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Abstract

In this paper, we obtain some fixed point results for generalized weakly contractive
mappings with some auxiliary functions in the framework of b-metric spaces. The
proved results generalize and extend the corresponding well-known results of the
literature. Some examples are also provided in order to show that these results are
more general than the well-known results existing in literature.
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1 Introduction

The Banach contraction principle [1] is a basic result on fixed points for contractive-type
mappings. So far, there have been a lot of fixed point results dealing with mappings satis-
fying diverse types of contractive inequalities. Various researchers have worked on differ-
ent types of inequalities having continuity on mapping or not on different abstract spaces
viz. metric spaces [2—4], convex metric spaces [5], ordered metric spaces [6], cone metric
spaces [7, 8], generalized metric spaces [9, 10], b-metric spaces [11-15] and many more
(see [16—20] and references cited therein).

In 1993, Czerwik [12] introduced the b-metric spaces. These form a nontrivial gener-
alization of metric spaces and several fixed point results for single and multivalued map-
pings in such spaces have been obtained since then (see [11, 14, 15, 21] and references cited
therein).

Let (X, d) be a metric space and T: X — X. A mapping T is said to be a K-contraction
[4] if there exists & € (0, %) such that for all x,y € X the following inequality holds:

d(Tx, Ty) < a(d(x, Tx) + d(y, Ty)).

In 1968, Kannan [4] proved that if (X,d) is a complete metric space, then every K-
contraction on X has a unique fixed point.

In 1972, Chatterjea [2] established a fixed point theorem for C-contractions mappings,
that is, a mapping T is said to be a C-contraction if there exists « € (0, %) such that for all

x,7 € X the following inequality holds:

d(Tx, Ty) < a(d(x, Ty) + d(y, Tx)).
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Various researchers generalize and/or extend Kannan and Chatterjea type contraction
mappings to obtain fixed point results in abstract spaces (see [3, 5, 7, 8, 12, 13, 22-31]
and references cited therein). In this paper, we generalize and extend the Kannan and
Chatterjea type contractions with some auxiliary functions to obtain some new fixed point
results in the framework of b-metric spaces. The proved results generalize and extend the
corresponding well-known results of Chandok [22-25], Choudhury [27], Filipovi¢ et al.
[7], Harjani et al. [28], Moradi [29], Morales and Rojas [8], Razani and Parvaneh [30] and
of Shatanawi [31].

2 Preliminaries
To begin with, we give some basic definitions and notations which will be used in the
sequel.

Definition 2.1 ([12]) Let X be a (nonempty) set and s > 1 be a given real number. A func-
tiond: X x X — R* isa b-metricif, for all x, y, z € X, the following conditions are satisfied:

(b1) dx,y)=0iffx=y,
(b2) d(x,y) =d(y,x),
(b3) d(x,z) <sld(x,y) +d(y,2)].

The pair (X, d) is called a b-metric space.

It should be noted that the class of b-metric spaces is effectively larger than that of metric
spaces, since a b-metric is a metric if (and only if) s = 1. We present an easy example to
show that in general a b-metric need not be a metric.

Example 2.1 Let (X, p) be a metric space, and d(x,y) = (p(x,y))’, where p > 1 is a real
number. Then d is a b-metric with s = 2?-1, However, (X, d) is not necessarily a metric
space. For example, if X = R is the set of real numbers and p(x,y) = |x — y| is the usual
Euclidean metric, then d(x, y) = (x — y)? is a b-metric on R with s = 2, but it is not a metric
on R.

It should also be noted that a b-metric might not be a continuous function (see Exam-
ple 3 of [21]). Thus, while working in b-metric spaces, the following lemma is useful.

Lemma 2.1 ([11]) Let (X, d) be a b-metric space with s > 1, and suppose that {x,} and {y,}
are b-convergent to x, y, respectively. Then we have

1
d0y) < liminfd(x, y,) < lim sup (e, 7,) < sd(x,y).

n—00

In particular, ifx = y, then we have lim,,_, oo d(x,,,y,) = 0. Moreover, for each z € X, we have

1a,’(x, z) <liminfd(x,,z) <limsupd(x,,z) < sd(x,z).

s 100 100
Definition 2.2 Let (X, d) be a metric space. A mapping 7: X — X is said to be sequen-
tially convergent [32] (respectively, subsequentially convergent) if, for every sequence {x,,}
in X for which {Tx,} is convergent, {x,} is also convergent (respectively, {x,} has a conver-
gent subsequence).
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3 Main results
We denote by W the family of functions v : [0,00) — [0, 00) such that ¥ is continuous,
strictly increasing and ¥ ~1({0}) = 0.

Also we denote by ® the family of functions ¢: [0,00)* — [0, 00) such that ¢(0,0) > 0,
o(x,9) >0 if (x,7) #(0,0), and ¢(liminf,_, o a,, liminf,_, » b,) < liminf,_, o @(a,, b,).

Theorem 3.1 Let (X, d) be a complete b-metric space with parameter s > 1, T,f: X > X
be such that, for some y € V, ¢ € O, and all x,y € X,

w ( d(Tx, Tfy)+d(Ty, Ifx) )

s+1
VAT T0) = 1 T Ty, (T, T)” (1)

and let T be one-to-one and continuous. Then:
(1) Forevery xo € X the sequence {Tf"xy} is convergent.
(2) If T is subsequentially convergent then f has a unique fixed point.
(3) If T is sequentially convergent then, for each xo € X the sequence {f"xy} converges to
the fixed point of f .

Proof Let xq € X be arbitrary. Consider the sequence {x,,}°°, given by x,,,1 = fx,, = f""xo,
for n> 0.

Step L First, we will prove that lim,,_, o d(Tx,,, Tx,41) = 0.

Using (3.1), we obtain

1P(Sd(Txn+1, Txn)) = w(Sd(fonr fon—l))

d(Txp, Tfxy_1)+d(Txy,_1,Tfxn
W ( (Txn, Ifx, 12:1(% 1 fx))

=1+ o(d(Txy, Tfxp-1), d(Txp-1, Tf%n))

w ( d(Txanxn)+£fxn—lvTxn+l) )

) 1+ w(d(Txn: Txn): d( Txn—lr Txn+l)) ’

(3.2)

Since ¢ is nonnegative and v is an increasing function and using the triangular inequality

we have

A(Txn-1, Txp1)
s+1

w(Sd(Terl’ Txn)) = w(

<y (L (d(Tx,,_l, Tx,) + d(Tx,, Txn+1)))-
s+1

Again, since ¥ is increasing, we have
1
A(Ton1, Ton) < —— (A(Tor, Toen) + (T, Ton)),
s+
wherefrom
1
d(Terl: Txn) = _d(Txn: Txn—l) = d(Txn’ Txn—1)~
s

Thus, {d(Tx,.1, Tx,)} is a decreasing sequence of nonnegative real numbers and hence it

is convergent.
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Assume that lim,_, o d(Tx,,41, Tx,) = ¥ > 0. From the above argument we have

1
Sd(Terl: Txn) = —d(Txn—l: Txn+1)
s+1

IA

% (d(Txn—b Txn) + d(Txn: Txn+l))

=

N|w @«

d( Txn—ly Txn) + d(Txnr Txn+1))'
On taking the limit # — 0o, we obtain

lim d(Tx,_1, Tx,41) = s(s + 1)r.

n—00

From (3.2), we have

W ( 0+d(Txn-1,Txn+1))

d(D n+ rT n)) = s+l .
I/j(s ( ety 2 )) - 1+<p(0,d(Tx,,_1, Txn+l))

On letting # — oo and using the continuity of ¢ and the properties of ¢ we get

W (sr)
VS T s

and consequently, ¥ (sr) = 0. Hence using the properties of ¥, we have

r= lim d(Tx,, Tx,,1) = 0.

n—00

Step II. Now in next step we will show that {7%x,} is a b-Cauchy sequence.

(3.3)

Suppose that {Tx,} is not a b-Cauchy sequence. Then there exists ¢ > 0 for which we

can find subsequences {Tx,, } and {Tx,, } of {Tx,} with n is the smallest index for which

nx > my > k such that
A(Txy, Tpy) > €
and
ATy, Ty 1) < €.
From (3.4), (3.5), and using the triangular inequality, we have

&= d(Txmk’ Txnk) =< S[d(Txmkr Txrlkfl) + d(Txnkfb Txnk)]

< s& + sd(Tx,—1, Txn,).
On letting k — 00, and using (3.3), we obtain

e <limsupd(Tx,, Tx,,) < se.
k—o00

(3.4)

(3.6)
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Further, we have
ATy Ton) < S[A( Ty, Toome—1) + A(T—1, Tion)]
Now using (3.3) and (3.5), we get

€
— <limsupd(Tx,,_1, Txm,) < &.
s

k—o00

Consider

ATy, Titn,) < s[d(Txmk, Tx 1) + ATy 1, Tx,,k)]
and

A(Txpyp-1, Tony) < s[d(Txmk_l, Txm) + AT, s Txnk)].

Using (3.3) and (3.6), we get

“© | ™

<limsupd(Tx—1, Txy,) < s%e.
k—o00

Similarly, we can show that

<liminfd(Tx, 1, Tom,) < &

&
S k—00

and

©v | ™

<liminfd(Tx, 1, Txy,) < ste.
k—o00

Since 241 < s and using (3.1) and (3.7)-(3.10), we have

T+l
Y(se) <y <slim sup d(Tx,, Txnk))
k—o0

=y (s lim sup d(Tfx -1, fonk—l))

k—00

. d(Txmk—lrfonk—l)"‘d(Txnk—l:fomk—l)
limsup,_, o ¥( T )

T 1+ liminfi- o w(d(Txmk—lx fonk—l)x d(Txnk—l’ fomk—l))

. d(Txmk—l»Txnk)er(Txrzk—l»Txmk)
Y (limsupy_, o] )

<
T 1+ e(liminfi_, oo A(TXpmy -1, T, ), iminfy_ oo d(Txp -1, T, )

528+8
V(5

<
T 1+ @(liminfy, oo A(TXm; -1, Ty, ), iminfy_ oo d(Txp -1, T, )

Y (se)

< .
T 1+ o(liminfi, oo d(Txy -1, Txy, ), iminfy, oo d(Txy 1, Ty )

3.7)

(3.8)

(3.10)
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Hence, we obtain
<p<1iminfd(Txmk_1, Ty, ), liminf d( T, 1, Tx,,,k)) <o.
k—00 k—o00
By our assumption about ¢, we have
liminf d(Tx,, -1, Ty, ) = liminf d(Tx,, 1, Txp) = 0,
k— 00 k— o0

which contradicts (3.9) and (3.10).
Since (X, d) is b-complete and {Tx,} = {Tf"xo} is a b-Cauchy sequence, there exists v € X
such that

lim Tf"xg = v. (3.11)
n— o0
Step III. Now in the last step, first we will prove that f has a unique fixed point by as-
suming that T is subsequentially convergent.
As T is subsequentially convergent, {f"x,} has a b-convergent subsequence. Hence,
there exist u € X and a subsequence {#;} such that

lim f"ixg = u; (3.12)

i—00

using (3.12) and continuity of T', we obtain

lim Tf"xy = Tu. (3.13)
11— 00
From (3.11) and (3.13) we have Tu = v.
From Lemma 2.1 and using (3.1), we have

v (s ) %d(Tfu, Tu)) <y (lim supsd(Tfu, Tf”*lxo))

= <lim sup sd(Tfu, fon)>

w (hm SUp,,_, o d(Tu,fonz:;i(Txn,Tfu) )

<
~ 1+ liminf,_, oo @(d(Tu, Tfx,), d(Tx,, Tfu))

d(Tu,Ti d(Tu,T)
Iﬂ(s (Tu. u)sisl( u fu))

<
~ 1+ ¢(liminf,_, o d(Tu, Tfx,), liminf,_, o d(Tx,, Tfu))

Y (d(Tu, Tfu))
~ 1+ ¢(0,liminf,_, o d(Tx,, Tfu))"

Using the properties of ¢ € ®, we have liminf,_,  d(Tx,, Tfu) = 0. By the triangular in-
equality we get

d(Tfu, Tu) < s[d(Tfu, Tx,) + d(Tx,, Tu)].

On letting n — oo in above inequality, we have d(Tfu, Tu) = 0. Hence, Tfu = Tu. As T is
one-to-one, fu = u. Therefore, f has a fixed point.
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Now assume that w is another fixed point of f. From inequality (3.1), we have

¥ (sd(Tu, Tw)) = ¥ (sd(Tfu, Tfw))
1p(d(Tu,wa)+d(Tw,Tfu))

s+1
= 1+ o(d(Tu, Tfw), d(Tw, Tfw))

d(Tu, Tw)+d(Tw, Tu)
YT )

14 o(d(Tu, Tw), d(Tw, Tu))
- W (sd(Tu, Tw))
= 1+ o(d(Tu, Tw), d(Tw, Tu))’

since ﬁ <sand ¥ is increasing. Hence, d(7Tu, Tw) = 0. As T is one-to-one, u = w. There-
fore, f has a unique fixed point.
Finally, if mapping 7 is sequentially convergent, replacing {n} with {»;} we conclude that

limy,—s o0 f"%0 = 1. O

Theorem 3.2 Let (X,d) be a complete b-metric space with parameter s > 1, T,f: X - X
be such that, for some ¥, € V,[>1and all x,y € X,

(3.14)

d(Tx, Tfy) + d(Ty, fo)) l) AT AT ) ;
+ - b
s+1

 (s(Tf, TF) < (w(

and let T be one-to-one and continuous. Then:
(1) Forevery xo € X the sequence {Tf"xy} is convergent.
(2) If T is subsequentially convergent then f has a unique fixed point.
(3) If T is sequentially convergent then, for each xo € X the sequence {f"x} converges to
the fixed point of f.

Proof Let xy € X be arbitrary. Consider the sequence {x,,}°°, given by x,.1 = fx, = f""xo,
for n> 0.

Step L. First, we will prove that lim,,_, oo d(Tx,, Tx,1) = 0.

Using (3.14), we obtain

14 (Sd( Txps1, Txn))
= ¥ (sd(Tfxn, Tfxn-1))

(‘[f (d( Txy, fon—l) +d(Txy-1, fon)) l) 1+w<d(Tx”'Tf"nfll)’d(T"nferfxn))
+
s+1

<

1
(w (d(Txnx Txn) + d(Txn—l; Txrﬁl)) . l) L+@(d(Txn, Ten)d(Txy—1,Top41)) _l (315)

s+1

Since ¢ is nonnegative and ¥ is an increasing function and using the triangular inequality
we have

Y (5T, Ton)) < w(M)

s+1

<y (L (d(Txn_l, Tx,,) + d(Txm Txn+1))) .
s+1
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Again, since ¥ is increasing, we have

1
A(Txp1, Txy) < S+—1 (d(Txn—l» Tx,) + d(Tx,, Txn+1))’
wherefrom
1
d(Terl: Txn) = _d(Txn: Txn—l) = d(Txnr Txn—1)~
N

Thus, {d(Tx,.1, Tx,)} is a decreasing sequence of nonnegative real numbers and hence it
is convergent.

Assume that lim,,—, oo d(Tx,41, Tx,,) = r > 0. Using similar steps to Theorem 3.1, we obtain

lim d(Tx,_1, Tx,41) = s(s + 1)r.

n—00

From (3.15), we have

1

0 +d(Tx,_1, Txp11) ) L+¢(0,d(Txp—1, Ty 1)) ]

+ -1
s+1

¥ (sd(Tpi, Tin)) < (w(

On letting #» — 0o and using the continuity of ¥y and the properties of ¢ we have

1
Y(sr) < (W(sr) + l) TrpOs6+Dn) [
and consequently, ¥ (sr) = 0. Hence using the properties of ¥, we have

r= lim d(Tx,, Tx,,1) = 0. (3.16)

n—00

Step II. Now in next step we will show that {7%x,} is a b-Cauchy sequence.

Suppose that {Tx,} is not a b-Cauchy sequence. Then there exists ¢ > 0 for which we can
find subsequences {Tx,,, } and {Tx,, } of {Tx,} with n; being the smallest index for which
nx > my > k such that

A(Txy, Topy) > € (3.17)
and

A(Txy Thpy—1) < €. (3.18)
From (3.17), (3.18), and using the triangular inequality, we have

& < d(Txmy, Tan,) < s[d( T, Ton—1) + d(Ton—1, Ty |

< s& + sd(Txy,—1, T, ).
On letting k — oo, and using (3.3), we obtain

& <limsupd(Tx,, Tx,,) < se. (3.19)

k— o0
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Further, we have
ATy > Tn) < S[A( Ty, Tome—1) + A(T—1, Toony)]
Now using (3.16) and (3.18), we get

¢ <limsupd(Tx 1, Tx,) < €. (3.20)
s

k— o0

Consider

A(Txy Txny) < s[d(Txmk, Txpy—1) + A(Txyp 1, Txnk)]
and

A(Txyp -1, Thny) < s[d(Txmk_l, Txpm) + ATy s Tx,,k)].
Using (3.16) and (3.19), we get

¢ <limsupd(Tx—1, Txy,) < s’e. (3.21)
s

k— o0

Similarly, we can show that

¢ <liminfd(Tx, 1, Txp,) < & (3.22)
S k— 00

and
£ < liminfd(Ta,, 1, Txy,) < s%€. (3.23)
S k— 00

Since £+ <sand using (3.14) and (3.20)-(3.23), we have

s+1

V(se)

<y (s lim sup d(Tx,y,, , Tx,,k))

k—o0

v (s lim sup d(Tfxm, 1, fonk,l))

k—o0

-1

|
limsup ¢ (d(Txmk—h Tfxen-1) + A(Txni—1, Tfxoy 1) ) + l> Teliminfe—, oo 9@y 1 Ty ) ATy 1 Ty 1)

s+1

k—o00 s+1

1
A(Tx,, -1, T, ) + d(Txy, 1, T, ) TrpUm ity og ATy 1, Ty i o0 (T 1, Ty ))
< (1[/ (hmsup mp—1» 177 ng—1s My iy 'k 'k

1
" (st + s) > TegiminGg oo AT 1, Temy )G oo AT 1, Tomy))

1
< (1//(58) + l) T+e(iminfy_, o d“"‘mkfl'u‘”k)'"mi"rk%xd(“nkflflkmk)) _L
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Hence, we have
0 <lilg inf d( Tty 1, Tot ), Timinf (T, 1, T ) ) < 0.
By our assumption about ¢, we have
li,fgigfd(Tka-l’ Txy,) = likn_l)irolfd(Tx,,k_l, Txp,) = 0,

which contradicts (3.22) and (3.23).
Since (X, d) is b-complete and {Tx,} = {Tf"xo} is a b-Cauchy sequence, there exists v € X
such that

lim Tf"xg = v. (3.24)

n—00

Step III. Now, in the last step, first we will prove that f has a unique fixed point by as-
suming that T is subsequentially convergent.
As T is subsequentially convergent, {f"x,} has a b-convergent subsequence. Hence,

there exist u € X and a subsequence {#;} such that
lim f"xg = u; (3.25)
11— 00

using (3.25) and continuity of T, we obtain
lim Tf"xo = Tu. (3.26)
11— 00

From (3.24) and (3.26) we have Tu = v.
From Lemma 2.1 and using (3.14), we have

W (s . %d(Tfu, Tu))

<y (lim sup sd(Tfu, Tf "“xo))

n—00

=y <lim sup sd(Tfu, fon))

n—00

IA

n—00 s+1

1
d(Tr T +d(T; , T T+liminfy— oo ¢(d(Tu, Tfxn),d(Txn, Ifu))
(gﬁ (limsup (T, ) + (T fu)) +l> i -1
14

IA

1

(Sd( Tu, Tu) + sd(Tu, Tfu)) l) Tro(iminfy— oo d(Tu, Tfxn) iminfy— oo d(Txn, Tfu))

+
s+1

1
< w(d(Tu, Tfu)) + l) T+g(0,iminfy— o0 d(Txn, TfW) — [,

Using the properties of ¢ € ®, we have liminf,_,  d(Tx,, Tfu) = 0. By the triangular in-

equality we have

d(Tfu, Tu) < s[d(Tfu, Tx,) + d(Tx,, Tu)].

Page 10 of 17
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On letting # — oo in above inequality, we have d(Tfu, Tu) = 0. Hence, Tfu = Tu. As T is
one-to-one, fu = u. Therefore, f has a fixed point.

Now assume that w is another fixed point of f. From inequality (3.14), we have

v (sd(Tu, Tw)) = ¥ (sd(Tfu, Tfw))
- <1ﬁ (d(Tu, Tfw) + d(Tw, Tfu)) . l> T T o) AT )

s+1

d(Tu, Tw) + d(Tw, Tu) T @ T AT T
=|¢ 1 +1 -1
S+

< (¥ (sd(Tu, Tw)) + 1) Fo@mtmattay _ |,

since % <sand ¥ is increasing. Hence, d(Tu, Tw) = 0. As T is one-to-one, u = w. There-
fore, f has a unique fixed point.
Finally, if T is sequentially convergent, replacing {n} with {n;} we conclude that

limy,, o0 f"%0 = U. O

If we take ¥ (¢) = t and @(¢, u) = m —1,a €(0,1),in Theorem 3.1, we obtain the follow-
ing result which is an extended Chatterjea fixed point theorem in the setting of b-metric

spaces.

Corollary 3.1 Let (X,d) be a complete b-metric space and T,f : X — X be mappings such

that T is continuous, one-to-one and subsequentially convergent. If a € (0,1) and

a
A(Tfe TH) < s

(d(Tx, Tfy) + d(Ty, fo)),
forall x,y € X, then f has a unique fixed point. Moreover, if T is sequentially convergent,

then for every xo € X the sequence of iterates f"x, converges to this fixed point.

Remark 3.1
(1) If we take Tx = x, in Corollary 3.1, then we obtain the result of Jovanovic [16,
Corollary 3.8.3°] (the case g =f), which is Chatterjea’s Theorem [2] in the
framework of b-metric spaces.
(2) By taking Tx = x and ¥ (¢) = ¢ in Theorem 3.1, we obtain an extension of
Choudhury’s [27] main result to the setup of b-metric spaces.

(3) If s=1, in Theorem 3.1, we obtain the corresponding result of [30].

Example 3.1 Let X = {0} U {1/n | n € N}, and let d(x,y) = (x — ) for x,y € X. Then d is a
b-metric with the parameter s = 2 and (X, d) is a complete b-metric space. Consider the

mappings f, T : X — X given by

f(0)=0, f(%)zi, T(0) =0, T(—):—, neN.

n+1
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We will show that the mappings f, T satisfy the conditions of Corollary 3.1 with o = % <

1_ 1
37 s+l”

1 1 1 1 2 1 2
d(TfZ’Tf%> - [(n+1)n+l N (m+1)m+1] < |:(n+1)”+1:| :

It is easy to prove that, for n € N,

Indeed, for m,n € N, m > n, we have

1 111 1
—_— | == .
(m+1)"1 3| n*  (n+2)"+2

It follows that

1 1 11 1 2
(3 17) <5 |~ |

Now, m > n implies that m > n + 1 and n + 2 < m + 1. It follows that 1/(# + 2)"*2 > 1/(m +
1)1 and hence

1.1\ 1]1 1 ?
d(1f=1f— ) <=| — - ———
( fn fm) < 9[1/1” (m+1)”‘*1i|
1 1 1 1
< 5[d<T—, Tf—) +d(T—, TF—>].
s n m m n
If one of the points is equal to 0, the proof is even simpler.

By Corollary 3.1, it follows that f has a unique fixed point (which is u = 0).

Theorem 3.3 Let (X, d) be a complete b-metric space with the parameter s >1,T,f: X —
X be such that for some y € V, ¢ € O, and all x,y € X,

w ( d(Tx, Tfx)+d(Ty, Ify) )

s+1
VAT TH) = T T T, (T, 7))

(3.27)

and let T be one-to-one and continuous. Then:
(1) Forevery xy € X the sequence {Tf"xy} is convergent.
(2) If T is subsequentially convergent then f has a unique fixed point.
(3) If T is sequentially convergent then, for each xo € X the sequence {f"xy} converges to
the fixed point of f.

Proof Let x € X be arbitrary. Consider the sequence {x,}22, given by x,,1 = fx,, = f"*1xo,
n>0.

In the first step, we will prove that lim,,, o d(Tx;, Tx,41) = 0.

Using (3.27), we obtain

w ( d(Tx,,,fon)+sd+(1Txn_1,fon_1) )

= 1+ @(d(Tx,, Tfx,), d(Tx,_1, Tfx,1))

d(Txy, T d(Txy—1,T>
.(l/( (Txn xn+1;il( Xn-1 xn))

" 1+ @(d(T, Tfn), d(Txp1, Tfnr))

W(d(Terl; Txn)) = w(d(fonr fon—l))

(3.28)
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Since ¢ is nonnegative and y is increasing, we have

d(Txm Txn+l) + d(Txn—l; Txn)

d(Txpi, Tx,) <
s+1

that is,
1
d(Tanrlr Txn) = _d(Txm Txn—l) = d(Txm Txn—l)'
N

Thus, {d(Tx,.1, Tx,)} is a decreasing sequence of nonnegative real numbers and hence it
is convergent.
Assume that lim,,, oo d(T%,1, Tx,,) = r. On letting n — oo in (3.28) and using the prop-

erties of ¢ and ¢ we obtain

V() ¥ (r)
i = 1+¢(r,r) = 1+<p(r,r)’

which is possible only if
r= lim d(Tx,, Tx,.1) = 0.
n—00

Now, we will show that {T%x,} is a b-Cauchy sequence.

Suppose that this is not true. Then there exists ¢ > 0 for which we can find subsequences
{Txyy, } and {Tx,, } of {Tx,} with n; is the smallest index for which n; > my > k such that
A(Txm; Txy,) > €. This means that

A(Txpy Ty 1) < €.
Again, as in Step II of Theorem 3.1 one can prove that

e <limsupd(Tx,, Tx,, ) < se. (3.29)

k— o0

Using (3.27) we have

W(d(Txmkr Txnk)) = W(d(fomk—lr fonk—l))

d(Txmk—bfomk—l)*d(Txnk—lvaxnk—l) )

< w( s+1
T 1+ (p(d(Txmk—l: fomk—l): d(Txnk—lx fonk—l))

d(Txmk—lexmk)+d(Txnk—1rTxnk)

_ w( s+1 )
1+ (p(d(Txmkfly Tx}’Hk)l d(Txnk,l, Txnk)) ’

Passing to the upper limit as kK — oo in the above inequality and using (3.29), we have

and so () = 0. By our assumptions about ¥, we have ¢ = 0, which is a contradiction.
Therefore as in Step II of Theorem 3.1, we obtain {T%,} is a b-Cauchy sequence.
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Since (X, d) is b-complete and {Tx,} = {Tf"xo} is a b-Cauchy sequence, there exists v € X
such that

lim Tf"xg = v. (3.30)

n—00

Now, if T is subsequentially convergent, then {f"x(} has a convergent subsequence. Hence,
there exist a point # € X and a sequence {#;} such that

lim f"ixg = u. (3.31)
11— 00

Using (3.31) and continuity of T, we obtain
lim Tf"xy = Tu. (3.32)
11— 00

By using (3.30) and (3.32), we obtain Tu =v.
Using Lemma 2.1 and inequality (3.27), we have

v (%d(Tfu, Tu)) <y <lim sup d(Tfu, Tf””xo))

=y (]im sup d(Tfu, fon)>

. d(Tu,T] d(Txy, Tfxy,
B ¥ (limsup,,_, W)

~ 1+ liminf,, o @(d(Tu, Tfu), d(Tx,, Tfx,))
d(Tu, Tfu)+0
| e
1+ o(d(Tu, Tfu), 0)
w(d(Tu,Tfu))

= 1+ o(d(Tu, Tfu), 0)’

Using the properties of ¢ € ®, d(Tu, Tfu) = 0. As T is one-to-one, fu = u. Therefore, f has
a fixed point.
Uniqueness of the fixed point can be proved similarly to Theorem 3.1.
Finally, if T is sequentially convergent, replacing {n} with {n;} we conclude that
limy,— 0 f"%0 = 1. O
1

Taking ¢ (¢) = ¢ and ¢(t,u) = 0~ 1, a € (0,1) in Theorem 3.3, an extended Kannan

fixed point theorem in the setting of b-metric spaces has been obtained.

Corollary 3.2 Let (X,d) be a complete b-metric space with the parameters > 1, T,f: X —
X be such that for some a € (0, ﬁ) and all x,y € X,

d(Tfx, Tfy) < a(d(Tx, Tfx) + d(Ty, Tf)) (3.33)

and let T be one-to-one and continuous. Then:
(1) Forevery xo € X the sequence {Tf"xy} is convergent.
(2) If T is subsequentially convergent then f has a unique fixed point.
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(3) If T is sequentially convergent then, for each xo € X the sequence {f"xy} converges to
the fixed point of f.

Remark 3.2
(1) If we take Tx = x, in Corollary 3.2, then we obtain the result of Jovanovi¢ et 4l. [16,
Corollary 3.8.2°] (the case g = f).
(2) Ifs=1, in Corollary 3.2, then we obtain the main result of Moradi (i.e., [29,
Theorem 2.1]).
(3) If both of these conditions are fulfilled, we get just the classical result of Kannan [4].

Example 3.2 ([13]) Let X = {a,b,c} and d: X x X — R be defined by d(x,x) = 0 for x € X,
d(a,b) =d(b,c) =1, d(a,c) = %, d(x,y) = d(y,x) for x,y € X. It is easy to check that (X, d)
is a b-metric space (with s = % > 1) which is not a metric space. Consider the mapping
f: X — X given by

a b c
fz(a a b)'

We first note that the b-metric version of the classical weak Kannan theorem is not
satisfied in this example. Indeed, for x = b, y = ¢, we have d(fx,fy) = d(a,b) = 1 and
d(x,fx) + d(y,fy) = d(b,a) + d(c, b) = 2, hence the inequality

d(x,fx) +d(y.fy)

s+1

Y (d(fio ) < w( ) — (e i, A1)

cannot hold, whatever ¢ € ¥ and ¢ € ® are chosen.
Take now T: X — X defined by

T:(d b C).
b ¢ a

Obviously, all the properties of T given in Corollary 3.2 are fulfilled. We will check that
the contractive condition (3.33) holds true if « is chosen such that

Only the following cases are nontrivial:

1° x=a, y = c. Then (3.33) reduces to

d(Tfa, Tfe) = d(b,c) = 1 =

<a(d(b,b) + d(a,c)) = a(d(Ta, Tfa) + d(Tc, Tfc)).

O |
o

2° x=b,y=c. Then (3.33) reduces to
4 13
d(Tfb, Tfc) = d(b,c) =1 < 5 2 < a(d(c, b) + d(a, c)) = ot(d(Tb, Tfb) + d(Tc, ch)).

All the conditions of Corollary 3.2 are satisfied and f has a unique fixed point (u = a).
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