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1 Introduction
The Schur convexity of functions relating to special means have been investigated by many
mathematicians, a number of results can be found in the monograph of Marshall and Olkin
[1]. As a supplement to the Schur convexity of functions, the Schur-geometric convexity of
functions was recently studied by Shi and Zhang [2—4], Zhang and Yang [5] and Chu et al.
[6], some related results have been found to have an important application in discovering
and proving the inequalities for special means. The purpose of this paper is to investigate
the Schur-geometric convexity of functions related to Gini means and Heronian means.
Besides, as application, we establish two new inequalities for generalized Gini-Heronian
means. Our result generalizes an earlier result given by Shi et al. in [7].

In what follows, we denote the set of real numbers by R, the set of nonnegative real
numbers by R,, the set of positive real numbers by R,,, and the set of nonpositive real

numbers by R_.
Let (r,s) € R?, (x,9) € R? ; the classical Gini means are defined by (see [8])
P U=s) rs,
G(r,s%,y) = x5+y5xr Inx+y" Iny
XP(W , F'=8.

In 2007, Sandor [9] investigated the Schur convexity of G(r, s;x, y) with respect to (7,s),
and obtained the following result.

Theorem A For fixed (x,y) € R?, and x # y, the Gini means G(r,s;x,y) is Schur concave
with respect to (r,s) on R?, and G(r,s;x,y) is Schur convex with respect to (r,s) on R2.
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In the same year, Wang [10] proved the Schur convexity and the Schur-geometric con-
vexity of G(r,s;x,y) with respect to (x,y) on R2, , as follows.

Theorem B The Gini means G(r, s;x,y) is Schur convex with respect to (x,y) on R%Jr ifand
only if (r,s) € {(r,s)|r > 0,s > 0,r + s > 1}, and G(r,s;x,y) is Schur concave with respect to
(x,9) on R, if and only if (r,s) € {(r,s)|r <0,r +s <1} U{(r,s)[s < 0,r +s <1}.

Theorem C The Gini means G(r,s; x,y) is Schur-geometric convex with respect to (x,) on
R2, if and only if (r,s) € {(r,s)|r + s > 0}, and G(r,s;x,y) is Schur-geometric concave with
respect to (x,y) on R?, if and only if (r,s) € {(r,s)|r +s < 0}.

Some different proofs concerning the Schur convexity of G(r, s; x, y) were given by Shi et
al. [11], Chu and Xia [12], respectively.

Xia and Chu [13] presented the necessary and sufficient condition for the Schur-
harmonic-convexity of G(r,s; x,y) with respect to (x,y) on R? .

A further discussion on the Schur-power-convexity of G(r,s;x,y) with respect to (x,y)
on R2, was given by Yang [14]. Meanwhile, the necessary and sufficient condition for the
Schur-power-convexity of G(r,s; x, y) was obtained.

Let (x,y) € R%_; the classical Heronian means is defined by (see [15])

2.
++7

X+ /Xy +y
H,(ny) = —57—.

In 1999, Mao [16] gave the definition of the dual Heronian means as follows:

~ +4./xy+y
H,(x,y) = ————.
6
In 2001, Janous [17] considered a unified generalization of the Heronian means H.,(x, y)
and dual Heronian means H,(x, ), and presented the following Heronian-type means with

a parameter w:

XWXy +Y

Hw(x,y):: vz O W

JxY, W= 00.
Jia and Cao [18] investigated the exponential generalization of the Heronian means,

(RN, p 0,

Hp(x,y)= [W, p=0,

and established some related inequalities. Moreover, the monotonicity and Schur convex-
ity of the Heronian means H,(x, y) were discussed by Li et al. in [19].

Shi et al. [7] discussed the Schur convexity and Schur-geometric convexity of a further
generalization of the Heronian means given by

(xp+w(x}/)p/2+yp e, p#0,

w+2

H,w(xr ):
pw\% Y {ﬁ, p=0,

and obtained some significant results, asserted by Theorems D and E below.
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Theorem D For fixed (p, w) € R?,
Q) if (p,w) € {(p,W)lp > 2,0 < w <2}, then H,,,,(x,y) is Schur convex for (x,y) € R%;
2) ifpw) e{llpMp<Lw=>0}U{(p,w)l<p<3/2,w=>1}U{{p,w)|3/12<p <2,
w > 2}, then H,,,,(x,y) is Schur concave for (x,y) € R2.

Theorem E For fixed (p,w) € R?,
(1) if (p,w) € {(p,w)lp > 0,w > 0}, then Hy,,,(x,y) is Schur-geometric convex for
(x,7) €RY,;
(2) if (p,w) € {(p,w)lp < 0, w > 0}, then Hp,,(x,y) is Schur-geometric concave for
(v,7) €R3,.

As a further investigation of Theorem D, Fu et al. [20] gave the necessary and sufficient
condition for the Schur convexity of the generalized Heronian means H,,,(x,y). Yang [21]
investigated the Schur-power-convexity of H,,,(x,y) with respect to (x,y) € R?,. Mortici
[22] studied certain special means relating to convex functions.

In this paper, we shall generalize the Gini means G(r,s;x,y) and the Heronian means
H,,,(%,) in a unified form. For this purpose we define a generalized Gini-Heronian means
containing three parameters p, g, and w, as follows:

w249 \1/(p—g)
H ey) = | Gt 24
paw\Hy) = Xp(xp lner(M//Z)(xy)p/2 In(xy)+y? lny)’ p=q

X +w(xy)P/2 +yP

where (p,q) € R?, (x,y) e R2,.

The Schur-geometric convexity of the generalized Gini-Heronian means will be dis-
cussed in Section 3. As applications, several inequalities related to generalized Gini-
Heronian means are established in Section 4.

2 Definitions and lemmas
We introduce and establish several definitions and lemmas, which will be used in the
proofs of the main results in Sections 3 and 4.

Definition 1 (see [1]) For any x = (x1,%2,...,%,),¥ = V1, ¥2,...,9n) € R”, let xpy > %9 >
-+ > X[y and yp) > Y1 > - -+ > yj) denote the components of x and y in decreasing order,
respectively.
The n-tuple y is said to majorize x (or x is to be majorized by ), in symbols x < y, if

k k

me < Zy[,-] holds fork=1,2,...,n—1 and Xn:xi = Xn:yi.
i=1 i=1

i=1 i=1

Definition 2 (see [23]) For any x = (x1,%2,...,%4),% = (1,¥2,...,9n) € L (QL CRY,), ¢ :
Q — R is said to be a Schur-geometric convex function on € if (Inxy, Inx;,...,Inx,) <
(Iny1,Inys,,...,Iny,) on Q implies ¢(x) < ¢(y), ¢ is said to be a Schur-geometric concave
function on € if and only if —¢ is a Schur-geometric convex function.

Definition 3 (see [23]) For any x = (%1,%2,...,%4),% = (V1,¥2,...,¥) € R (Q CR%,), Q is
said to be a geometrically convex set if (x‘fyf,x%‘yg, . ..,x;"lyﬁ) € Qforallx,y € Q,«, 8 €[0,1]
witha + 8 =1.
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Lemma 1 (see [23]) Let Q (2 C R”,) be symmetric and have a nonempty interior set Q°,
and let ¢ : 2 — R be continuous on Q2 and differentiable in Q°. If ¢ is symmetric on Q and

holds for any (x1, %3, ...,%,) € Q°, then ¢ is a Schur-geometric convex (Schur-geometric con-
cave) function.

Lemma 2 (see [7]) Leta < b, u(t) =th+ (1 —-t)a, v(t) =ta+ (1 -1t)b,1/12 <t, <t <1or
0<t <ty <1/2,then

a+b a+b
27 2

) < (2, v(e) = (e, v00) < ).
Lemma3 Letp,geR,p>q, 2 >1,and let
g1(K) =p)\p _ q)hp/2+q/2 + qkp/Z—q/z -p.
Then g1(A) >0 forp+q > 0,and g1(1) <0 forp + q < 0.
Proof Let fi(1) = 2A1-@/2=4/2 g (1), f,(1) = A179f/(A). Straightforward computation yields
fi() = 2P0 — q(p+ @07 + q(p - g),
AW =2 -q9)p+9)
L) =W =P+ @ - P+ g),
L) =@-9p+9?

fz/()\) - %Pz(p +q)(p - q))tp/Z—q/Z—{

Casel. pg #0.
1) Ifp+qg=0,then

@1(1) = pAP + paP> P2 _ el _ g
(2) If p + g > 0, then from the expressions f; (1), f2(1), fi(1) above we find that, for A > 1,

f)>0,  AH1)>0,  AQ)>0.

We thus conclude that the functions f5(1), fi(1), and gi (1) are increasing for A € [1, +00).
In fact, for A > 1, one has

>0 = HO)>0 = fR)>0 = £(1)>0

= g)>0 = al)=a@)=o0.

(3)If p+ g <0, then

N S109)
f(x) <0, £(1)>0, AEIPOOW =p*(p+q)<0.
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According to the above relations and the continuity of f,(1), we deduce that there exists
A € (1, +00) such that f,(11) = 0, which leads us to f2(%) > 0 for & € [1, 41), and fo(A) < O for
A € (A, +00).

Thus, we deduce that fi(1) is increasing on [1,1;) and decreasing on (A;,+00), and
thereby we get

filh) <fi(h)  for Ap € (1, +00).

On the other hand, we deduce from f;(A;) = 0 that A2*™%* = 42/p?, thus, we have

/2—q/2
M —qp+ il +qlp-9q)

filh) = 2p°A
2 s
=2p = M -qp+ il +qp-q)
=qp-q)(1-17) <0,

which implies fi(1) < 0, i.e., g{(1) < 0 for A € [1, +00).
We conclude that g1(X) is decreasing on [1,+00). It, therefore, follows that g1(1) <
a()=<0.
Case 2. pg = 0.
It is easy to verify that:
If p > g = 0 (it implies that p + g > 0), then g;(A) = p(A¥ = 1) > 0.
If 0 = p > q (it implies that p + g < 0), then g;(A) = gA~7%(1 — A7) < 0.
If 0 = p = ¢q (it implies that p + g = 0), then g;(A) = 0.
The proof of Lemma 3 is complete. O

Lemma4 Letp,geR,p>q, 2 >1,and let
&) =p-pM "+ P+, - p+g)r!-(p-q)
Then go(A) > 0 forp+ g >0, and g>(A) <0 forp+q <O0.
Proof Let h() = A'~g) (). It follows from a simple computation that

h)=p-9p+r +plp+ ™1 —qp +q),
h(1) =2(p-q)p +9q),
W) =plp-q)p+ga" (1+179).

Casel.pg #0.
(1) Ifp+q=0,then

N =@+pM P +(p-p¥ -(p-prA? -(p+p) =0.

(2) If p+ g > 0, then from the hypothesis p > g we find that p > (p + ¢)/2 > 0, and then we
derive from the expressions /4'(1), #(1) that, for A > 1,

W) >0, h(1) >0,

which shows that /(1) is increasing on [1, +00), so, we have 4(A) > (1) > 0 for A > 1.

Page 5 of 11
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Thus, we obtain g5 (1) > 0 for A > 1. Now, from the fact that g, (1) is increasing on [1, +00),
we obtain go(A) > (1) =0 (A > 1).
(3)Ifp+g<0andp >0, then

H() <0, h(1) < 0.

Note that /() is decreasing on [1, +00), we get i#(A) < /(1) < 0 for A > 1, and then we get
g()<0fora>1.

Finally, in view of the fact that g5(1) is decreasing on [1, +00), we deduce g>(1) < g>(1) =0
(A>1).

(4)Ifp+q<0andp<0,then

/ . h(3)
H(r) >0, h() <0, ;\1—1>IPoo - =pp+q)>0.
By the monotonicity and the continuity of /(1), we find that there exists A, € (1, +00)
such that s(A,) = 0, which implies that #(A) < O for A € [1, ), and &(X) > 0 for A € (Ay, +00).
We hereby deduce that gj(1) < 0 for A € [1, 1), and g5(A) > O for A € (A3, +00). Further,
we conclude that go(A) is decreasing on [1, A;) and increasing on (i3, +00).

Therefore, we obtain
o) < max{gg(l), lim gz(k)} = max{O,—(p - q)} =0.
A—+00

Case 2. pg =0.

It is easy to verify that:
If p > g = 0 (it implies that p + g > 0), then g,(1) = 2p(A¥ —1) > 0.
If 0 = p > g (it implies that p + g < 0), then g,(X) = 2¢(1 - A7) < 0.
If 0 = p = ¢ (it implies that p + g = 0), then g,(1) = 0.

This completes the proof of Lemma 4. d

3 Main result
The main result of this paper is given by Theorem 1 below.

Theorem 1 For fixed (p,q,w) € R3,
(1) ifp+q=>0andw=> 0, then the generalized Gini-Heronian means H,g,,(x,y) are
Schur-geometric convex for (x,y) € R?,;
(2) ifp+q=<0andw >0, then the generalized Gini-Heronian means Hy, 4, (x,y) are

Schur-geometric concave for (x,y) € R? ..

Proof We consider the following two cases.

Case 1. If p = g, then

2 Inx + (W/2)(xy)?"? In(xy) + y* In

Hygw(x,y) = exp Y 5 9)+y"Iny .
x2 + wixy)P/2 + yp

Differentiating H, ., (%, y) with respect to x and y, respectively, we obtain

% _ Hp,q,w(x,}/)G1(x,j/,P; w) % _ Hp,q,w(x,y)Gz(x’ny’ w)
ax  x[w? + wixy)p/2 + yr]2’ dy  yla? + wlxyp2 +y212
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where
G1(%,3,p, W) = [pa? Inx + & + (pw/4)(xy)"* In(xy) + (w/2)(xy)? ][+ + wlxy)”'> + 5]
—p[xp Inx + (w/2)(xy)?"? In(xy) + * lny] [xp + (w/2)(xy)p/2],
Ga(x%,y,p,w) = [py’ Iny + 7 + (pw/4)(xy)?"? In(xy) + (w/2)(xy)1’/2][xp + w(xy)y'? +5]
—p[x” Inx + (w/2)(xy)?? In(xy) + y° lny] [yp + (w/2)(xy)p/2].

By calculation, it follows that

0H ) (2= 9)Hpgux,9)F(x,y,p, W)

A )( oH
=x—-y|x— —y—
4 0x yay [x2 + w(xy)P/2 + yr]?

where

F(x,y,p:w) = Gi(%, 3, p, W) = G2(, Y, p, W)
= (pa” Inx + 27 — py? Iny — ) [« + w(xy)?’? + 57|
- p[# Inx + (w/2)(xy)"”* In(xy) + 5 Iny] (x” - 5*)
= (xy)P2[x” — 9 + (p/2) (¥ +57) In(x/y) |w + 2paPy? In(x/y) + 2 — y*P.

Note that the expression A is symmetric in x and y, without loss of generality we assume

that x > y.
Setting A = x/y, > > 1, we have

E(x,3,p,w) = (xp)P*y?[A2 =1+ (p/2) (A + 1) InA]w + y (2pA” In A + 27 — 1).

In addition, it is easy to show that

[)J’ -1+ (p/2)(W +1) lnk]w +y2p(2pkp Ini+ A% -1)>0 forp>0andw=>0,

[)J’ -1+ (p/2)()»p + 1) ln)»]w+y2p(2p)»p Inh + A% —1) <0 forp<0Oandw>0.

This yields

A>0 forp>=0,w>0 and A<0 forp<0,w=>0.

Case 2. If p # g, then

x + wxy)P'? + P V-9
Hp qw(%,y) = (W) .

Differentiating H, ;. (%, y) with respect to x and y, respectively, we get

H _ Hypgu9) [Px”‘l + (pwi2)y(ey) PP qat™t + (qwi2)y(xy) 2)‘1]

x r—-q X + w(xy)P? + yr x7 + w(xy)1'? + y1
OH _ Hypguw(xy)[py"" + (pw/2)x(xy) PP gyt + (qw/2)x(xy) @D
dy pP-q X + wixy)P/2 + yp x4 + wixy)?2 + y '

Page 7 of 11
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Direct calculation gives

oH 0H
A==y x—-y—
ox ay

_ Hmw(x’y)(x—y)[ per—9") gt -y ]
i P9 o+ wlxylP2 + 9P x+ wlxy)?? + 1 |

It is obvious that the expression A is symmetric with respect to p and g (it is also sym-
metric with respect to x and y), and without loss of generality we assume that x > y and
p > q in the following discussion.

Simplifying the expression A, we obtain

— HpquW(x’y)(x _y)F(x:yiprLI! W)
- (p - Q)(xp + w(xy)P/Z +y1’)(xq + W(x_y)q/2 +yq)’

where

F(x,y,p,q,w) :p(xp —y”)(xq + w(xy)q/2 +yq) - q(xq —y")(xp + w(ocy)"’/2 +y”)
_ (pxp+(q/2)yq/2 _ qxq+(p/2)yp/2 + qxp/zyq+(p/2) _pquzyp+(q/2))w
+ -+ (p+ Py = (p+ @y’ — (p — )y
=y U plalyy @) — qlaly) P + q(xly)* - plxly)?* Jw

+ 97 (0 - @)YV + (p + @) /Y)Y — (0 + @) (x/9) - (0 — )]
Setting A = x/y, > 1, then
F(x,y,p,q,w) = ¥ 1 [A @ (M)w + (1)),
where

gi(A) = pAP — qaPP2ra? 4 gpp a2

W) =p-M" 1+ P+ -p+qr!-(p-q).
It follows from Lemmas 3 and 4 that

F(x,y,p,q;w)>0 forp+g>0andw>0,

Fx,y,p,q,w) <0 forp+g<0andw>0.
This evidently implies that
A>0 forp+gq>0,w>0 and A<0 forp+g=<0,w>0.
By using the conclusions obtained in Cases 1 and 2 together with an application of
Lemma 1, we are led to the desired results:

H,qw(x,y) is Schur-geometric convex on R, when p + ¢ > 0 and w > 0. Furthermore,
H,;w(x,) is Schur-geometric concave on R?, when p +g < 0 and w > 0.

Page 8 of 11
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The proof of Theorem 1 is thus completed. O

Remark 1 The main result of Theorem E would follow as a special case of Theorem 1
(g = 0). Namely, the result stated in Theorem 1 is an extension of the result given in [7].

4 An application
As an application of Theorem 1, we establish the following interesting inequalities for gen-

eralized Gini-Heronian means.

Theorem 2 LetO<x <y,andlet1/2<t, <t <lor0 <t <t <1/2.
Ifp+q>0andw >0, then

Hyn (V) = Hyg (5 55)
<Hp4w ()’tlxl—ﬂ,xﬁyl—tl) <H,4w(x,). (4.1)

Ifp+q<0andw=>0, then

Hp (%Y, /%) = Hp g (522172, 22y1712)
> Hpqw (yt‘xl’tl,xt1 yHl) > Hpqw(%,9), (4.2)

where Hy, ;. (%,) is given by

P +wlx)lP2 49 \1/(p—g)
H ) = | Gomtomon) 2
pgw\%:Y) = xp(xp lnx+(w/2)(xy)p/2 In(xy)+y? lny)’ p=q.

K +w(xy)P2 9P

Proof Using Lemma 2 with a substitution a = Inx, b = Iny gives

1 Iny 1 1
(nx; ny’ nx; ny) < (tzlny+(1—t2)1nx,t21nx+(1—t2)lny)

< (alny+(1-t)Inx, fInx+ (1 -5)Iny) < (Inx,Iny),
which is equivalent to

(In /xy,1n \/xy) < (ln(ytz xl—tz)’ In ( X2 sz))
< (In(yx'™1),In(x"y'")) < (Inx, Iny).

On the other hand, we derive from Theorem 1 that
H, ;w(%,9) is Schur-geometric convex for p + ¢ > 0 and w > 0, H, 5, (%,y) is
Schur-geometric concave for p + ¢ <0 and w > 0.

Thus, from Definition 2, it follows that

Hyp 0 (/%Y /%)) < Hp g0 (y2 %172, 5251 72)

< prqyw (yn xl—tl , xmyl—n) < prqyw(x, y)
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for p + ¢ > 0 and w > 0; and that

Hp,q,w(\/x_, \/@) > Hp,q,w (ytle—tz’xtzyl_tz)

z HpquW (ytl xlitl ’ xt1y17t1 ) > Hp,q,w(xr y)

forp+g<0andw=>0.
The above-mentioned inequalities are the required inequalities in Theorem 2. This com-
pletes the proof of Theorem 2. d

Putting g = 0 in Theorem 2 gives the following inequalities.

Theorem 3 Let 0 <x <y,w=>0,andlet1/2 <t, <t <lor0 <t <t, <1/2. Then, for

p = 0, we have the inequality

G(x, y) < Hp,w (ytle—tZ,xtzyl—tg)

< Hp,w(ytlxl_tl,xtlyl_“) <H,,x,y). (4.3)
Furthermore, for p < 0 we have the inequality

Gl 3) = Hon (1=, 519-0)

> Hpu (Y12, 51y" 1) > H,, (5, ), (4.4)

where G(x,y) = /%, H, (%, y) is given by

(xp+w(xy)P/2+yp)1/p’ p#o,

w+2

Hp,w(x,y) =
NEZ r=0.

Remark 2 Inequalities (4.3) and (4.4) were first presented by Shi et al. in [7]. It is ob-
vious that the inequalities given in Theorem 2 provide the generalized versions of these

inequalities.
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