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Abstract

In this paper, we investigate some identities of g-extensions of special polynomials
which are derived from the fermonic g-integral on Z, and the bosonic g-integral
on Zp.

1 Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Q,, and C, will denote
the ring of p-adic integers, the field of p-adic rational numbers and the completion of
algebraic closure of Q,,, respectively. Let g be an indeterminate in C, with |1 -¢|, < pil’%l
and UD(Z,) be the space of all uniformly differentiable functions on Z,. The g-analog of
%. Note that lim,_,;[x]; = x. For f € UD(Z,), the bosonic p-adic
g-integral on Z,, is defined by Kim to be

x is defined as [x], =

PN-1

[,,N] Y f@q (see[1,2]) (11)
9 x=0

L(f) = /f )duq(x)— hm

and the fermionic p-adic g-integral on Z, is also defined by Kim to be

1 7l
L(f) = / SO dugo) = lim o 3 f@(-a) (see [1-3), (12)

Zp - 4 x=0

From (1.1) and (1.2), we have
Al 1) = @~ DFO) + = f'0) 13)
0gq
and

gl_4(fi) + 14(f) = [2],/(0) (see [1-3]). (1.4)

As is well known, the g-analog of the Bernoulli polynomials is given by the generating
function to be

q 1+ L=
ﬂx ZBM ~ (see[l, 2, 4-20)), (1.5)
qe*
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and the g-analog of the Euler polynomials is given by

[2
ge'

] Xt = tn
fle =HZ=;E,,,q(x)E (see [1, 2, 4-21]). (1.6)

The higher-order g-Daehee polynomials are given by

q—1+%10g(1+t)
ql+t) -1

A+ = ZDn,q(x)%, (17)
n=0 !

1

where t € C, with [t], <p 7T,
Now, we define the g-analog of the Changhee polynomials, which are given by the gen-
erating function to be

[Z]q % s ﬁ
<M>(l+t) "2 ol (18)

In this paper, we investigate some properties for the g-analog of several special polyno-
mials which are derived from the bosonic or fermionic p-adic g-integral on Z,.

2 Some special g-polynomials
1
In this section, we assume that t € C, with |£], < p"7T. Now, we define the higher-order

q-Bernoulli numbers,

-1

g-1+=r\" ad .

(it o= miry e
n=0 ’

When x =0, Bﬁ,’}l = BZZI(O) are called the higher-order g-Bernoulli numbers.
We also consider the higher-order g-Daehee polynomials as follows:

-1 .
q-1+ - log(l+8)\" o

1+t = E DY (x)—. 2.2

< ql+1)-1 ) (o 70 "’q(x)n! 22)

When x =0, D% = D%(O) are called the higher-order g-Daehee numbers.
From (1.3), we can derive the following equation:

/ s [ @ g () - - dpg (%)

-1 -
) q—1+1’gzlog(1+t) Lo
qgl+t)-1

n

= t
=2 D). (23)
4 n!
n=0
Thus, by (2.3), we get

(r)
/ f (xl Tt +x> diig() -~ dpig(x,) = Dual®) - ). (2.4)
Zp Zp

n n!
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By replacing ¢ by e’ —1in (2.2), we get

9] q-1 00
(et_l)n q_1+10 " t"
> DY) () = “ Z BY) (x)— (2.5)
nq nq
— n! qet — —~
and
> 1 "
(r) n_ (r)
ZD (x) ) = ;Dnvq(x)an! V;Sz(m, n)%
00 m o
= Z (Z D;’;(x)Sz(m, n)) — (2.6)
m=0 \n=0 ‘ m!

Thus, by (2.5) and (2.6), we get
BY)(x) =) D) (x)Sy(n, m). 2.7)
m=0

Therefore, by (2.4) and (2.7), we obtain the following theorem.

Theorem 1 For n > 0, we have
n
BY)(x) =) D) (x)Sy(m,m)
m=0

and

X1+ X+ X
/Z,,"'/z,,< ) )duq(xl)...duq(xr)

D)
oo

where Sy(n, m) is the Stirling number of the second kind.

From (2.1), by replacing ¢ by log(1 + £), we obtain

qg-1+ logqlog(1+t) )
( q0+0-1 )(1”)

i3 1 n
qu’)q(x); (log(1 + 1))

M

i
=

_ (r)
= E Bn’q(x)n!n! E S1(m, n) !
m=n

BN
(=]

o]

- Z(Z Si(m, n)B{) (x)) - (28)

m=0

where S (1, m) is the Stirling number of the first kind.
Therefore, by (2.2) and (2.8), we obtain the following theorem.
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Theorem 2 For n > 0, we have

DY) (@)=Y $1(m,m)BY), (x).

m=0

Now, we define the higher-order g-Changhee polynomials as follows:

2la N oS on® o
(qt+[2]q) (1+1) _Z::Chnyq(x) : (2.9)

When x =0, Ch(n', 31 = Chf,’, ZI(O) are called the higher-order g-Changhee numbers.
From (1.4), we note that

K]+ XX _ [Z]q ! x
/Z - Zp(1+t) dpi_g(xr) - dpt_g(y) = <qt+[2]q) 1+ )", (2.10)

Thus, by (2.10), we get

X1+ X+ X Ch;’)(x)
[ ( ! ) diglo) -+ dpi_g() = —22 1)
Zp Zp n n!

In view of (1.6), we define the higher-order g-Euler polynomials which are given by the
generating function to be

2], rext _ iE(r) (x)ﬂ (2.12)
ge' +1 - Tt '

n=0

From (2.10), we note that

[ [ @ d - dieyn)
Zp Zp

r
_ ( 10g317 1) exlog(l+t)
qe +

E f;(x)%(log(l + t))n

rqu

i
o

S EL@Y St

BN
(=]

Z(ZEm (%) (m, n)) & (2.13)

Therefore, by (2.11) and (2.13), we obtain the following theorem.

Theorem 3 For n > 0, we have

X1+ X+ X
/me/zp( ., )du_q(xl)... Ap_g(xy)

Ch”q(’“) ! i = E S
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By replacing ¢ by e — 1 in (2.9), we get

> t_1)" 21, 1\
S ont @@ o (LBla ) (214)
pr i n! get +1
and
) ¢
ZChM( ZCh Z 2m,m) —
n=0 m=n
00 m o
- Z (Z ChY) (x)Sa(m, n)) — (2.15)
m=0 \ n=0 ' n!

Therefore, by (2.12), (2.14), and (2.15), we obtain the following theorem.

Theorem 4 For m > 0, we have
x)—ZCh (%)Sy(m, n).

Now, we consider the g-analog of the higher-order Cauchy polynomials, which are de-
fined by the generating function to be

g+t -1 )r f N )
((l] 1) + logl log( t) (1 ’ t) ;12:(): Cn,q(x) n! ’ (2'16)

When x =0, C,(f,; = CE:,)I(O) are called the higher-order g-Cauchy numbers. Indeed,

1 t 1 "
lim< qa+0) - ) 1+~
—=l\g-1+ 1= logq L log(1+1¢)

_ ¢ )
= (log(1+t)> 1+ ZC (2.17)

where CY(x) are called the higher-order Cauchy polynomials.
We observe that

(1+t)x—( qgl+t)-1 )’(1+t) (q 1+ log(1+t))
- q—1+logqlog(1+t) q(1+t) 1

. Cx tl — o L
_ r _ r) __
= 2_Cla@ ) 22D
=0 m=0

(o) . t”
Z( ClxD) zq> p (2.18)

n=

and

(1+2)" Z(x)n : (2.19)
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By (2.18) and (2.19), we get

n

@n=) (7) @D, (2.20)

1=0

Therefore, by (2.20), we obtain the following theorem.

Theorem 5 For n > 0, we have

2\ 1 (1) 0 0
(-1 (e
=0

For n € NU {0}, we define the g-analog of the Bernoulli-Euler mixed-type polynomials
of order (7, s) as follows:

BE" (x) = / . / ES (e 31+ +9) diign) - ditgy). 2.21)
ZP Z[’

Then, by (2.21), we get
ZB 7,8)

t}’l
/ /Z B0+ - 30) i n) - ditg0r)

P n=0
2]‘7 Y1ty
_ (X+y1+-+yr d od .
(qet + 1) /Zp /%p wuqOn) -+ dpg(yy)
2 qg-1+ 5
(12 e g" ot (2.22)
qet +1 qet -

It is easy to show that

(2] =1+ EN SN (1 i) i v
(qetf1 get _1 ) 23S 1 EYBY, (%) - (2.23)
n=0 \ /=0 :

Therefore, by (2.22) and (2.23), we obtain the following theorem.

Theorem 6 For n > 0, we have

n

7,8, (s r
BE(x)=) " (I)Elq g %)-

=0

By replacing ¢ by log(1 + £) in (2.22), we get

(log(1 + 2))" [2] Srqg—1+7— 10 L Jog(1 +¢)
(r,5) q 29 x
;BE A (qt+[2]q)< g+ -1 )(1”)

2

" (n s t"
Z() ()Chﬁqmq}; (2.24)

m=
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and

ZB rs) (log(l +1))™

m!

Z{ZBE VS) x)S1(n, m)};—y; (2.25)

n=0 \m=0

Therefore, by (2.24) and (2.25), we obtain the following theorem.

Theorem 7 For n > 0, we have

n n n
> (m)Dﬁgfq(x) ChY,.. = > BEW)(x)S)(n,m).
m=0

m=0

Let us consider the g-analog of the Daehee-Changhee mixed-type polynomials of order

(r,s) as follows: for n > 0,

DCY)(x) = / / DY) (e +y1+ -+ y) dpgn) - dpg(vs). (2.26)
Zp Zp

Thus, by (2.26), we get

Z DCd(x

f /ZD (x+y1+- +ys d,u ) - dpg(ys)
Zp z

P n=0

_(q—l+%log(l+t)

20+0-1 ) /Zp ... ., (1 4 )t du_q(yl) . du_q(ys)

q- 1+logqlog(1+t) 2, \ N
d+0 -1 )(qmz]q)(“”

|
/P_q\ N
3
)
NS
)
3%
~———
PR
[
Q
RS
KR e
®
=|

m=0 1=0
o0 n
n t”
_ (r) () .
= Z (m)D,[,, ,Chy, q(x)} - (2.27)
n=0 \m=0

and

ZDC“ 9w l)n

_ 1- 1+10gq ' (214 sext
get -1 qet +1

:Z{Z( > r:thitS)mq(x)]f,l_r;' (2.28)
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Now, we observe that

ZDC“ 9w Dn

=) DCUI ()~ n'Zsz(m,n)—

n=0

=3 { > DCI (x)S2(m, n)} % (2.29)
m=0 :

Therefore, by (2.27), (2.28), and (2.29), we obtain the following theorem.

Theorem 8 For n > 0, we have

pe0)-3: )b st

m=0

and

n n n
> <m>B§2quflm,q(x) =Y DCY(x)Sy(n, m).
m=0

m=0

Now, we consider the g-extension of the Cauchy-Changhee mixed-type polynomials of
order (r,s) as follows: for n > 0,

CC2)(x) = f / CO (x4 y1+ -+ ) dpgn) -+ dpe_g(yy). (2.30)
Zyp Zp

Thus, by (2.30), we get

t}’l
Z CCU (x) =
n!

tVl
S o0 a0 die )
Zp Z, H

P n=0

_ ( aten-] )( 12l )S(l e
qg-1+ logq Llog(1 +¢) qt + 2],
= Z{Z (m>cr> Ch® mq(x)} i (2.31)
n=0 \m=0 nt
Z CC rs) )w

()
q-1+2L= get +1

logq
00 o 00 tl
_ (-n>_ (5) ()

oo n n t”
= Z ( )B(m_rq)El(45>m q(x)) —- (2.32)
m ’ ’ n!
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Note that

oo

Z ey (Z CCox)S,(n, m)) a3 (2.33)

n=0

Therefore, by (2.31), (2.32), and (2.33), we obtain the following theorem.

Theorem 9 For n > 0, we have

T Y 0
CCr@ =" (m)c Chy,, ()

m=0

and

n

n n
(m) BGIEY, (@)=Y CCY)(x)Sy(n, m).
m=0 m=0

Finally, we define the g-extension of the Cauchy-Daehee mixed-type polynomials of or-

der (r,s) as follows:

CDZ’;)(%) = / ce / Cﬁ:;(x Y+ +J/r) d,u,q(xl) . dﬂq(xr). (2.34)
Zp Zp
Thus, by (2.34), we get
Z CD(rs
= / / Z CO e tyr+e+y0)— dﬂq()/l) - dpg ()
Zp Zp y=o
(1+t) 1 r o
:( f (1+t) )1 ysd“q(yl)"-duq(ys)
q9- 1+ logq ]Og(l + t) Zp Zy
_( (1+t) 1 )r<q_1+logqlog(l+t)) 1+
q-1+{ log1+1) gl+8)-1
> no C;(I,r;s) (x)% ifr>s,
i P DS;) (x)% ifr<s, (2.35)

ZZO:O (x)n il_n, lf}" =8.
Therefore, by (2.35), we obtain the following equation:
C(r—s) .
ng ) ifr>s,

CDy(x) = { DS (x) ifr<s,

(x),, ifr=s.
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