is a positive constant independent of f and n.

Proof From the definition of Q(f,§) and Lemma 4, we have

|t — x|

&) —f@)] < (L+ (x+1e—x)%) (1 + )ngf,a)

< (1+@x+1)?) (1 v 't;x')gz(f,s)
= 001+ 320001,
where ¢,(¢) =1 + (2% + £)? and V. (¢) = |t — x|. Then we obtain
B 33) S )] = (B 05 + 3B 0c0sin) )0,

Now, applying the Cauchy-Schwarz inequality to the second term on the right hand side,
we get

| B (f;x) - £ ()|
< ( naq€>(¢x,x) +— \/BW \/B,,qn )Qz(f 8,) (3.19)

From Lemma 2,

Lguﬂ)(“tz %) = 1 ( qulnly, +2a(n—2],,[n]2 ) 52

1 +x2 ™ 1+ 42 (n—1lg,[n-2],,(nl,, + B)? ) 1 +2
s (2]g, [74]2,1 x . a? 1
gnln —1g,[n - 2]g,([nlg, + B2 1+x2  ([nlg, + B)? 1+x2
<1+C, for sufficiently large n, (3.20)

where C; is a positive constant.

Page 10 of 18
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From (3.20), there exists a positive constant Kj such that Bg,‘fglf)(qﬁx;x) < K1 + x?), for
sufficiently large .
Proceeding similarly, ﬁBEﬁ,’If)(l +t%x) <1+ Gy, for sufficiently large 1, where C, is a

positive constant.

So there exists a positive constant K3, such that ,/Bg,‘féf)(qﬁf;x) < Ky(1 + x%), where x €
[0,00) and # is large enough. Also, we get

anlnly, +2a0n =2y, Inf, 2[nl;, }xz

n—1),,[n-2,,([nl,, + B)> ([nlg, + B)n—1],,

{ 2[n)3, . 2 }x L@
qnln—1g,[n=21g,([nlg, + B [nlg, + B (lnly, + B

< oz,,x2 + BuX + V.

e (i) - |

Hence, from (3.19), we have

1
|Bff,‘(£)(f;x) —f(x)| < (1 + x2) (Kl + (S—Kh/otnx2 + Bux + y,,) Q(f, 8n)-
n
If we take 8, = max{o,, B, yu}, then we get

|BYBf ) = f(x)] < (1+a%) (Ki + KoV + %+ 1) Qa(f, 8)

nqn

<K3 (1 + xZ”)Qz(f, 8,), for sufficiently large n and x € [0, 00).
Hence, the proof is completed. O

3.3 Point-wise estimates
In this section, we establish some point-wise estimates of the rate of convergence of the
operators BE,O,‘,’,’S ) First, we give the relationship between the local smoothness of f and local
approximation.

We know that a function f € C[0,00) is in Lip,,n on E, n € (0,1], E be any bounded

subset of the interval [0, 00) if it satisfies the condition
V(t) —f(x)| <M|t-x|", te€[0,00)andx€E,

where M is a constant depending only on « and f.

Theorem 9 Let f € C[0,00) NLip,, n, E C [0,00) and a € (0,1]. Then we have
|Bfff)(f; x) —f(x)| < M(yn'fff(x) +2d"(x,E)), x€[0,00),

where M is a constant depending on n and f, and d(x,E) is the distance between x and E
defined as

d(x,E) = inf{lt—x| (te E}.

Page 11 0of 18
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Proof Let E be the closure of E in [0, 00). Then there exists at least one point x, € E such
that

d(x,E) = |x —xo].

By our hypothesis and the monotonicity of B%ﬁ), we get

(B () —f @)] < B ([0~ f (xo) i) + B (|f @) = wo) )

< M{B;"ff)(|t—x0|”;x) +|x—xo"}

< M{Bﬁ,‘ff)(|t—x|”;x) + 20 — xo]"}.

Now, applying Holder’s inequality with p = % and é =1- 119, we obtain

B f300 ()] < {5 1= 15)]" 2401, ),
from which the desired result immediate. O

Next, we obtain the local direct estimate of the operators defined in (1.3), using the
Lipschitz-type maximal function of order 5 introduced by Lenze [28] as

@y (f,x) = sup M, x €[0,00) and 1 € (0,1]. (3.21)

tx,t€[0,00) |t - x|fl

Theorem 10 Let f € Cp[0,00) and 0 <n <1. Then, for all x € [0, 00) we have
BEA (f50) = f ()] < @, (f, 007,02 ().

Proof From (3.21), we have
| B (f52) - f(x)| < @y (F, 2)BEP) (18— 2175 %).

Applying Holder’s inequality with p = % and % =1- 117, we get

1
|BP (f5) — f(x)| < @, (f,%)BEP (8 - %)%5%) 2 < @, (F, )y, ().
Thus, the proof is completed. O

4 Statistical convergence
Let A = (a.) be a non-negative infinite summability matrix. For a given sequence x := (x),,,
the A-transform of x denoted by Ax : (Ax), is defined as

o0
(Ax)y =Y amcr
k=1

provided the series converges for each . A is said to be regular if lim, (Ax), = L whenever
lim,(x),, = L. Then x = (x), is said to be A-statistically convergent to L i.e. st4-1lim,(x), = L
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if for every € > 0, lim,, 3 .\ 7> @ = 0. If we replace A by C; then A is a Cesaro matrix of
order one and A-statistical convergence is reduced to the statistical convergence. Similarly,
if A = I, the identity matrix, then A-statistical convergence is called ordinary convergence.
Kolk [29] proved that statistical convergence is better than ordinary convergence. In this
direction, significant contributions have been made by (cf. [19, 20, 30-37] etc.).

Let g, € (0,1) be a sequence such that

sty-limg, =1, sta-limgh=a (a<1) and st4-lim =0. (4.1)
n n

" [Vl qn

Theorem 11 Let A = (a,) be a non-negative regular summability matrix and (q,) be a
sequence satisfying (4.1). Then, for any compact set K C [0, 00) and for each function f
C(K), we have

sta-im|[ B (3) 1] = 0.

Proof Let xy = max,ecxx. From Lemma 2, st4-lim, ||B£,‘f‘é€) (e0;+) — eoll = 0. Again, by

Lemma 2, we have

[”1]2 o
(0B) (b v ) _ qn _ -
suplBr (i) =) | < i T T v B

For € > 0, let us define the following sets:

G:= {k: ”B,(:Zf)(el;-) —e1H > e},

(kT3

=1k _
G { ‘([k]qkw)[k—uqk

o €
{525

which implies that G € G; U G, and hence for all n € N, we obtain

Zﬂnk = Z Ank + Z Apk-

keG keGy keGy

€
1> -1,
-]

Hence, taking the limit as # — 0o, we have st4-lim, ||B5,‘f,’1’3)(el; ) —e1]l =0.

Similarly, by using Lemma 2, we have

gulnl} +2aln-2],
sup|BYP) (ey: x) — ey (x)] < an - —1|x2
xe}3| i (€23%) — 2] = (n—11g,[n -2, (Mg, + B2 |°
(2], 1], o?

20T

T anln—11,, 111, ([nl,, + B (1l + B

Now, let us define the following sets:

M= {k: B (o) —eo| z €},
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qk[k] + 20k —2],,

€
M = -4
! ‘M Dy k=2l (Ko + B Zs}
(21, [, e}
=1k:
Mo anlk 11, k=11, (Kl + BP —

o Lk o? €
N O]

Then we obtain M € M; U M, U M3, which implies that

E Ank = E Apk + E Apk + E Apk-

keM keM; keMy keMs
Thus, as n — 0o we get st4-lim, ||quf‘é€)(e2; -) — ez]| = 0. This completes the proof. O

Theorem 12 Let A = (a.x) be a non-negative regular summability matrix and (q,) be a
sequence in (0, 1) satisfying (4.1). Let the operators B;",“’If), n €N, be defined as in (1.3). Then,
for each function f € C,[0,00), we have

_hi (@.B)(£. .y _ _
sta-lim | B Gs) ~ 1], =
where p(x) =1 +x2**, A > 0.
Proof From [31, p.191, Theorem 3], it is sufficient to prove that st4 - lim, IIBff,;ﬁ) (ei;-)—eill2 =
0, where ¢;(x) = x/,i = 0,1, 2.

From Lemma 2, st4-lim,, ||B(,ff;,€)(eo; -) — epll2 = 0 holds.

Again using Lemma 2, we have

(]2, B ’+ 1 a }
(Inlg, + B)ln—1lg, 1 +#2) ([nlg, + B)

X
gl g

(4.2)

[”]2 ’ o

’dM%+ﬁM 1, | W, +p)

For each € > 0, let us define the following sets:

e B @) -] = €),

v
N ™

I

2
{ (kg +ﬂ)[k—]

o €
Gy={k:— > -1,
’ { [k]qk+ﬂ22}

which yields G € G; U G, in view of (4.2) and therefore for all n € N, we have

E anka ﬂnk"’E Apk-

keG keGy keGy

Page 14 of 18
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Hence, on taking the limit as n — o0, st4-lim, ||B§ff;,€)(el; -)—e1]l2 = 0. Proceeding similarly,

qulnly, +2a(n-2],,
[n—1l,,[n—2],,([nl,, +B)?
(2], ()3, o?

Fanln— 1, 11, ([, + B ([, + B

|BY (o2~ ea], =

Now, let us define the following sets:

M= (i B e - a2 ],

My = : ‘ qk[k]gk + Z(X[k—z]qk 1 i}’
k=11, [k — 2], (K], + B)> 3
L (2], (K13, N 5}
2T @k =10y, k=11, (kg + B2 ~ 3]
a? €
=k ——— > — 1.
Ms =K R < B 3}

Then we obtain M € M; U M, U M3, which implies that

Zankf Zank'*' Z Ank + Z Apk-

keM keMy keMy keMs

Hence, taking the limit as 7 — oo we get st4-lim, ||B£,°f;,€)(e2; -) — ez|l2 = 0. This completes
the proof of the theorem. O

5 Better estimates

It is well known that the classical Bernstein polynomials preserve constant as well as linear
functions. To make the convergence faster, King [38] proposed an approach to modify
the Bernstein polynomials, so that the sequence preserves test functions ey and e,, where
e;(t) = t', i = 0,1,2. As the operator B(,,‘f‘,’f )(f ;x) defined in (1.3) reproduces only constant
functions, this motivated us to propose the modification of this operator, so that it can
preserve constant as well as linear functions.

The modification of the operators given in (1.3) is defined as

o oo/A v
n(a,B)(£. _ E v—1 q [”l]qt + o
B”)q (f,x) - v=1 qn,v (/V{(x))q /(; bn,v—l(q; t)-f< [l’l]q + :8 > dqt

+ eq(—[n]qu(x))f( = a+ ; >’
q

[n]g+B)[n-1]gx—a[n-1]4

where r(x) = ¢ o

forxel, = [m,oo) and 7> 1.

Lemma 5 For each x € I,, by simple computations, we have
M) B ) =1;
(2) Bug () = x;
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(3) Baﬁ (t2 )_ [n— l]q q[n]2+2a[n Z]q) 2 [Z]q[”l]2*2q‘1[”*I]q(q[”l];+2a[”*2]q)
[n-24[n]2 q([n)g+B)n-214(n]2
2 [n]2(qln-1]g+[n-21g)+20> [n-1] 4 n- 2],,
([ng+B)2[m2[n-2]4

Consequently, for each x € 1,,, we have the following equalities:

Bg“;lﬁ)(t -x;%)=0
(nl2(qln =11, = In=2],) + 2aln —ln=2],
[n—2]4[n]7
(21, [ - 2galn — 11, (qn]2 - 2a[n - 2],)
gl + B)ln - 21,112
a2[n]$(q[n =1+ [n-2],) + 2a[n—1],[n - 2],
([nlg + B)?nl2[n - 2],

=: gn(x)» (51)

Bup (e~ 0s0) -

say.

Theorem 13 Letf € Cp[0,00) and x € I,,. Then there exists a positive constant C such that

[BEAf3x) - £()] < Con(f, Ve ),
where &,(x) is given by (5.1).

Proof Letg e W?2,x €1, and ¢ € [0,00). Using Taylor’s expansion we have
t
o) =gt0) + (e~ )+ [ (t- g
X
Applying B;fo ) on both sides and using Lemma 5, we get

t
Ple5s) - o) =B (-9l o)+ B ([ (0= g0 ).
X
Obviously, we have | fxt(t —u)g"(u) du| < (¢ —x)*||g" ||. Therefore
B (g50) — g ()| < B (e~ 2)%) ¢ = &) |-
Since B (f;%)| < |If I, we get

BEA(f;2) — f)| < [BEO(f — gio)| + | (F - @) )] + [BEP) (g50) — g()|
<2f —gll + &) ¢

Finally, taking the infimum over all g € W2 and using (3.7)-(3.9) we obtain

BEA (fi0) —f ()] < Con(f, V),

which proves the theorem. d
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