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1 Introduction and preliminaries
Let H(U) be the class of holomorphic functions in the unit disk U = {z € C: |z| < 1}, and
define

A, =lf e H) :f(&) =z +ayuz" +---,zeU}, neN.

Also, let

zf'(2)
f(2)

S,’j:{feAn:Re >0,zeU}

be the class of n-starlike functions in U, and

C, = {fe A, :Re(1+ fo/’;S)) >0,z¢€ U}

be the class of n-convex functions in U. The notations S* := §f and C := C; are well known,
where §* and C represent, respectively, the class of normalized starlike and normalized
convex functions in the unit disc U.

In the recent years, many authors have obtained some sufficient conditions for star-
likeness and convexity, that can be found, for example, in [1-5] etc., together with many
references. In the present paper, by using some simple integral inequalities, we generalize
the results of [4] and we give some interesting special cases of our results. The methods
used here are frequently used in complex analysis and operator theory on spaces of ana-
lytic functions; among others, for example, in obtaining estimations for point evaluation
operators on spaces of analytic functions of one or several variables containing derivatives
in the definition of the spaces (see, for example, [6] and [7]).
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To obtain the generalized conditions for n-starlikeness and n-convexity, presented in
the following sections, we shall require the following lemma.

Lemma 1.1 [1, 2] Iff € A, and

If'(2) -1 < %;H zel, (11)

thenf € S;.

2 Generalized conditions for n-starlikeness
Using the previous lemma, we will prove the next sufficient condition for n-starlikeness.

Theorem 2.1 Let f € A, and suppose that

n+1l

VUO)(Z)| = m -M,(jo), zel, (2.1)

for some integer jo > 2, with

if2<jo<n+l,

M, (o) := Z}Q L), ifjo > 1+ 2. (2.2)
Then f € S;.
Proof Since f € A,, we have

fP0)=0 for2<k<n. (2.3)

(i) First, we will prove that (2.1) implies f € S} for jo = 2. Thus, if

" n+1
(m+1)2+1

then we have

2|
If'(2) ‘/ f”(s“)dz' "(0e"”)|dp
n+1 n+1
lz] < , zel,
(m+1)2+1 m+1)2+1

and according to Lemma 1.1 we deduce that f € S;;.
(ii) Suppose that there exists an integer 3 < jo < n + 1 such that inequality (2.1) holds.
Using relation (2.3), we may easily see that

[fo(z)| = ’ / F9 ) dg +f°°‘1)(0)‘ =

/0 f"‘”(:)dc‘

n+1

+1
(o) d , U.
./ lf (,oe )| p_\/( 1)2+1| i Vr+1)2+1 ‘€
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Consequently, if inequality (2.1) holds for some integer 3 < jo < + 1, then

‘ 1
f9(2)] < ————, zeU, forall2<j<jo—1.

V(n+1)2 +1

Using the fact that we have already proved that if (2.1) holds for j; = 2, then f € S}, from
the above remark it follows that our result holds for any integer 2 <jo <n + 1.

(iil) Now we will prove that the result holds for j, = # + 2. Thus, a simple computation
shows that

" ()| = ’ / ) g +f<"”>(0)’
0

z 2|
< / f(n+2)(§')d§' + lf(n+1)(0)| S/ lf(n+2)(pei9)|dp + l]c(n+1)(o)|
0 0
< <"—+1 ~ M, (n+ 2))|z| L)« 2L e,
Vo (17 41
that is,
[f(””)(z)] < nil ey,

,/(n+1)2+1’

and using the result of the part (ii) of our proof for j, = n + 1, it follows that f € S;'.
(iv) Finally, supposing that there exists an integer jo > n + 3 such that (2.1) holds, it
follows that

o) = ‘ | e ac +f0‘0-“(o>‘
0

=<

2]
+ V(io—l)(o)‘ < i [f(jO)(peiQ)’dp + Lf(/o—l)(o)’

/0 £ () dg

= <7(n"%)12+1 —Mn(io)> J2] + |00 (0)]

n+l

) V+1)2+1

Consequently, if inequality (2.1) holds for some integer jo > n + 3, then

~M,(jo—-1), zeU.

n+1

Vin+1)2+1

Since we have already proved that if (2.1) holds for j, = n + 2 then f € S, from the above

If9(2)] < -M,(j), zeU, foralln+2<j<jo-1

remark the second part of our result follows, and the theorem is completely proved. [

Remark 2.1 If we put # =1 in the above result, we get [4, Theorem 2.1].

3 Generalized conditions for n-convexity
In order to prove our main result, first we give the following two lemmas.

Page3of 13
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Lemma 3.1 Letf € A, and suppose that

F90)(2)] < ”—H zeU, (3.)

2y (m+1)% +

for some integer 2 < jo <n+1. Then f € C,.

Proof (i) First, we will show that this implication holds for j, = 2. Letting F(z) = zf'(2), then
feC,ifandonlyif F e S;. If

lf”(z)| E ni-'—ly ZGUJ

2/ (n+1)2+1
a simple computation shows that
|F'(2)-1|=|zf"(2) +f'(2) - 1! <lof"(@2)| +|f () - 1]
// d{‘ zf// / V// ,oe |d,0
n+l n+l n+l

|| + || < , zel,
(m+1)2+1 2/ (m+1)2 +1 V12 +1

Zf//

and by Lemma 1.1 we deduce that F € S}, i.e., f € C,,.
(ii) Suppose that there exists an integer 3 < jo < n + 1 such that inequality (3.1) holds.
Using relation (2.3), we may easily see that

[f%D(z)| = ‘ / fe)de +f°’°‘”(0)‘ = ’ f f(’O)(é)ds“‘
0 0

n+1l n+1

|z
< G0) (0e®Y| do < ,
_./o o) p_2 (n+1)2+1|Z|<2\/(n+1)2+1

Thus, we have obtained that if inequality (3.1) holds for some integer 3 <j, < +1, then

zeU.

, 1
f9(2)] « — =, zeU, forall2<j<jo-1.

2/ (n +1)2 1

Since we have already proved that if (3.1) holds for jy = 2 then f € C,, our result follows

from the above remark. O

Lemma 3.2 Let f € A, and suppose that

o) 1 ( n+l N )
V | ]0+1 \/m n(]O) , zel, (3‘2)

for some integer jo > n + 1, with

(n+ 1)[f"D(0)], ifjo=n+1,

4 3.3
YRTHFR)] 4 jolf 0N, ifjo = m+2, .

Nuu(jo) := Mu(jo) +jo|f7(0)] = {

where M,(jo) is given by (2.2). Then f € C,,.
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Proof Suppose that there exists an integer jo > #n + 1 such that inequality (3.2) holds. If we
let F(z) = zf'(z), then f € C, if and only if F € S;!. Since

F(/o)(z) — Zf(io+1) (2) +jof(j°)(z),
we obtain that
|F(j°)(z)\ — |Zf(io+1)(z) + ka(io)(Z)|

< lzl[f*V(2)| + o

[ 7@ dc 00

|zl
< 2@ o [ (o) dp -+ ol (0)
0

< (jo + DIzl [f9 V()| +jo [F7(0)]
n+1 n+1

<~/(n+1)2+1 Vn+1)2+1

Thus, we have obtained that if inequality (3.2) holds for some integer jo > n + 1, then

~ Niujo) +jo [f0(0)| = - M,(jo), zeU.

n+l

and from Theorem 2.1 we deduce that F € S};, hence f € C,, which completes the proof of

’FUO)(z)‘ < -M,(o), zel,

the lemma. O

Combining Lemma 3.1 and Lemma 3.2, we obtain the next conclusion for the n-
convexity sufficient conditions.

Theorem 3.1 Letf € A, and suppose that
[f% V()| < Puljo), z€U,
for some integer jo > 1, with

n+l . < <
Paljo) = | 2ot fl=jo=n,
n A 1 n+l . o e
W(W_N”(IO))’ ifjo=n+1,
where N, (jo) is given by (3.3). Then f € C,.

Remark 3.1 If we put # =1 in the above results, we obtain [4, Theorem 3.1].

Using a similar method as in the proof of Theorem 2.1 and Lemma 3.1, we can easily
derive the following result.

Theorem 3.2 Letf € A, and suppose that

. 1
VUOH)(Z” = Quljo) := ﬁ -My(jo+1), zel, (3.4)

Page 5of 13
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for some integer jo > 1, where M, (jo + 1) is defined by (2.2), i.e.,

0, ifl1<jo<n,

My,(i() + 1) = i n 7
{Z’kol [F"+0)], ifjo=n+1.

Thenf € C,.

Proof (i) For 1 <jy < n, the result follows from Lemma 3.1.

(ii) We will prove that the result holds for j, = 7 + 1. A simple calculus shows that

)| = ‘ [reoac +f(”*”(0)’
0

|z
+ lf(;ﬁl)(o)’ < /0' V‘(}’l+2) (pem)’dp + lf(n+l)(o)|

< ((n;l -~ M,(n+ 2)) 2| + £ (0)|

‘ (n+2)
5’ [ s orac

n+1)2+1
n+1 cU
K—F/—, 2 ’
2/ +1)2 +1
that is,
+1
[f('”l)(z)] < " zeU,

2/m+1)2+1

and using the result of the part (i) of our proof for j, = #, it follows that f € C,.
(iii) Supposing that there exists an integer jo > # + 2 such that (3.4) holds, it follows that

()| = ‘/ S0() de +f°'°>(0)'
0
4 Izl , .
+Lf(10)(0)’§/ 19+ (0| dp + |£59)(0)|
0

< ((n;l — M, (o + 1))|Z| + [ (0)|

n+1)2+1

n+1

) 2¢/(n+1)2+1

‘ (jo+1) d
s‘/of ©)dz

—Mn(j())’ z e U

Thus, if inequality (3.4) holds for some integer jo > n + 2, then

n+1

[Fi ()| < 1—M,,(/'+1), zeU, foralln+1<j<jo.

2/ (n+1)% +

Since we have already proved to the part (ii) that if (3.4) holds for jo = n + 1 then f € C,,

our theorem follows from the above remark. O

Remark 3.2 If we put # =1 in the above results, then we get [4, Theorem 3.2].
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It remains to determine which of the above last two theorems gives weaker sufficient
conditions for n-convexity, i.e.,

0 @)] = Roo) = max {Pu(jo); Qulio)},  z€ U,
implies f € C,,.

(i) First, let us consider the case jo > n + 2.
A simple computation shows that R, (jo) = Q,(jo) if and only if

Quljo) = Pu(jo) and  Quljo) =0,

which is equivalent to M,,(jo + 1) < min{A; B}, where

_Jo—1 nt+l (o) ) . n+l
A:= 0)l ), Bi= ———. 3.5
Jo <2 ("+1)2+1+lf ©) 2/ (m+1)%+1 (35)

Moreover, it is easy to check that

n+1

in{A;B} = A io — D|F%(0 _
min{A4; B} < (o )[f ( )| = NI
and

n+1

2\/(n+1)2+1.

min{A;B} =B & (o - D)|f(0)| >

Reversely, R,(jo) = P,(jo) if and only if

Qn(iO) =< Pn(iO) and Pn(io) >0,

that holds whenever A < M, (jo + 1) < C, where

n+1l .
Ci=—— —(jo— V) (0. 3.6
(n+1)2+1 Go - Dl (0] (3.6)

Moreover, we have

n+1l

2/m+1)2+1

(ii) Secondly, let us consider the case jo = n + 1.

A<C & (o-D[f"0)]=

A simple calculus shows that

R,(n+1)=Q,(n+1) = ntl - V("+1)(O)|

2/ (m+1)% +1

if and only if

Qn+1)>P,(n+1) and Q,(n+1)>0,
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which is equivalent to

4 ()| < mi n(n +1) : n+1 }: n+1 ‘
e )‘_mln{2¢(n+1)2+1 2/(mn+12+1) 2y/(m+1)2+1
Reversely,
B _n+l n+1 1 p(neD)
R,,(n+1)—P,q(n+1)—n+2(\/m lf (0)‘)

if and only if
Q,n+1)<P,(n+1) and P,(n+1)>0,

that holds whenever

ﬂ(l’l + 1) < V-(n+1)(o)| < 1

2/m+1)2+1 T /mr1)2+1

In order to have

n(n+1) _ 1
2/(m+12+41° J(m+1)2+1

’

we obtain that # = 1, but this case is contained in the first part of (ii).

Now, from Theorem 3.1 and Theorem 3.2, we deduce the next conclusion.

Theorem 3.3 Let f € A, and suppose that
[f0 ()| < Ruljo), z€U,

for some integer jo > 1, with

n+1
(i) Ruljo) :i= ——=, f1=<jo=<mn,
Uo 2/ (m+1)2+1 1 =jo
. n+1 . L
(i)  Ru(jo) := NCT Sl [F" D), ifjo=n+1
n+1

and [f(”"l)(O)‘ <

T2 /mr1)2+1

n+1

2/ (n+1)2+1

(ii) Ru(o) := -MuGo+1), ifjo>n+2,

) n+1
o — D|fD(0)| > ——— and M,,(jo +1) <B,
Uo v | 2/(mn+1)2+1 Uo

n+1l
(iv) Rn(io)1=m—Mn(io+1); lfjozn+2,

) n+1l
jo — D|f0V(0)| < ——= and M,(jo +1) < A,
Uo lf | 2/(m+1)2+1 o

(3.7)

Page 8 of 13
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1 n+1 ~ ) o o) )
V) Rn(]O)'—],O+1< PR Mo +1) = (o — D|fY(0)| ),

n+1l

2¢/(n+1)2+1

where M, (jo), A, B and C are given by (2.2), (3.5) and (3.6), respectively. Then f € C,,.

ifjo = n+2,(jo —1)|f°*(0)| < and A < M,(jo +1) < C,

4 Special cases
In this section we give some special cases of our main results.
1. Taking the polynomial function

Jom(2) =z + an+lzwrl +otanmz", zeC, (4.1)

where m € N, then f,,,, € A,, degf, ., = n + m. It is easy to see that

m
, n+k ,
[ @) =jo! D ( ; )a,,+kz”’°+k, zeC, if2<jo<n+1, (4.2)
k=1 N 70
n—jo+k n+k
9@ =jo! Y ( ; k)a”+k2nj0+k: zeCifn+2<jo<n+m, (4-3)
’ — \n—jo +
k=jo—n

and from Theorem 2.1 we deduce the following result.

Corollary 4.1 Let f,,, be the polynomial function of the form (4.1) and suppose that for
some integer 2 < jo < n + m, one of the following inequalities holds:

Q) s(’O)(m - n+1

" )_,/(n+1)2+1,

#25j0§n+1;

, n+1 foord
(i) sP(m) < —es - (m+NMansl, ifn+2<jo<n+m,
n+1)2+1 ; / i
where

(o) i1 o (nk ; H

9O m) =jot» (7 Nlawl, 2<jo<n+1, (4.4)
o N o
" n+k

s (m) =jo! Y ( . >|ﬂn+k|; ifn+2<jo<n+m. (4.5)
ke \ o +k

Then f,,, € S;.

Taking jo = n + 1 and jo = n + m in Corollary 4.1, we deduce that if one of the following
inequalities holds:

2 (n+k n+l
(I’l+1)' ( )'a;ﬁ | S (4'6)
; n+1 ‘ Vir+1)2+1

D+ k)layl < el (4.7)

P \/(n+1)2+1’
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then f,,, € S;;. It is easy to check that condition (4.6) is stronger than (4.7), hence we get
the following.

Example 4.1 Iff, ,, is the polynomial function of the form (4.1) and

n+1

(l’l+k)!|(l"+ | S
; . Vm+1)2+1
thenf,,, € S;.

Remark 4.1 For n =1 and m = 3, the above example reduces to the [4, Example 2.1], that
is, if |ay| + 3|as| + 12|a4| < %, then fi3(z) = z + ax2* + a3z® + asz* € S}

According to Theorem 3.3 and using the differentiation formulas (4.2) and (4.3), we
obtain the next result.

Corollary 4.2 Let f,,,, be the polynomial function of the form (4.1) and suppose that for
some integer 1 < jo < n+ m —1, one of the following inequalities holds:

) n+1
(i) s9Vom) < ———, ifl<jo<n,
" 2/ (m+1)2+1 1o
. n+1
(i) s Vm) < ———— —(n+ Dlapl, ifjo=n+1,
" 2/ +1)2+1 wb o
n+1 o
(iid) s%”’(m)< (1 + ) ansl,
" CERE Z St

n+1

2/ (n+1)2 1

l:fl’l-{-?.fjoSl’l+m—1,(io+1)!(jo—1)|ﬂjo+1|>

jo-n
and ) (n+))lan,| <5
j=1
n+1 foon
(iv) s0OV(m) < ——ee (1 + )| @]
g 2¢/(n+1)2 Z PNy

n+1

2/m+1)2+1

ifn+2<jo<n+m-10(jo+1)(jo — Dlaj,+1] <

jo—n
and Z(” +j)!|an+j| SA/,
j=1

) 1 n+1 Joon
v) s (m) < - =Y (4 Pans| = jo'Go — Dla, | |
n joril\2/mr12+1 ; Pl = jo'Go o

n+1

Najynl| £ —F———,
o 2/(n+1)?+1

ifn+2<jo<nm+m-1,0o+1)(jo -1

jo—n
and A" <y (n+)lan,;| < C,
j=1
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where s,({oﬂ)(m) are given by (4.4) and (4.5), and

, Jo—1 n+1 ,
A= ]0, ( +]o!|ﬂ/0|),
Jo \2{/(m+1)2+1

n+1

W —Jjo!Go = Dlaj, .

n+1 ,

/

B = s
2 (m+1)2 +1

Then f,,m € Cy,.

Taking j, = # in Corollary 4.2, we deduce the following special case.

Example 4.2 Iff, ,, is the polynomial function of the form (4.1) and

" n+k n+1
(n+1)!Z( l)mmm =3

o\t m+1)2+1
then f,,,, € C,,.

Remark 4.2 For n =1 and m = 3, the above example reduces to the following one: if |a,| +

3las| + 6las| < 2%/5, then f13(2) = z + @22 + 432> + asz* € C,,.

2. For the function

no g 00
fu(2) =z+a<ez—z%> =z+2 (nilk)!z’“k, zeC, (4.8)

k=0 k=1
where a € C, we have f;, € A,, and we may easily check that

k-1

(n+1) _ a z
@ = “;(k—nz

1
§|a|2—(k_1)!:|a|e, zeU.
k=1

If we take jo = n + 1 in Theorem 2.1 and j, = # in Theorem 3.3, we deduce, respectively,

the following.

Example 4.3 If f, is the function defined by (4.8) and

n+1l

e/ (n+1)2 +1

then f, € S.

|| <

Example 4.4 Iff, is the function of the form (4.8) and

o] < n+1
o

| —_— 4}
2e/(m+1)2+1

then f, € C;.
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3. Considering the function

. n-1 L Z2k+1
gm(z) =z+a|sinz- kX:O:(—l) k1)
—1)k
=z+ Z sz‘”, zeC, (4.9)

where a € C, then g, € Aj,, and

z%

(2n+1) — = _ ntj <~

< |§: 1 _ |e+e‘1 U
_ozjzo(zj)!—oz 5 z€U.

Taking jo = 2n + 1 in Theorem 2.1 and jy = 2# in Theorem 3.3, we obtain, respectively,
the following.

Example 4.5 If g5, is the function defined by (4.9) and

2 2n+1

e+vel JOn+1)2+1

then g, € S5,

|| <

Example 4.6 If g, is the function of the form (4.9) and

1 2n+1

etel Jon+1)2+1

then g, € C;,.

|| <

4. Taking the function

8 n . 22k
n+ = - -1
on41(2) z+(x<cosz kZO:( ) (2/()!)

o .
(D™ o9

C, 410
21+ 2))! e (4.10)

=z+
J=1

where o« € C, then hy,,,1 € Ayui1, and

2j-2

- n+j z
L o

K5 (2)] =

oo
1 e+e
< E = , eU.
=l ~ (2-2)! o= =
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If we choose jo = 2n + 2 in Theorem 2.1 and j, = 2n + 1 in Theorem 3.3, we obtain,
respectively, the following.

Example 4.7 If h5,,; is the function defined by (4.10) and

2 2(m +1)

la] < T )
e+e Jam+1)2+1

then h2n+1 (S 8;n+1'

Example 4.8 If /,,; is the function of the form (4.10) and

1 2(m +1)

e+el Jan+1)2+1

then h2n+1 € C;wrl‘

|| <

We emphasize that all the above #-starlikeness and n-convexity criteria are very useful
since the direct proofs are too difficult in each of these examples.
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