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1 Introduction

Consider the second order nonlinear neutral delay difference equation of the form
A(an (A(xn +py,x,(,,)))a) + qnxg(n) =0, n>ng€eN, (1.1)

where N = {0,1,2,...} and A is the forward difference operator defined by Ax,, = x,.,1 — %y,
subject to the following hypotheses:

(Hi) {pn} and {q,} are nonnegative real sequences with {g,} not identically zero for in-
finitely many values of #;
n-1

(Hy) {a,} is a positive sequence such that R, = Zs:no Ll — 00 as 1 — 00;

(Hs) o and B are ratio of odd positive integers; )
(Ha) {t(n)} and {o(n)} are nondecreasing sequences of integers such that lim,_, . (1) =
lim, ,0(n)=coandto0 =0 oT;

(Hs) there is a positive constant p such that 0 < p,, < p < oco.
p p Pn=p

By a solution of equation (1.1) we mean a real sequence {x,} defined, and satisfying equa-
tion (1.1), for all n > ny. We consider only those solutions {x,} of equation (1.1) which
satisfy sup{|x,|: n > N} > 0 for all N > ny. We assume that equation (1.1) possesses such
a solution. A solution {x,} of equation (1.1) is oscillatory if it is neither eventually positive
nor eventually negative, and nonoscillatory otherwise.

Since the second order equations have applications in various problems in physics, biol-
ogy, and economics, there is a permanent interest in obtaining new sufficient conditions
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for the oscillation or nonoscillation of solutions of various types of second order equations;
see for example [1-12], and the references cited therein.
In [3, 4] the authors proved that 0 < p,, <1 together with

Z gn(1 = pu_o) =00

n=ng

guarantees the oscillation of all solutions of the neutral difference equation
Az(xn +pr1xn—r) + qnXy—o = 0. (12)

In [13], the author discussed the oscillatory behavior of all solutions of the difference equa-

tion
A(anA(xn +pnxr(n))) + Qrgf(xa(n)) =0 (13)
with

S =1
—>u>0 forx+0, 0<p,<1 and Z—:oo.

x o an

In [14] and [15], the author considered the equation
A(“n (A(xn +anr(n)))a) +f(n;xa(n)) =0 (14')

with % > cq, for x # 0 and studied the oscillatory behavior under the conditions

fo’:no - =00and 0 < p, < 1. In [16], Saker considered the difference equation
ay

A(a,, (A(x,, +p,,x,,_f))a) +f(m,x,5)=0 (1.5)

with

o
1
fn,x) > gux;, 0<p,<1l and Z—lzoo

n=ng A

and presented oscillation criteria which improved the existing results for the equation.

In [17], the authors established some sufficient conditions for the oscillation of all solu-
tions of equation (1.3) via comparison theorems. In [18], Sun and Saker considered equa-
tion (1.5) and obtained some new oscillation criteria, which improve and complement that
given in [16].

Recently in [19, 20], the authors studied the oscillatory behavior of all solutions of equa-
tion (1.1) under the conditions 0 <p, <p<landa>Bora<Bora=4.

Motivated by the above observation in this paper we shall investigate the oscillatory
properties of equation (1.1) without assuming any usual restrictions on {p,}, {o(n)}, and
{z(n)}. We shall provide new comparison theorems in which we compare the second order
equation (1.1) with the first order difference equations in the sense that the oscillation
nature of these first order difference equations yields the oscillation of equation (1.1). In
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Section 2, we present some basic lemmas, and in Section 3 we establish oscillation results.
In Section 4, we provide several examples to illustrate the main results and we present our

conclusion in Section 5.

2 Some basic lemmas
In this section we present some basic lemmas which will be used to prove the main results.

Lemma2.1 Let A>0,B>0,and a >1. Then
(A+B)* <2°(A" + BY). (2.1)

Proof If A = 0 or B = 0, then the result is true. Next, we assume that 0 < A < B. Consider
the function f(x) defined by f(x) = x*. Then

@) =al@-1)x"2>0

for x > 0. Therefore, f(x) is convex and f (%) < f(“l)z;f@, which implies the result (2.1).

O
Lemma2.2 LetA>0,B>0,0<a <1. Then

(A+B)* <A* + B~ (2.2)

Proof If A =0 or B =0, then the result is true. For A #0, let x = %. Then the result (2.2)
takes the form (1 + x)* <1+ &%, which is clearly true for all x > 0. O

Next, we present the structure of positive solutions of equation (1.1) since the opposite

case is similar.

Lemma 2.3 If {x,} is a positive solution of equation (1.1), then z, = %, + PnX.(n) Satisfies
2,>0,  Az,>0,  A(an(Lz,)*) <0 (2.3)

eventually.

Proof Assume that x,, > 0 is a solution of equation (1.1). Then equation (1.1) implies
Aan(Dz,)*) = —q,,xg(n) <0.

Therefore, a,(Az,)* is decreasing and thus either Az, > 0 or Az, < 0 eventually for n >
m € N.If Az, <0, then there exists a negative constant ¢ such that
c
Nz, < — <0.

1

an

Summing the above inequality from #; to n — 1, one obtains

n—-1
Zp =2y tC E —l—>—OO asn — oQ.
s=n dg

This contradiction proves (2.3). O
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The proof of the following lemma is found in [21].
Lemma 2.4 Let y > 1 be a quotient of odd positive integers. Assume that k is a positive

integer, {d,} is a positive sequence defined for all n > ny € N, and there exists ) > % logy
such that

nli)nolo inf[d, exp(-¢"")] > 0, (2.4)
then all the solutions of the difference equation

Dy +dyy) =0
are oscillatory.

Next we state a result given in [22].

Lemma 2.5 Assume that {¢,} is a nonnegative real sequence for all n € N and

n-1 l I1+1
nli)rgolnfz ¢1‘> (m) )

jen—1
where [ is a positive integer, then
AWy + GpWy 1 <0
has no eventually positive solution.
Lemma 2.6 Let y be such that 0 < y <1 be a quotient of odd positive integers and o (n) =

n — k where k is a positive integer. Assume that {d,} is a positive real sequence defined for
alln>ny e N. If

n-1 k k+1
lim inf Z ds > (ﬁ) ) (2'5)
n—00 k +

s=n—k

then every solution of the first order delay difference equation
Ayn+dyy, =0 (2.6)
is oscillatory.

Proof Assume that {y,} is a positive solution of equation (2.6). First, observe that condi-

tion (2.5) implies

Z d, = 0. (2.7)

Page 4 of 15
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Since {y,} is decreasing, there exists / such that lim,_, » y, = > 0. If [ > 0, then summing
the equation (2.6) from n; to n — 1, we obtain

n-1 n-1
anZE dsysy,kzlyg d;, — 00 asmn— oo,
s=np s=np

which is a contradiction, and therefore, we conclude that lim,,_, » ¥, = 0, and also 0 < y,, <
1, eventually. Therefore, y);_k > y,_k. Substituting this into the equation (2.6) we deduce
that {y,} is a positive solution of the difference inequality

Ay, +dyy, i <0. (2.8)

But this contradicts Lemma 2.5 according to which condition (2.5) ensures that (2.8) has
no positive solution. The proof is now complete. d

We conclude this section with the following lemma.

Lemma 2.7 Assume that the difference inequality
Awy + W) <0 (2.9)

has an eventually positive solution, where ¢, > 0, ¢, is not identically zero, and y >0 isa
ratio of odd positive integers. Then the difference equation

AWy + Wl =0 (2.10)
also has an eventually positive solution.

Proof Let {w,} be an eventually positive solution of (2.9). Define aset S = {u,: 0 < u, <
wy,n > N € N}. Then define a mapping I" on S as follows:

(Fu)n _ Zsojn ¢5u;/—k’ nz N,
Tu)y +w, —wn, no<n<N.
Define a sequence {uﬁ,k)}, k=1,2,...,as follows:
HS) =Wy,

ulf ) = (ru®) , k=12,....
Since {w,} is a solution of (2.9), we obtain
Aw, + oW <O0.

n—-k —

Summing the last inequality from # to #; and letting n; — o0, we obtain

o0
Wy, + qusw;’_k <0
S§=n
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or

o0
u® = (Tw), = Z(f)sw;'_k <w,=ull,

s=n

By induction, we see that

n — Wy = =Wy, HNZ=Hgp.

Hence, limy_, « u(,,k) = u, exists with 0 < u,, < w,,. Then we can apply the Lebesgue domi-
nated convergence theorem to show that u = I'y, that is,

[o¢]
Y
u,,:E Quthy,_1» n=N.
S=n

Clearly, {u,} is an eventually positive solution of (2.10) for all # > N. Since u, > 0 for all
no < n <N, it follows that u, > 0 for all n > ny. Hence equation (2.10) has an eventually

positive solution for all # > ny. This completes the proof. 0

3 Oscillation results
In this section, we establish some new oscillation criteria for equation (1.1). To simplify
our notation, let us denote

s=nj t«lsa

o(n)-1 B
. * 1
Q.= rmn{qn, qr(n)}r Qn = Q”( Z _1) ’

where n; is sufficiently large. We first study the case « = 8 = 1.

Theorem 3.1 Let « = § =1 in equation (1.1). Assume that the first order neutral difference

inequality
A(yn +pyr(n)) + Qn(Ra(n) - Rnl)ya(n) = 0 (31)
has no positive solution, then every solution of equation (1.1) is oscillatory.

Proof Assume that {x,} is a positive solution of equation (1.1). Then the corresponding
function z,, satisfies

Zo(n) = Ko (n) + Po(nXe(o(n) < Xo(n) + PXo(x(n) (3.2)
where we have used the hypotheses (H4) and (Hs). From equation (1.1), we have

AanAzy) + @uXom =0 (3.3)
and

0 =pA(ﬂr(n) AZl'(n)) t Pqr(n)¥t(o(n))- (34')
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Combining (3.3) and (3.4), we are led to
A @y Dzy + Par iy Dzz () + Quzom) < 0. (3.5)

It follows from Lemma 2.3 that y, = a,Az, > 0 is decreasing, and then

n-1 n-1

1 1
Zn = Z a—(ﬂsAZs) = Yn Z a_ = yn(Rn _Rm)' (3.6)

s=n1 s=n1 $

Therefore, (3.6) together with (3.5) ensures that {y,} is a positive solution of inequality
(3.1). This contradicts our assumption and therefore the proof is complete. d

Remark 3.1 The condition 7 o o = ¢ o 7 of the hypothesis (H,) is satisfied, for example
tn)=n—-tando(n)=n-o.

Remark 3.2 When studying the oscillatory properties of neutral type equations one usu-
ally assumes o(n) < t(n), c(n) <n, t(n) <n, 0 < p, <1, etc. In Theorem 3.1 no such
constraint is involved and what is more we do not impose is 7(x) is delayed or advanced
and accordingly o (#) can be delayed or advanced. Hence, our result is of high generality
and extends and complements the known ones.

Theorem 3.2 Let « = B =1 in equation (1.1), and assume that
t(n) >n. (3.7)

If the first order difference inequality

Q
Awy, + — (Ro(n) = Ry Wo(n) <0 (38)

(1+p)

has no positive solution, then every solution of equation (1.1) is oscillatory.

Proof We assume that {x,} is a positive solution of equation (1.1). It follows from Lem-
ma 2.3 and the proof of Theorem 3.1 that y,, = a,,Az, > 0 is decreasing and it satisfies (3.1).
Let us denote wy, = ¥, + pYr(n).-

It follows from (3.7) that

Wy = yn(l +P)~

Substituting this term into (3.1), we obtain {w,,} is a positive solution of (3.8), a contradic-
tion. This completes the proof. d

Adding the restriction that o (n) = n — o, and using suitable criterion for the absence
of positive solutions of equation (3.8) (see e.g. Lemma 2.5), we obtain an easily verifiable
oscillation result for equation (1.1).

Corollary 3.1 Assume that o = 8 =1, and (3.7) holds. If

o(n)=n-o, o isa positive integer (3.9)
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and

n-1 o+l
o
lim inf Ro(s) > (1 , 3.10
Jim,inf 3 Q <>><+P)(a+1> (310)

then every solution of equation (1.1) is oscillatory.

Proof 1t is easy to see that if (3.10) holds, then

n-1 o+l
L Qs o
lim inf R — Ry .
lim inf ) o gy Bow B> 7

§=n—o

But this condition, according to Lemma 2.5, guarantees that (3.8) has no positive solution
and the assertion now follows from Theorem 3.2. O

Now, we turn our attention to the case when 7(n) is delayed. We use the notation 7 ~!(n)

for its inverse function.

Theorem 3.3 Let @ = B =1 in equation (1.1), and assume that
t(n) < n. (3.11)

If the difference inequality

Qu
(1+p)

Aw, + (R(T(Vl) - RVI1)WI’10(H) <0 (3.12)

has no positive solution, then every solution of equation (1.1) is oscillatory.

Proof Assume that {x,} is a positive solution of equation (1.1). Then y, = a,Az, > 0 is
decreasing solution of (3.1). We denote w,, = y, + py:(»). Then by (3.11), we have w, <
¥z (1 + p). Substituting this into (3.1), we see that {w,,} is a positive solution of inequality
(3.12), a contradiction. This completes the proof. d

Corollary 3.2 Assumethata=8=1,t(n)=n-1,0(n)=n-o with

n-o <n-7t, o andT are nonnegative integers (3.13)
and
n-1 oc—1 o-t+1
lim inf R, >(1+ _ s 3.14
it 3 or>en( ;7 ) 6:14)

then every solution of equation (1.1) is oscillatory.
Proof The proof is very similar to that of Corollary 3.1 and hence it is omitted. O

Next, we consider the case 0 < 8 <1, and o (1) < n in equation (1.1).
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Theorem 3.4 Let 0 < B < 1. If the difference inequality

AWy +pPwen) + Q;wf(n) <0 (3.15)
has no positive solution, then every solution of equation (1.1) is oscillatory.
Proof Let {x,} be a positive solution of equation (1.1). Then from equation (1.1), we have

0 = Aan(Dz,)*) + q,,xfj(n) (3.16)
and

0 = pP Aac(n(Dze()®) + PP Geiykocony)- (3.17)
Combining (3.16) and (3.17), we obtain

A(an(Dzn)*) + PP Aacin(Dzepn)®) + Qn(xf(n) +pﬁx§(r(n))) <0. (3.18)

By Lemma 2.2, we have

B

Zowy = @oln) + PomXo (i)’

B B
=Ko () +pﬁxa(r(n))‘ (3.19)
Using (3.19) in (3.18), we obtain
A(a,,(Az,,)“) +pﬁA(aT(,,)(Az,(,,))“) + anf(n) <o. (3.20)

It follows from Lemma 2.3 that w,, = a,(Az,)* > 0 is decreasing and so

n-1 1 1 1 n-1 1
2= Y (as(Bz)*) a” = wi Y
s=ny s=n1 ﬂsa

Using the last inequality in (3.20), we see that {w,} is a positive solution of
8 .
AWy + PP wen) + QWi <0,
which is a contradiction. This completes the proof. d

Next, we shall deduce new sufficient conditions for inequality (3.15) to have no positive
solutions, to obtain new oscillation criteria for equation (1.1). We shall discuss both the
cases when t(n) is delayed and advanced.

Theorem 3.5 Let 0 < 8 <1 and t(n) > n. If the difference equation

Q ¢
Dy + ———5 ¥y =0 (3.21)
1L+pP)a

is oscillatory, then so is equation (1.1).
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Proof We assume that {x,} is a positive solution of equation (1.1). Then it follows from
the proof of Theorem 3.4 that w, = a,(Az,)* > 0 is decreasing and it satisfies (3.15). We
denote

Y = Wa + PP Wi, (3.22)
Then

Y < wn(l +pﬂ).

Substituting this into (3.15), we see that y, is a positive solution of the difference inequality

It follows from Lemma 2.7 that the associated difference equation (3.21) also has a positive
solution, which contradicts the oscillatory nature of equation (3.21). O

Theorem 3.6 Let 0 < B <1and o(n) < t(n) < n. Ifthe difference equation

Q. é
-

S -0 (3.23)
(1L+pP)a

Aynt Lo (m)

is oscillatory, then so is equation (1.1).

Proof Assume that {x,} is a positive solution of equation (1.1). Then it follows from (3.22)
that

Y < Weim(1+pP)

or

Using the above inequality in (3.15), we see that {y,} is a positive solution of the difference

inequality

<0.

Q &
lo(m) =

Ay + ——
(1+pP)e«

By Lemma 2.7, the associated difference equation (3.23) also has a positive solution, which

is a contradiction. This completes the proof. O

Now, we derive a criterion for equations (3.21) and (3.23) to be oscillatory. Employing
this criterion, one can easily verify sufficient conditions for the oscillation of all solutions
of equation (1.1).

Applying condition (2.6) to equations (3.21) and (3.23) in view of Theorem 3.5 and The-
orem 3.6, immediately we obtain the following oscillatory criteria for equation (1.1).
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Corollary 3.3 Let the equation (1.1) with0< 8 <1, B <«, t(n) > n, and (3.9). If

o+l
) , (3.24)

n-1
lim inf Z Q> (1 +pﬂ)§<

S§=n—o

o+1

then every solution of equation (1.1) is oscillatory.

Corollary 3.4 Let the equation (1.1) with 0 < 8 <1, B <, t(n) = n - 1, and (3.9) with

o>t>0.If
n—-1 8 o—1 o-1+1
lim inf > (1+pP)e | ———— , 3.25
n—00 Szy;_aQs ( p ) (G—T+1> ( )

then every solution of (1.1) is oscillatory.

In view of Lemma 2.4, and Theorems 3.5 and 3.6, we have the following oscillation cri-

teria for equation (1.1).

Corollary 3.5 Let the equation (11) with0 < <1, 8>, t(n) =n+ 1 with t >0, and
(3.9). Assume that there exists ). > % log 5 such that

lim inf[Q}, exp(~¢™)] >0, (3.26)
then every solution of equation (1.1) is oscillatory.

Corollary 3.6 Let the equation (1.1) with 0< B <1, B> «, t(n) = n— 1, and (3.9) with
o > 1 > 0. Assume that there exists X > a—f{ log g such that

lim inf[Q:, exp(—e*")] >0, (3.27)

n—00

then every solution of equation (1.1) is oscillatory.

Next, we turn our attention to the case § > 1 and we rewrite our previous results to
cover this case.

Theorem 3.7 Let > 1 and o (n) < n. If the difference inequality
1 B
A(wa+ pPwen) + 2P Qs <0 (3.28)
has no positive solution, then every solution of equation (1.1) is oscillatory.

Proof This theorem can be proved exactly as Theorem 3.4; we need to replace the inequal-
ity (3.19) by

oy = ®ot) + PoiXeiom))”

-1(,8 B
= 25 (xo(n) +pﬂxc(r(n)))’

which follows from Lemma 2.1. O
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The following results are equivalent to Theorems 3.5 and 3.6 and the proofs are omitted.

Theorem 3.8 Let > 1 and t(n) > n. If the difference equation

B
o

o(n)

Ay, + &4 21-Py

. -0 (3.29)
(L+pP)a

is oscillatory, then every solution of equation (1.1) is oscillatory.

Theorem 3.9 Let 8 > 1and o(n) < t(n) < n. If the difference equation

Q. st
Ay, + — 21— A 2 Vo) = 0 (3.30)
1+ pP)e

is oscillatory, then solution of equation (1.1) is oscillatory.

Combining Lemma 2.6 with Theorems 3.8 and 3.9, we have the following oscillation
criteria for equation (1.1).

Corollary 3.7 Leta > B >1,t(n) > n,and o(n) =n— o in equation (1.1). If

o+l
) ) (3.31)

n-1 8
im i * B-1 Y
,}EgomfZQs>2 (1+p") (a+1

§=n—o

then every solution of equation (1.1) is oscillatory.

Corollary 3.8 Leta>B>1,1(n)=n—1,0(n) =n—o witho >t in equation (1.1). If

n-1 8 o—1 o-1+1
lim inf 5 2P N1 4 pP)o | ———— , 3.32
n—00 S:r;_a Q& (L+2) o-t+1 (8:32)

then every solution of equation (1.1) is oscillatory.
Combining Lemma 2.4 with Theorems 3.8 and 3.9, we have following results.

Corollary 3.9 Let 8 >a > 1, t(n) > n, and o(n) = n — o in equation (1.1). Assume that
there exists A > % log g such that

: : * AN
Tim inf[Q; exp(-€*")] > 0,

then every solution of equation (1.1) is oscillatory.

Corollary 3.10 Let B>a >1,t(n)=n—-1t, 0(n) =n— o with o > t in equation (1.1).
Assume that there exists ). > ﬁ log g such that

lim inf[Q}, exp(~¢™)] >0,

then every solution of equation (1.1) is oscillatory.
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4 Examples
In this section, we present some examples to illustrate the main results.

Example 4.1 Consider the difference equation

1 b
A =AW, + pxem) | + ———%4,2=0, n=>1, (4.1)
n n(n+1)
where 0 < p < 00, (1) = an, a > 1 is an integer and b > 0. Here R(n) = "(”2_1), Q.= an(abn+1)’
Condition (3.10) reduces to
27b
— > +p). 4.2
> (1+p) (4.2)

If the condition (4.2) is satisfied, then by Corollary 3.1, every solution of equation (4.1) is
oscillatory.
If 7(n) = n — 1, then condition (3.10) reduces to

2b>(1+p). (4.3)
If the condition (4.3) holds, then by Corollary 3.2, every solution of equation (4.1) is
oscillatory. Hence, we have covered the oscillation of equation (4.1) when 7(n) is delayed

or advanced.

Example 4.2 Consider the difference equation

1 1 b 1
A(—(A(x,, +px,(,,))) 3) + ﬁxj_z =0, n=>1, (4.4)
n n3(n+1)3
where 0 < p<00,b>0,and t(n) =an,a > lisaninteger,and o = 8 = % Here R(n) = "("2’1),
Q, = —52—. Then condition (3.24) reduces to
(an)3 (an+1)3
25h 8
1
~ > —(1+p3). 4.5

Therefore, by Corollary 3.3, every solution of equation (4.4) is oscillatory if condition (4.5)
holds.
If 7(n) = n — 1, then condition (3.25) reduces to

23b>1+ps. (4.6)

Therefore, by Corollary 3.4, every solution of equation (4.4) is oscillatory if condition (4.6)
holds.

Example 4.3 Consider the difference equation

2n

bef

(n+1)%

I—

=0, n>1, (4.7)

S Wl

A<L(A(7cn +pxn+1))é) +

1
ns
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é, 7 =1, 0 =1. Choose A = 2, then condition (3.26) reduces to

L5 0. Therefore, by Corollary 3.5 every solution of equation (4.7) is oscillatory.
23

whereb>0,a:%,ﬁ:

Example 4.4 Consider the difference equation

1 5 2
A<$(A(xn + PXe(n)) > + PESYS % ,=0, n>1, (4.8)

where >0, 0<p<oo, =5 =3, t(n) =an, a>1 is an integer. Here Q] =
ﬁ(%)g. Then condition (3.31) reduces to
2714 3
— > (1+
128ae > (1+7)

W

(4.9)

Therefore, by Corollary 3.7, every solution of equation (4.8) is oscillatory if condition (4.9)
holds.
Further, if 7(n) = n — 1, then condition (3.32) reduces to

(5154

w>8(1+p%)°. (4.10)

Therefore, by Corollary 3.8, every solution of equation (4.8) is oscillatory if condition
(4.10) holds.

5 Conclusions

In this paper, we have introduced new comparison theorems for investigation of the os-
cillation of equation (1.1). The established comparison principles reduce the study of the
oscillation of the second order neutral difference equations to a study of the oscillation
properties of various types of first order difference inequalities, which clearly simplifies
the investigation of the oscillation of equation (1.1). Further, the method used here per-
mits us to relax the restrictions usually imposed on the coefficients of equation (1.1). So
the results obtained here are of high generality and easily may be applicable, as illustrated
with suitable examples.
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