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Abstract

In this work, we introduce the class of a-1r-Geraghty contraction as well as
generalized a-yr-Geraghty contraction mappings in the context of generalized
metric spaces where 1 is an auxiliary function which does not require the
subadditive property and set up some fixed point results for both classes individually.
Our results will extend, improve and generalize several existing results in the literature.
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1 Introduction
Fixed point theory focuses on the strategies for solving nonlinear equations of kind 7x = x,
where the function T is defined on some abstract space X. It is well known that the classical
contraction mapping principal of Banach is one of the most useful and fundamental results
in the theory of fixed point. It guarantees the existence and uniqueness of fixed points for
certain self-maps in a complete metric space and provides a constructive method to find
those fixed points. Due to its practical implication, several authors studied and extended
it in many directions; for example, see [1-50] and the references therein.

In 1973, Geraghty [33] introduced an interesting class of auxiliary functions to refine
the Banach contraction mapping principle. Let F denote all functions g : [0,00) — [0,1)
which satisfy the condition

lim B(t,) =1 implies lim ¢,=0.

n—00

By using the function g € F, Geraghty [33] proved the following remarkable theorem.

Theorem 1 (Geraghty [33]) Let (X,d) be a complete metric space and T : X — X be an
operator. Suppose that there exists 8 : [0,00) — [0,1) satisfying the condition

B(ty) > 1 implies t,— 0.
If T satisfies the following inequality
d(Tx, Ty) < B(d(x,y))d(x,y) foranyx,y € X, (1.1)

then T has a unique fixed point.
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On the other hand, Branciari [1] made an attempt to generalize the Banach contraction
principle by bringing out the notion of generalized metric, as well known as rectangular
metric, where he replaced the triangle inequality with the weaker assumption, namely,
quadrilateral inequality. The space X equipped with generalized metric or rectangular
metric became known as generalized metric space or rectangular space. Afterward, sev-
eral authors studied these spaces and provided various fixed point results in such spaces
(see, e.g, [2,5-13, 46]).

Recently, Samet et al. [14] introduced the class of «-y contractive type mappings and
obtained a fixed point result for this new class of mappings in the set up of a metric space
which properly contains several well-known fixed point theorems including the Banach
contraction principle. The technique used in this paper has been studied and improved
by a number of authors (see, e.g., [15-20, 42-47]).

In this paper, we introduce two notions viz. a-y-Geraghty contraction mappings
and generalized «o-y-Geraghty contraction mappings and investigate the existence and
uniqueness of fixed points for both classes in the setting of a generalized metric space,
where v is an auxiliary function which does not require the subadditive property.

2 Preliminaries

In this section, we recall some useful definitions and auxiliary results that will be needed
in the sequel. Throughout this paper, N and R denote the set of natural numbers and the
set of real numbers, respectively.

Definition 2 [1] Let X be a nonempty set, and let d : X x X — [0, 0o] satisfy the following
conditions for all x,y € X and all distinct u, v € X each of which is different from x and y,

(GM1) d(x,y)=0 ifandonlyif x=y,
(GM2) d(x,y) =d(y,x), (2.1)
(GM3)  d(x,y) < d(x,u) +d(u,v) +d(v,y).

Then the map d is called generalized metric and abbreviated as GM. Here, the pair (X, d)
is called generalized metric space and abbreviated as GMS. Given a generalized metric d
on X and € > 0, we call B;(x, €) = {y € X|d(x,y) < €} e-ball centered at x.

In the above definition, the expression (GM3) is called quadrilateral inequality. Notice
also that if d satisfies only (GM1) and (GM2), then it is called semimetric (see, e.g., [3]).

Remark 3

(1) Any metric space is generalized metric space, but the converse is not true in general,
as shown in [1, 8, 12].

(2) In[1], it was taken for granted that a generalized metric space is a Hausdorff
topological space and as in a metric space, the topology of a generalized metric
space can be generated by the collection of all e-balls B,(x, €) for x € X and € > 0.
But Das and Lahiri [7] showed that these assumptions are not true in an arbitrary
generalized metric space (see [7, Example 1 and Example 2]). Nevertheless, it is to
be observed that the GMS (X, d) becomes a topological space when a subset U of X
is said to be open if to each a € U, there exists a positive number €, such that
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B,(a,€,) € U. For a useful discussion on the topological structure of GMS, one can
refer to [28].

The concepts of convergence, Cauchy sequence, completeness and continuity on a GMS
are defined below.

Definition 4

(1) A sequence {x,}ina GMS (X,d) is GMS convergent to a limit x if and only if
d(x,,x) = 0 as n — o0.

(2) A sequence {x,}ina GMS (X,d) is GMS Cauchy if and only if for every € > 0 there
exists a positive integer N(¢) such that d(x,,%,,) < € for all n > m > N(¢).

(3) AGMS (X,d) is called complete if every GMS Cauchy sequence in X is GMS
convergent.

(4) A mapping T : (X,d) — (X, d) is continuous if for any sequence {x,} in X such that
d(x,,x) — 0 as n — 00, we have d(Tx,, Tx) — 0 as n — 00.

Lemma5 [46, Lemma 1] Let (X, d) be a generalized metric space, and let {x,} be a Cauchy
sequence in X such that x,, # x, whenever m # n. Then {x,} can converge to at most one
point.

Lemma 6 [46] Let (X,d) be a generalized metric space, and let {x,} be a sequence in X
with distinct elements (x,, # x,, for n # m). Suppose that d(x,, x,.1) and d(x,, x,.2) tend to 0
asn — oo and that {x,} is not a Cauchy sequence. Then there exist € > 0 and two sequences
{my} and {ny} of positive integers such that ny > my > k and the following four sequences

d(xmk; x”k )’ d(xmk ) xnkﬂ )’ d(xmk_l ) xnk )1 d(xmk_l ’ xnkﬂ ) (22)
tend to € as k — 00.

Proposition 7 [5] Suppose that {x,} is a Cauchy sequence in a GMS (X, d) with

lim d(x,,u) =0,

n—00

where u € X. Then lim,,_, oo d(x,,2) = d(u, z) forall z € X.
Samet et al. [14] introduced the notion of «-admissible mappings as follows.

Definition 8 Let X be a nonempty set, and let 7: X — X and « : X x X — [0,00) be
mappings. Then T is called o-admissible if for all x,y € X, we have

alxy)>1 = olx, Ty) > 1. (2.3)

Some interesting examples of such mappings are given in [14]. Afterward, several au-
thors (see, e.g, [25, 26, 38—41]) studied such mappings and used them to prove some in-
teresting results in fixed point theory.

Recently, Karapinar et al. [42] defined the notion of triangular o-admissible mappings
as follows.
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Definition 9 Let X be anonemptyset,andlet 7: X — X and o : X x X — R be mappings.
Then T is called triangular «-admissible if

1D xyeX alxy) >1=a(lx,Ty) > 1;

(2) x,y,ze€ X, a(x,z) >1and a(y,2) > 1= alx,y) > 1.

Lemma 10 [42] Let T : X — X be a triangular «-admissible map. Assume that there ex-
ists x1 € X such that a(x;, Tx1) > 1. Define a sequence {x,} by x,.1 = Tx,. Then we have

(X, %) > 1 forallm,n e N withn < m.

Now, we define the following class of auxiliary functions which will be used densely
in the sequel. Let W denote the class of functions ¥ : [0,00) — [0, 00) which satisfy the
following conditions:

(a) ¥ is nondecreasing;

(b) ¥ is continuous;

(0 ¥v()=0s1t=0.

It is important to note that this work contains the fixed point results for a-y-Geraghty
contraction and generalized «-1/-Geraghty contraction mappings which are proved by
keeping in view the fact that a generalized metric space need not be continuous, neither
the respective topology needs to be Hausdorff and also the auxiliary function v defined

above omits the assumption of subadditive property used in [47].

3 Main results

We start this section with the following definition.

Definition 11 Let (X, d) be a generalized metric space, and let « : X x X — R be a func-
tion. A map T : X — X is called a-y-Geraghty contraction mapping if there exists g € F
such that for all x,y € X,

a(x%)) ¥ (d(Tx, Ty)) < B(¥ (d(x,9))) ¥ (d(x,)), (3.1)
where Y € W.

Note that if we take ¥ (¢) = ¢ in Definition 11, then T is called o-Geraghty contraction
mapping. Again, if we take a(x,y) =1 for all x,y € X in Definition 11, then T is called
¥ -Geraghty contraction mapping.

Theorem 12 Let (X, d) be a complete generalized metric space, o : X x X — R be a func-
tion, and let T : X — X be a map. Suppose that the following conditions are satisfied:

(1) T is an a-y-Geraghty contraction mapping;

(2) T is triangular a-admissible;

(3) there exists xy € X such that a(xq, Txo) > 1 and a(xg, T?x0) > 1;

(4) T is continuous.
Then T has a fixed point x* € X, and {T"xy} converges to x*.

Proof By (3) let xy € X, construct the sequence {x,} as x,,1 = Tx,, n € N. If x,, = x,,,; for
some n € NU {0}, then x* = x,, is a fixed point of T. Assume further that x,, # x,,,; for each
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n € NU {0}. Since T is triangular a-admissible, it follows from (3) that
a(x;,%0) =a(x, Tx1) >1 and  a(x,x3) = ot(xl, szl) >1.
Due to Lemma 10, we have
(@ %e) =1 and @@y, Xpe2) > 1 (3.2)

for all # € N. Notice that we also find «(x,,, x,.,,) > 1 for each m,n € N.
Now, we shall prove that lim,,_, o d(%,,, %,,41) = 0. By taking x = x,,_; and y = %, in (3.1) and
regarding (3.2), we get that
1# (d(xn;xwrl)) 5 a(xn—lr xn)w (d(Txn—l; Txn))
=< ﬂ (‘ﬁ (d(xn—lr xn))) 1# (d(xn—b xn))
< w(d(xn—l;xn)) (33)

for each n € N.
Since ¥ is nondecreasing, we conclude from (3.3) that

A% K1) < A(X1, %)

for each n € N. Thus, we conclude that the sequence {d(x,,x,,1)} is nonnegative and non-
increasing. As a result, there exists » > 0 such that lim,_, o d(x,,, x,,1) = . We claim that
r = 0. Suppose, on the contrary, that » > 0. Then, on account of (3.3), we get that

W(d(xn:xm-l))

Y (A X1, %)) < B(¥ (dn-1,%0))) <1,

which yields that lim,,_, o B(¥ (d(%4, %441))) = 1. We derive

lim w(d(xn,xml)) =0, (3.4)
n—00
due to the fact that 8 € F. On the other hand, the continuity of y together with (3.4) yields
that
r= lim d(x,,%x,.1) = 0. (3.5)
n—00

Analogously, we shall prove that lim,,_, o d(x,,%,,2) = 0. By substituting x = x,,_; and
¥y =%y,,1 in (3.1) and taking (3.2) into account, we find that

Ipl(d(xn:xn+2)) = a(xn—lxxnd)w(d(Txn—lr Txn+l))
= ,B(W (d(xn—lxxml)))w(d(xn—l»xml))
< w(d(xn—lyxnﬂ)) (3.6)

for each n € N. Since v is nondecreasing, we derive from (3.6) that

d(xm xn+2) < d(xn—ly xn+1)
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for each n € N. Thus, we observe that the sequence {d(x,_1,%,.1)} is nonnegative and non-
increasing. Consequently, there exists » > 0 such that lim,,_, oo (%1, %,41) = r. We assert
that r = 0. Suppose, on the contrary, that > 0. Then, by regarding (3.6), we get that

Ip(d(xmxnﬂ))
m = ﬂ(w (d(x"—lrxrul))) <1,

which implies that lim,,_, o B(¥ (d(x,-1,%141))) = 1. We derive
nlinolo w(d(xn—l,xnﬂ)) =0, (3.7)

due to the fact that 8 € F. On the other hand, the continuity of ¥ together with (3.7) yields
that

r=lim d(x,_1,%,.1) =0 = lim d(x,,%,2). (3.8)
n—00 n—00
Suppose that x,, = x,, for some m,n € N, m < n. Then

Y (d X X)) = ¥ (A %11))
< B(¥ (dn-1,%0))) ¥ (A1, %))
< Y (d®n-1,%n))
< Y""(d X X))
< Y (d@ms Xma1) )
a contradiction. Hence, all elements of the sequence {x,} are distinct.

We are ready to prove that {x,} is a Cauchy sequence in (X, d). Suppose, on the contrary,
that we have

€ = limsupd(x,,x,,) > 0. (3.9)

m,n— 00

Regarding the quadrilateral inequality, we need to examine two possible cases as follows.
Case 1. Suppose that k = n — m is odd, where k > 1. Then we have

A%y %) < AWKy Xn11) + AXprs15 Xs1) + AXai1, %)

= d(xy, Xn11) + A(Txy, ) + A X1, %m), (3.10)
which is equivalent to
AWKy Xm) — AKXy X11) — A X1, X)) < AT, Thoryy)- (3.11)
Since T is triangular «-admissible, by applying v/, we get that

w(d(xn;xm) - d(xn)xwrl) - d(xmﬂrxm))
< Y (d(Txy, Tx,n))
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= a(xnrxm)w(d(Txn» Txm))
< BV (A 2m)) ) ¥ (d (X %)) (3.12)

Letting m, n — 00, we deduce that

lim W (d(xnx xm) - d(xm xn+1) - d(xm+l1xm))

< lim B(Y(d@nxm)) lHm v (d@mxm)-

— mun—o0

So, by using (3.5), (3.9) and the continuity of ¥, we get
1< lim ﬁ(lp(d(xn,xm))),

which implies limy, ,— o0 B(¥ (d(x4, %)) = 1. Consequently, we get limy,; ;00 d(%4, %) = 0,
which is a contradiction.
Case 2. Suppose that k = n — m is even, where k > 1. So, we have

A% Xm) < AKXy Xps2) + AKpa2s Xne2) + A2, %)

= d(%p, Xpi2) + AT 1, Tomi1) + (X2, Xom), (3.13)
that can be written as
AXns Xm) = A% Xns2) = AXmi2s Xm) < A(Txni1, Tomi)- (3.14)
Due to the fact that T is triangular «-admissible, by applying i, we obtain that

U (A %) — A%y Xi2) — AXezs Xom) )
< Y (d(Txni1, Tomn))
< & (Xns1, Xms )Y (A(Ti1, Timn))
< B (011, 000))) Y (A1, rs1))- (3.15)

Letting m, n — oo, we find that

lim 1;”(d(xn:xm) — d (%, Xni2) — d(xm+21xm))

< lim :3(1// (d(xn+1: xm+1))) m,lnlgoo v (d(xnﬂ: xm+1))'

m,n— 00

So, by using (3.8), (3.9) and the continuity of ¥, we observe

15 111’11 ﬂ(w(d(xnﬂrxmﬂ)))x

m,n— 00

which yields lim,, ;— oo BV (d(®441,%m+1))) = 1. Thus, we conclude that lim,, ;- oo (%11,

Xm+1) = 0, which is a contradiction.
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From Case 1 and Case 2 we concluded that {x,} is a Cauchy sequence. Since (X,d) is
a complete generalized metric space, there exists x* € X such that lim,,_, o d(x,,x*) = 0.
Since T is continuous, we have

lim d(Txmx*) = nlinolo d(xml, Tx*) =0.

n—00

By Lemma 5, we have that Tx* = x*. O
If we let () = t in Theorem 12, we get the following result.

Corollary 13 Let (X, d) be a complete generalized metric space, o : X x X — R be a func-
tion, and let T : X — X be a map. Suppose that the following conditions are satisfied:

(1) T is an a-Geraghty contraction mapping;

(2) T is triangular a-admissible;

(3) there exists xo € X such that a(xo, Txo) > 1 and o(xo, T?x0) > 1;

(4) T is continuous.
Then T has a fixed point x* € X, and {T"xy} converges to x*.

It is also possible to remove the continuity of the mapping T by replacing a weaker con-
dition.

Definition 14 Let (X,d) be a complete generalized metric space, ¢ : X x X — R be a
function, and let T: X — X be a map. We say that the sequence {x,} is «-regular, the
following condition is satisfied:

If {x,} is a sequence in X such that a(x,,x,,1) > 1forall m and x, - x € X as

n — +00, then there exists a subsequence {x,, } of {x,} such that a(x,,,x) > 1 for all k.

Theorem 15 Let (X, d) be a complete generalized metric space, « : X x X — R be a func-
tion, and let T : X — X be a map. Suppose that the following conditions are satisfied:

(1) T is an a-y-Geraghty contraction mapping;

(2) T is triangular a-admissible;

(3) there exists xo € X such that a(xo, Txo) > 1 and o(xo, T?x0) > 1;

(4) either T is continuous or {x,} is a-regular.
Then T has a fixed point x* € X, and {T"xy} converges to x*.

Proof Following the proof of Theorem 12, we know that the sequence {x,}, defined by
%xu41 = Tx, for all n > 0, converges to some x* € X. From (3.2) and assumption (4) of the
theorem, there exists a subsequence {x,, } of {x,} such that a(x,,,x*) > 1 Applying (3.1),
for all k, we get that

V(A (@0 T7)) < 0 () ¥ (A( Ty, T57) )
< B (d (% %)) ¥ (d (% %))
< W(d(xnk,x*)). (3.16)

After letting k — oo in (3.16), we have
klim Y (d(xny,,, Tx")) < 0.

Therefore, in view of Proposition 7, we can say x* = Tx*. O
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The following result can be derived from Theorem 15 by letting v (£) = t.

Corollary 16 Let (X,d) be a complete generalized metric space, o : X x X — R be a func-
tion, and let T : X — X be a map. Suppose that the following conditions are satisfied:

(1) T is an a-Geraghty contraction mapping;

(2) T is triangular a-admissible;

(3) there exists xg € X such that a(xg, Txg) > 1 and a(xq, T?x0) > 1;

(4) either T is continuous or {x,} is a-regular.
Then T has a fixed point x* € X, and {T"xy} converges to x*.

Now we introduce the notion of generalized « -1/ -Geraghty contraction.

Definition 17 Let (X,d) be a generalized metric space, and let & : X x X — R be a func-
tion. A map T : X — X is called generalized -y -Geraghty contraction mapping if there
exists § € F such that for all x,y € X,

Ol(x»)’)llf(d(Txr Ty)) = ﬁ(lﬁ (M(x»y)))llf(M(x,J’)), (3.17)
where M(x,y) = max{d(x,),d(x, Tx),d(y, Ty)} and ¢ € W.

Note that if we take v(£) = ¢t in the above definition, then T is called generalized
a-Geraghty contraction mapping. Again, if we take a(x,y) =1 for all x,y € X, then T is
called generalized v -Geraghty contraction mapping.

Theorem 18 Let (X, d) be a complete generalized metric space, « : X x X — R be a func-
tion, and let T : X — X be a map. Suppose that the following conditions are satisfied:

(1) T is a generalized a--Geraghty contraction mapping;

(2) T is triangular a-admissible;

(3) there exists xg € X such that a(xq, Txo) > 1 and a(xg, T?x0) > 1;

(4) T is continuous.
Then T has a fixed point x* € X, and {T"xo} converges to x*.

Proof By (3) let xy € X, construct the sequence {x,} as x,,1 = Tx,, n € N. If x,, = x,,,; for
some n € NU {0}, then x* = x,, is a fixed point of T. Assume further that x,, # x,,,; for each
n € NU {0}. Since T is triangular a-admissible, it follows from (3) that

alx,we) =, Tx) >1 and  a(r,xs) = O!(xb T2x1) >1.
So by induction we get
(X, x01) =1 and (X, x,40) =1 (3.18)

for n € N. And we also find «(x,, X,.,,) > 1 for each m,n € N.
Therefore, by (3.17)

Ip(d(xm xn+1)) < a(x, 1, xn)w(d(Txn—l: Txn))
= ﬁ(lﬂ (M(xn—lr xn))) 14 (M(xn—lr xn))
<Y (M(Xp1,%0)) (3.19)

Page 9 of 21
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for each n > 1, where

M(xn—ly xn) = max{d(xn—lx xn)r d(xn—ly xn): d(xm xn+1)}

= max{d(xn—l;xn)» d(xmxn+1)}' (320)
If max{d(x,_1, %n), A%y, X1141)} = A%, X1141), then by (3.19) we get

14 (d(xm xn+1)) <y (d(xnr xn+1))r

which is a contradiction. Hence max{d(x,_1,%,), d(x,, %,.1)} = d(x,-1,%,), therefore (3.19)
gives

U (A% X)) < Iﬁ(d(xn,l,xn)) foralln e N. (3.21)
This yields that for each n € N,
d(xmxnﬂ) < d(xn—lrxn)' (322)

Thus, we conclude that the sequence {d(x,,%,1)} is nonnegative and nonincreasing. As a
result, there exists £ > 0 such that lim,,_, o, d(x,,, x,11) = £. We claim that ¢ = 0. Suppose, on
the contrary, that ¢ > 0. Then, on account of (3.19), we get that

¢ (d(xm xVHl))

VMo 5) B(¥ (M(x,1,%,))) <1,

which yields that lim,,_, o B(¥ (d(xy, %,41))) = 1. We derive

lim ¥ (d(%, %4s1)) = 0, (3.23)

n—00

due to the fact that 8 € F. On the other hand, the continuity of ¥ together with (3.23)
yields that

lim d(x,,%,.1) = 0. (3.24)

n—00

Now, we shall show

lim d(x,,%,.2) = 0. (3.25)

n—00

Regarding (3.17) and (3.18), we find that

w(d(xn,anrZ)) = a(xn—l; xn+1)1/f(d(Txn—l) Txn+1))
= ﬁ(l// (M(xn&’xn+1)))1//(M(xn—1yxn+l))
< w(M(xn—hxml)) (326)

for all n € N, where

M(xn—b x}’H—l) = max{d(xn—lr xn+1): d(xn—h Txn—l)’ d(xn+1) Txn+1)}

= maX{d(xn—l’ xn+1): d(xn—lt xn)v d(xn+1) xn+2) } . (327)
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In view of (3.22), we obtain
M1, %ne1) = Max{d (X, 1, %11), A1, %) |-
Define a,, = d(xy, x,.2) and b,, = d(xy, x,.1). Then, taking (3.26) into account, we get
V(@) < ¥ (max{a, 1,b,1}).
This yields that for each n € N,
a, <max{a,_1,b,_1}. (3.28)
In the light of (3.22), we have
b,, < max{a,_1,b,_1}. (3.29)
Therefore
max{a,, b,} < max{a,_1,b,_1} forallneN.

Thus, the sequence max{a,, b,} is nonnegative and nonincreasing, so it converges to some
r > 0. Clearly, by (3.24)

lim d(x,,%,.2) = lim a, = lim max{a,, b,} =r.
n— 00 n—o0 n— 00

Now we have to show that r = 0. If to the contrary » > 0, then in view of (3.26), we have

Y (d (x5 X12))

T MGy zp) B (M@ 1,%01))) < 1,

which yields that lim,,_, o B(¥ (M(x,-1,%541))) = 1. We derive
lim 1ﬂ(ZM(xn—lranrl)) =0 (330)
n—0oQ

due to the fact that 8 € F. On the other hand, the continuity of ¢ together with (3.30)
yields that

¥ () = ( tim max{a, 1,b,1}) = Tim  (max{a, 1,b,1)) =

n—00

which is a contradiction and hence r = 0.
Suppose that x,, = x,, for some m,n € N, m < n. Then

Y (dXms X)) = ¥ (A %11))
< B(¥ (Mn-1,%1))) ¥ (M(n-1,%4))
< Y (d@n1, %)) < Y (AEs Xms1))
< (A ),

a contradiction. Hence, all elements of the sequence {x,} are distinct.
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In order to prove that {x,} is a Cauchy sequence in (X, d), suppose that it is not. Then by
Lemma 6, using (3.24) and (3.25), we assert that there exist € > 0 and two sequences {m;}
and {n,} of positive integers such that n; > my > k and sequences given in (2.2) tends to
€ as k — 00. By substituting x = x,,, and y = x,,, in (3.17) and taking (3.18) into account,

we obtain

Y (A X)) < @y Xn )W (A (T, Tx"k))

=B ('ﬁ (M(Fy xﬂk))) ¥ (M, x"k))' (3.31)
On the other hand, we have

M(xmk_lyxnk) = max{d(xmk_l;xnk), d(xmk_lr Txmk_l); d(xnk; Txnk)}

= max{d(xmk,lx xnk); d(xmk,l ’ xmk): d(xnk: K ) }: (332)
and hence
Tim (MG, 50)) = ¥ (€). (3.33)

From (3.31) we have

Y (dEmr Xony,1))
m = ’3(1/, (M(xmk_l’xnk))) <1l

Letting k — o0, it follows that

lim B(¥ (M, ;> %n,))) = 1.

k—o00
Thus, limy_ oo ¥ (M(%p,_,» %)) = 0 and hence (3.33) gives v/ (¢) = 0, which is a contradic-
tion. Therefore, {x,} is a Cauchy sequence. Since (X,d) is a complete generalized metric
space, there exists x* € X such that lim,,_, o, d(x,,,x*) = 0. As T is continuous, therefore we

have

lim d(Txn,x*) = lim d(x,,+1, Tx*) =0.

n—00 n—00

By Lemma 5, we get that Tx* = x*. O
If we take v(¢) = ¢ in Theorem 18, we get the following.

Corollary 19 Let (X,d) be a complete generalized metric space, o : X x X — R be a func-
tion, and let T : X — X be a map. Suppose that the following conditions are satisfied:

(1) T is a generalized a-Geraghty contraction mapping;

(2) T is triangular a-admissible;

(3) there exists xg € X such that a(xg, Txg) > 1 and a(xg, T?x¢) > 1;

(4) T is continuous.
Then T has a fixed point x* € X, and {T"xo} converges to x*.
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Theorem 20 Let (X,d) be a complete generalized metric space, o : X x X — R be a func-
tion, and let T : X — X be a map. Suppose that the following conditions are satisfied:

(1) T is a generalized a-yr-Geraghty contraction mapping;

(2) T is triangular a-admissible;

(3) there exists xy € X such that a(xq, Txo) > 1 and a(xg, T?x0) > 1;

(4) {x,} is a-regular.
Then T has a fixed point x* € X, and {T"xy} converges to x*.

Proof Following the proof of Theorem 18, we know that the sequence {x,} defined by
%xu1 = Txy, for all m > 0, converges to some x* € X. Now, we shall show that Tx* = x*.
Suppose, on the contrary, that Tx* # x*, i.e., d(x*, Tx*) > 0. Since x,, is «-regular, then from
(3.18) there exists a subsequence {x,, } of {x,} such that o (x,,,x*) > 1. Applying (3.17), for
all k, we get that

U (d (g 7)) < 0 27) ¥ (AT, T"))
B (M (0, 27))) ¥ (M (3, 27))
<Y (M(x,,%%)), (3.34)

IA

where M(x,,,x*) = max{d(x,,,x*), d(xn,, Txy,), d(x*, Tx*)}.

After letting k — oo in (3.34), we have

lim ¥ (d(%n,,, Tx*)) < ¥ (d(x*, Tx")).

n—00

In view of Proposition 7, we get a contradiction and hence x* = Tx*. O

Corollary 21 Let (X, d) be a complete generalized metric space, o : X x X — R be a func-
tion, and let T : X — X be a map. Suppose that the following conditions are satisfied:

(1) T is a generalized a-Geraghty contraction mapping;

(2) T is triangular a-admissible;

(3) there exists xo € X such that a(xq, Txo) > 1 and a(xg, T?x0) > 1;

(4) {x,} is a-regular.
Then T has a fixed point x* € X, and {T"xy} converges to x*.

For the uniqueness of a fixed point of «-1r-Geraghty contraction and generalized -/ -
Geraghty contraction mapping, we will consider the following condition.
(U): Forallx,y € F(T), we have a(x,y) > 1, where F(T) denotes the set of fixed points
of T.

Theorem 22 Adding condition (U) to the hypothesis of Theorem 12 (respectively, Theo-
rem 15), we obtain that u is the unique fixed point of T.

Proof We have to show that u« is a unique fixed point of T Let v be another fixed point of
T with v # u. By hypothesis (U),

1<a(u,v) =a(Tu, Tv).
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Now, using (3.1), we have

w(d(u, v)) < a(u, V)W(d(Tu, Tv))
< B(v¥ (d(w,v)) ¥ (d(u,v))
< I/f(d(u, V)), (3.35)

which is a contradiction. Hence, u = v. O

Theorem 23 Adding condition (U) to the hypothesis of Theorem 18 (respectively, Theo-
rem 20), we obtain that u is the unique fixed point of T.

Proof Aswe have done in the proof of Theorem 22. Let v be another fixed point of T with
v # u. Then, by assumption (U), we get

1<a(u,v)=oa(Tu, Tv).
Now, using (3.17), we have

Y (d(u,v)) < a(u,v)y (d(Tu, Tv))
< B(v (M(u,v))) ¥ (M(u,v))
< I/f(M(u, V)), (3.36)

where
M(u,v) = max{d(u, v),d(u, Tu), d(v, Tv)}.
Therefore,

¥ (d(w,v)) < (dw,v)),

which is a contradiction. Hence, u = v. O

Theorem 24 Adding condition (U) to the hypothesis of Corollary 13 (respectively, Corol-
lary 16, Corollary 19 and Corollary 21), we obtain that u is the unique fixed point of T.

4 Consequences
If we define the mapping « : X x X — [0,00) by a(x,y) =1 for all x,y € X, then, by The-
orem 22 and Theorem 23, we obtain the following corollary as an extension of several

known results in the literature.

Corollary 25 Let (X,d) be a complete generalized metric space and T : X — X be a map.
Assume that there exist two functions € F and € V such that

¥ (d(Tx, Ty)) < B(v (d(x,9))) v (d(x,)) (4.1)

forallx,y € X. Then T has a unique fixed point.
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Corollary 26 Let (X,d) be a complete generalized metric space and T : X — X be a map.
Assume that there exist two functions p € F and € V such that, for all x,y € X,

¥ (d(Tx, Ty)) < B(¥ (M(x,9))) ¥ (M(x,9)), (4-2)
where M(x,y) = max{d(x,y),d(x, Tx),d(y, T¥)}. Then T has a unique fixed point.
If we let ¥ (¢) = t, we get the following two corollaries.

Corollary 27 Let (X,d) be a complete generalized metric space and T : X — X be a map.
Assume that there exists a function p € F such that

d(Tx, Ty) < B(d(x,))d(x, ) (4.3)
forall x,y € X. Then T has a unique fixed point.

Corollary 28 Let (X, d) be a complete generalized metric space and T : X — X be a map.
Assume that there exists a function p € F such that, for all x,y € X,

d(Tx, Ty) < B(M(x, 7)) M(x,y), (4.4)
where M(x,y) = max{d(x,y),d(x, Tx),d(y, T¥)}. Then T has a unique fixed point.

4.1 Fixed point theorems on metric spaces endowed with a partial order
In this section, we state some consequences of our main results in the context of a partially
ordered metric space.

Definition 29 Let (X, <) be a partially ordered set and T': X — X be a given mapping.
We say that T is nondecreasing with respect to < if

xyeX, x=xy = 1Ix=<Ty

Definition 30 Let (X, <) be a partially ordered set. A sequence {x,} C X is said to be
nondecreasing with respect to < if x,, < x,,,; for all .

Definition 31 Let (X, <) be a partially ordered set and d be a metric on X. We say that
(X, <,d) is regular if for every nondecreasing sequence {x,} C X such that x, - x € X as
n — 00, there exists a subsequence {x,, } of {x,} such that x,, <x forall k.

We have the following result.

Corollary 32 Let (X, X) be a partially ordered set and d be a generalized metric on X
such that (X, d) is complete. Let T : X — X be a nondecreasing mapping with respect to <.
Suppose that there exists a function € V¥ such that

forall x,y € X with x > y. Suppose also that the following conditions hold:
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(i) there exists xg € X such that xq < Txo;

(i) T is continuous or (X, X,d) is regular.
Then T has a fixed point. Moreover, if for all x,y € X there exists z € X such that x < z and
y < z, we have uniqueness of the fixed point.

Proof Leta: X x X — [0,00) be a mapping defined by

x,9) 1 ifx<yorx>y,
a(x,y) =
y 0 otherwise.

Notice that T is a generalized -y -Geraghty contraction mapping, that is,

a(x ) v (d(Tx, Ty)) < B(v (M(x,9))) ¥ (M(x,9))

for all x,y € X. Due to (i), we have a(xg, Txo) > 1. Owing to the monotone property of T,

we observe that

axy)>1 = x>y or x<xy = TIx>Ty or

Ix<Ty = ollx,Ty)>1

for all v,y € X. Hence, T is a-admissible. It is evident from Theorem 12 that T has a fixed
point if it is continuous. Let us discuss the case that (X, <,d) is regular. Let {x,} be a se-
quence in X such that «(x,,x,,1) > 1 for all » and x, — x € X as n — oo. From the regu-
larity hypothesis, there exists a subsequence {x,, } of {x,} such that x,, <« for all k. The
definition of « yields that «(x,,,x) > 1 for all k. In this case, the existence of a fixed point
follows from Theorem 15. The uniqueness follows from Theorem 18. d

The following results are immediate consequences of Corollary 32.

Corollary 33 Let (X, X) be a partially ordered set and d be a generalized metric on X
such that (X, d) is complete. Let T : X — X be a nondecreasing mapping with respect to <.
Suppose that there exists a function € V such that

¥ (d(Tx, Ty)) < B(v (d(x,9))) v (d(x,))

forall x,y € X with x = y. Suppose also that the following conditions hold:
(i) there exists xg € X such that xq < Txo;
(i) T is continuous or (X, X, d) is regular.
Then T has a fixed point. Moreover, if for all x,y € X there exists z € X such that x < z and
y < z, we have uniqueness of the fixed point.

The following two corollaries can be concluded from the above results by taking ¥ (¢) = ¢.

Corollary 34 Let (X, <) be a partially ordered set and d be a generalized metric on X
such that (X, d) is complete. Let T : X — X be a nondecreasing mapping with respect to <.
Suppose that there exists a function € V such that

d(Tx, Ty) < B(M(x, 7)) M(x,y)
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forall x,y € X with x = y. Suppose also that the following conditions hold:

(i) there exists xg € X such that xo < Txo;

(ii) T is continuous or (X, <X,d) is regular.
Then T has a fixed point. Moreover, if for all x,y € X there exists z € X such that x < z and
y < z, we have uniqueness of the fixed point.

Corollary 35 Let (X, <) be a partially ordered set and d be a generalized metric on X
such that (X, d) is complete. Let T : X — X be a nondecreasing mapping with respect to <.
Suppose that there exists a function € V¥ such that

d(Tx, Ty) < B(d(x,))d(x,)

forall x,y € X with x = y. Suppose also that the following conditions hold:

(i) there exists xy € X such that xq < Txo;

(i) T is continuous or (X, <X, d) is regular.
Then T has a fixed point. Moreover, if for all x,y € X there exists z € X such that x < z and
y < z, we have uniqueness of the fixed point.

In [49] Haghi et al. proved the following lemma.

Lemma36 Let X bea nonemptysetandf : X — X be a function. Then there exists a subset
E C X such that f(E) = f(X) and f : E — X is one to one.

Theorem 37 Let (X,d) be a generalized metric space, and let T,f : X — X be two self-
maps such that T(X) C f(X) and f(X) is a complete subset of X. If there exist two functions
B € F and € V such that

v (d(Tx, 1) < B(v (d(fx. /) ¥ (d(fx. /7)) (4.5)

holds for all x,y € X, then T and f have a unique point of coincidence in X. Moreover, if T
and [ are weakly compatible, then T and f have a unique common fixed point.

Proof By Lemma 36, there exists E C X such that f(E) = f(X) and f : E — X is one to one.
We define a map g : f(E) — f(E) by g(fx) = Tx. Clearly, g is well defined, since f is one to
one. Now, using (4.5), we have
v (d(g(fx).e()) = v (d(Tx, Ty))
< B(v (d(fe.f3)) ¥ (d(f. 7))
for all fx,fy € f(E). Since f(E) = f(X) is complete, therefore by Corollary 25 there exists

z € X such that g(fz) = fz, which implies Tz = fz. Hence, T and f have a coincidence point.
Again, if w is another coincidence point of T and f such that z # w, then by (4.5)

¥ (d(Tw, Tz)) < (¥ (d(fw,f2))) ¥ (d(fw,fz))
< ¥ (d(Tw, Tz)),

which is a contradiction. Hence z is a unique coincidence point of T"and f. It is clear that
T and f have a unique common fixed point whenever T and f are weakly compatible. [J
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Theorem 38 Let (X,d) be a generalized metric space, and let T,f : X — X be two self-
maps such that T(X) C f(X) and f(X) is a complete subset of X. If there exist two functions
B € Fand y € V such that, for all x,y € X,

¥ (d(Tx, Ty)) < (v (M(fx, ) ¥ (M(fx, /7)), (4.6)

where M(x,y) = max{d(fx,fy), d(fx, Tx),d(fy, Ty)}. Then T and f have a unique point of co-
incidence in X. Moreover, if T and f are weakly compatible, then T and f have a unique

common fixed point.

Proof Here, we utilize Corollary 26 instead of Corollary 25 in the proof of Theorem 37
and the proof completely follows the lines of the proof of Theorem 37 and hence it is
omitted. O

Now, in support of the proved results, we present an example which is inspired by Ex-
ample 4.11 of [50].

Example 39 Let X = {«,8,y,5} and define d: X x X — [0, 00) by

dla,f)=d(B,a)=02,  dla,y)=dly,a)=1
d(a,8)=d8,0)=08,  d(B,y)=d(y,B)=05,
d(B,8)=d@,p) =12,  d(y,8)=d(s,y)=09,
dla,a) =d(B,B) =d(y,y) =d(5,5) = 0.

Then it can be easily checked that (X, d) is a generalized metric space which is not a metric

space since the inequality
l=d(a,y) <d(a,p) +d(B,y) =07
is not true. Define T: X — X

ﬂ@:iﬂ ifx 77,
§ ifx=y

and o : X x X — [0,00) by

alr,y) = {1 ifx,ye X-{y},

i otherwise.
Firstly, we will prove that
(a) T is triangular a-admissible;
(b) there exists xo € X such that a(xg, Txo) > 1 and a(xg, T?x0) > 1;
(c) {x}is a-regular;
(d) hypothesis (U) is satisfied.

Proof (a) (i) Let x,y € X such that a(x,y) > 1. Then, by the definition of «, we have x,y €
X — {y}, therefore a(Tx, Ty) = 1.
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(ii) Let x,y,z € X such that «(x,z) > 1 and «(y,z) > 1. Again the definition of o gives
x,9,z € X —{y} and hence «(x,y) = 1.

So, (i) and (ii) imply that T is triangular «-admissible.

(b) Taking xq = 8, we have a(xo, Txo) = «(8, 8) = 1 and a(xo, T%x¢) = (5, B) = 1.

(c) Let {x,} be a sequence in X such that «(x,,x,,1) > 1 for all # and x,, - x as n — o0.
By the definition of «, for each n, x, € X — {y}. Since X — {y} = {«, B, 8} is closed, we get
that x € X — {y}. Therefore, the definition of « gives «(x,,x) =1 for each n € N.

(d) Let x,y € F(T). Clearly x = y = B, therefore, by the definition of «, we have «(x,y) =
a(B,p) =1 O

Also, we define ¥ € W by
t
Ip(l‘:) = E’ te [O;OO);
and 8 : [0,00) — [0,1) by
1
f)=—01.
A 1+t

Clearly, 8 € F. Now, we will show that T is an o-1-Geraghty contraction mapping. Let
x,y € X with x # y and consider the following possible cases.
Case 1. If x,y € {«, B, 8}, then d(Tx, Ty) = d(B, B) = 0 and hence (3.1) trivially holds.
Case2.Ifx=y,y € {o, B,68}, then d(Tx, Ty) = d(5, B) = 1.2.
If y = @, then

B (d6,))) ¥ (dx,3) — ol ) (d(Tx, T)
= B (d(y,2))) v (dly ) - 3¥12)
=BV - 1Y (1.2)>0.

Ify = B, then

BV (dx,2)) v (dx,y)) — alx, )¢ (d(Tx, T))
= B0 (Al )Y (dr,B) - ¥ 012)
= B(¥(0.5))¥(0.5) - iwu.z) > 0.

If y = §, then

B (A6, ))) ¥ (dx,3) — ) (d(Tx, T)
= B (7, 9)) ¥ (d(r.8) - 7y 1.2)
= B(1¥(0.9))¥(0.9) - ii/f(l.?,) >0.

Hence inequality (3.1) is satisfied.
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Case 3. If x € {«r, 8,8}, y = y. Since d is symmetric, therefore (3.1) holds obviously from
Case 2.

So, T is an a-y-Geraghty contraction mapping. Hence all the conditions of Theorem 22
are satisfied, and consequently 7 has a unique fixed point. Here § is such a point.

Remark 40
(1) It can be easily checked that the map T defined in Example 39 also satisfies
inequality (3.17), that is, T is a generalized a-y-Geraghty contraction mapping.
Hence, Example 39 satisfied all the conditions of Theorem 23. Therefore,
Theorem 23 also guarantees the existence and uniqueness of the fixed point of 7.
(2) Itisto be noted that T defined in Example 39 does not satisfy (4.1) atx = y, y = « for
any Y € Wand 8 € F.
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