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Abstract

A nonlinear generalized Benjamin-Bona-Mahony equation is investigated. Using the
estimates of strong solutions derived from the equation itself, we establish the L'(R)
stability of the solutions under the assumption that the initial value ug(x) lies in the
space H'(R).
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1 Introduction
Benjamin, Bona and Mahony [1] established the BBM model

Up + Al — Dty + k(uz)x =0, 1

where a, b and k are constants. Equation (1) is often used as an alternative to the KdV'
equation which describes unidirectional propagation of weakly long dispersive waves [2].
As a model that characterizes long waves in nonlinear dispersive media, the BBM equa-
tion, like the KdV equation, was formally derived to describe an approximation for surface
water waves in a uniform channel. Equation (1) covers not only the surface waves of long
wavelength in liquids, but also hydromagnetic waves in cold plasma, acoustic waves in an-
harmonic crystals, and acoustic gravity waves in compressible fluids (see [2, 3]). Nonlinear
stability of nonlinear periodic solutions of the regularized Benjamin-Ono equation and the
Benjamin-Bona-Mahony equation with respect to perturbations of the same wavelength
is analytically studied in [4]. Unique continuation property and control for the Benjamin-
Bona-Mahony equation on a periodic domain are discussed in [5]. The L7 (g > 2) asymp-
totic property of solutions for the Benjamin-Bona-Mahony-Burgers equations is studied
in [6] under certain assumptions on the initial data. The tanh technique is employed in
[7] to get the compact and noncompact solutions for KP-BBM and ZK-BBM equations.

Applying the tanh method and the sine-cosine method, Wazwaz [8] obtained com-
pactons, solitons, solitary patterns and periodic solutions for the following generalized
Benjamin-Bona-Mahony equation

Us + Aty — Dl + k(um)x =0, 2)

where a #0, b > 0 and k # 0 are constants, and m > 1 is an integer.
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The objective of this work is to investigate Eq. (2). Using the methods of the Kruzkov’s
device of doubling the variables presented in Kruzkov’s paper [9], we obtain the L! stability
of strong solutions. Namely, for any solutions u; (¢, x) and u5 (¢, x) satisfying Eq. (2), we will
derive that

a1 (2, %) - uz(t,x)”Ll(R) < ce || u1(0, %) — u(0, %) ”Ll(R)' te[0,7T], (3)

where T is the maximum existence time of solutions #; and u#; and ¢ depends on
l41(0, X) | g2 () and [|242(0, %) || 1 (). From our knowledge, we state that the L! stability of
strong solutions for Eq. (2) has never been acquired in the literature.

This paper is organized as follows. Section 2 gives several lemmas and Section 3 estab-
lishes the proofs of the main result.

2 Several lemmas

Let ny = [0, T] x R for an arbitrary T' > 0. We denote the space of all infinitely differentiable
functions f(¢,x) with compact support in [0, T'] x R by C§°(nr). We define y (o) to be a
function which is infinitely differentiable on (—o0, +00) such that y (o) > 0, y(0) = 0 for

7(

o] >1and f_o; y(0)do = 1. For any number ¢ > 0, we let y.(0) = @ Then we have

that y, (o) is a function in C*°(-00, 00) and

{yg(a) >0, 1:(0)=0 iflo|>e, W

lye0) << [ yelo)do =1.

Assume that the function v(x) is locally integrable in (—o0, 00). We define the approxima-
tion of function v(x) as

Vix) = %/my(x_y>v(y)dy, £>0.

00 &

We call x a Lebesgue point of function v(x) if

lim 1 fv(x) - v(x0)| dx=0.

620 € Jixwg|<e
At any Lebesgue point x of the function v(x), we have lim,_, ¢ v*(x¢) = v(x0). Since the set
of points which are not Lebesgue points of v(x) has measure zero, we get v*(x) — v(x) as
& — 0 almost everywhere.

We introduce notations connected with the concept of a characteristic cone. For any
M > 0, we define N > sup, (g o) ll#llo(r) < 00. Let U denote the cone {(¢,x) : [x| <M —
Nt,0 <t < Ty =min(T, MN)}. We let S, represent the cross section of the cone U by the
plane £ =7, v € [0, Ty]. Let H, = {x: |x| < r}, where r > 0.

Lemma 2.1 ([9]) Let the function v(t,x) be bounded and measurable in cylinder Q =
[0, T] x H,. Iffor any § € (0, min[r, T]) and any number ¢ € (0,3), then the function

1
Ve=— //:// |v(t,x) - v(t,y)| dxdtdydr
€ |58 I<e8 < 55E <T-8,| 72 |<e )| T | <r-8

2

satisfies lim,_,o V = 0.
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In fact, for Eq. (2), we have the conservation law

/(u2 + buﬁ) dx = /(uz(O,x) + bui(O,x)) dx, (5)
R

R

from which we have

el zoey < cllsoll i ys (6)

where ¢ only depends on b.
We write the equivalent form of Eq. (2) in the form

ue+ A7 (au + ku™) =0, (7)

S
where the operator A~2g = ﬁ [ e . y‘g(y) dy for any g € L*(R).

Lemma 2.2 Let uy = u(0,x) € H'(R), K,,(t,x) = A~%(au + k') and P,(t,x) = 3K, (¢, x). For
any t € [0,00), it holds that

| Kt % <G, |Pu(t, %) ||L°°(R) <G,

Moo
where the constant C is independent of time t.

Proof We have

L[ Ly
= Vb m
K,(t,x) N/ /_Ooe [cm(t,y)+ku (t,y)] dy (8)
and

|Pu(t,x)| =

1 x| ’
O —— e Vb au(t,y) + ku(t,y) | d
7 | [aut, ) + k" (t,9)] dy
1 1, (* 1,
= ‘—%e Vo / evb [au(t,y)+kum(t,y)]dy

1 Ly > _1,
+opel / e Vb [au(t,y)+ku’”(t,y)]dy‘
X

S U
=3 e b y'Iau(t,y) +ku(t,y)| dy. )

B
Using (5)-(6), the integral [ e V5! dy = 2+/b and (8)-(9), we obtain the proof of
Lemma 2.2. O

Lemma 2.3 Let u be the strong solution of Eq. (2), f(t,x) € C3°(n1). Then
// {|u — k|f — sign(u — k)Pu(t,x)f} dxdt =0, (10)
nr

where k is an arbitrary constant.
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Proof Let ®(u) be an arbitrary twice smooth function on the line —oco < u < co. We mul-
tiply Eq. (7) by the function ®'(u)f(t,x), where f(¢,x) € C3°(n7). Integrating over nr and
transferring the derivatives with respect to ¢ and x to the test function f, we obtain

/ / {®)fs — @' ()P, (¢, x)f } dxdt = 0. (11)
nr

Let ®¢(u) be an approximation of the function |u — k| and set ®(u) = ®°(u). Letting

& — 0, we complete the proof. O
In fact, the proof of (10) can also be found in [9].

Lemma 2.4 Assume that uy(t,x) and uy(t, x) are two strong solutions of Eq. (2) associated
with the initial data uo = 11(0,%) and uzo = u3(0,x). Then, for any f € C3°(nr),

’/OO sign(z; — uz)[Pu1 (&, %) — Py, (¢, x)]f dx

EC/ |ty — up| dx, (12)

oo

where ¢ depends on ||u1o || (g) and |luzo || g (g) and f -

Proof Using (9), we have
’Pul (&%) — Py, (2, x)|

1 -1, [* L
:‘—%e ﬁ/ eﬁy[aul(t,y)+ku{”(t,y)—auz(t,y)—kug’(t,y)]dy

1 L, [ _L1
+ %eﬁ / e ﬂy[aul(t,y) +kui'(t,y) — aus(t,y) — kugq(t,y)] dy
E S
< c/ ¢ V5 |au1(t,y) +ku'(t,y) — aus(t,y) — kug”(t,y)| dy
—00

L
50/ e "t y) - us(t,)| dy, (13)

in which we have used |lu1]lzc < |lu1oll;ar) and |42z < [lua0]l 2 (r)- Using the Fubini
theorem completes the proof. d

3 Main results
Theorem 3.1 Let u; and uy be two local or global strong solutions of Eq. (2) with initial

data uy(0,%) = uyy € H'(R) and u»(0,x) = uyo € H'(R), respectively. Let Ty be the maximum

existence time of solutions uy and u,. For any t € [0, Ty), it holds that

| (2, ) — ua (2, ’)”LI(R) < ce|luro — 20l 1 () (14)

where c depends on ||u1o || 1 (r) and |luao || g (r)-
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Proof For an arbitrary T > 0, set nr = [0, T] x R. Let f(t,x) € C5°(nr). We assume that
f(t,x) = 0 outside the cylinder

| ={&®)} =16, T-26] x H,_p5, 0<28 <min(T,7). (15)
We define
3 t+7 x+y t—71 X=Y\
e-f(5 50 (50 (552 s, (16)
where (---) = (55, 52) and (%) = (5%, 5¥). The function y;(0) is defined in (4). Note that
8 +& =fil - )he(x), &+ & =Sfilr)Ae(¥). 17)

Taking u = u(¢,x) and k = u5(7,y) and assuming f (¢, x) = 0 outside the cylinder |4, from

Lemma 2.3, we have

I e -l

+sign (w1 (t, %) — us(7,y)) P, (t,x)g} dxdt dy drt = 0. (18)
Similarly, it holds
ff/f {|ua(r,y) — (6, %)|g:
nrxnr
+sign(us(7,9) — w(t, %)) Py, (1,9)g ) dxdt dydr =0, 19)

from which we obtain

0< / / / / I CCE RS

//// sign(ul(t,x) - uz(r,y)) (Pul(t,x) - Puz(r,y))gdxdtdydr
nTxnr

+

s ],
We will show that
0< //w|u1<t,x)—uz(t,x>tﬂ
. / /n sign(aa(6:9) = (69) [P (60 - Py 9 e (21)

We note that the first term in the integrand of (20) can be represented in the form

Y, = Y(t,%,7,y,u1(t,%), uz(7,9)) e (). (22)
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By the choice of g, we have Y, = 0 outside the region

e-tl _, eyl
2

{(t,x;r,y)}:{5<”T <T-25, —25| Zylfs} (23)

and

//// Y. dxdtdyde
nrxnr
] pcssmin

- Y t,x, t,x, u1 (£, %), us (¢, x))] (x)dxdtdydr

//:// t x, t,x, u1 (t, %), us (¢, x)) c(x)dxdtdydr = Ji(e) + . (24)
nrxnr

Considering the estimate |A(x)| < E% and the expression of function Y, we have

1
ie)| < C[—z /ff/ | (2, %)
€ |55 |<ed<BE <T-6,| % |<e,| 5 |<r-5

—uz(t,y)’dxdtdydr} (25)

where the constant ¢ does not depend on ¢. Using Lemma 2.1, we obtain /;(¢) — 0 as

& — 0. The integral J, does not depend on ¢. In fact, substituting ¢ = o, 5 = 8, x = 1,

% = £ and noting that

/ / : Ae(B,E)dE A =1, (26)

we have

= 2 // Ys(a’ n,a,n, uie, 1), MZ(O(:U)){/ / re(B,&)dE dﬁ} dnda
nr - J-00

= 4// Y (6%, t,% u1 (&, %), us(t, %)) dx dt. (27)
nr

Hence

lim //// Yedxdtdydr = 4// Y(t,x, t,x, u1(t, %), us (2, x)) dxdt. (28)

e=>0 nTXnT nr
Since

I = sign(u (£, %) — uz(2,)) (Puy (£, %) = Puy (T, ) 1o (%) (29)
and

/:/// Ldxdtdydr = //// [Iz(t,x,r,y) —Iz(t,x,t,x)] dxdtdydr
nTxnr nTXnT
+ //// L(t,x,t,x)dxdtdydt = Ki(g) + Ky, (30)
nTXnr
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we obtain

1
’1(1(8)| <cle+— ‘Puz(t,x)
€ |58 I<e,8 <5 <T-8,| 552 |<e)| T <r—8

2 2

- Pw_,(r,y)| dxdtdydr). (31)
By Lemmas 2.1 and 2.2, we have Ki(¢) — 0 as ¢ — 0. Using (26), we have
Ky =2 // L(e,n,0,n,um(a,n), uz(a,n)){/ / he(B,§)dE dﬂ} dn do
nr - J-00

=4 // I (t, x, t, %, u1(t, %), us(t, x)) dxdt
nr

= 4// sign (£, %) — 13 (£, %)) (Puy (£, %) — Py, (¢,))f (¢, %) dx dt. (32)
nr
From (28) and (32), we prove that inequality (21) holds.
Let
w(t) =/ ’ul(t,x) —ug(t,x)’dx. (33)

We define the following increasing function

6.(p) = / " @)ds (61(0) = y.(p) = 0) (34)

00

and choose two numbers 7; and 13 € (0, Ty), 71 < T2. In (21), we choose

f = [es(t - Tl) - es(t - 'Cz)]X(t,X), €< min(rlr T() - 7:2)7 (35)
where
X(t,x):xh(t,x):l—eh(|x| +Nt—M+h), h>0. (36)

When £ is sufficiently small, we note that function yx(¢,x) = 0 outside the cone U and
f(¢t,x) = 0 outside the set |4). For (¢,x) € U, we have the relation

Xt +N|Xx| =0,

which derives

Xt <0. (37)
Applying (21), (34)-(37) and the increasing properties of 6, we have the inequality

0< f/ (et = 1) = yelt — )]s () — wn(t, )|} e
7o

+

// [0c(t — 1) = 6. (¢ — 72) | [Puy (&%) — Pu, (6,%) | B(£, %) xu (8, %) dx dt |, (38)
T,

where B(¢,x) = sign[u; (¢, x) — 1 (£, %)].
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From (38), we obtain

0= f/ﬂTo {[yS(t —n) -yt - tZ)]Xh|”1(t»x) - Mz(t,x)} } dxdt

To
. /0 (6:(2 - 11) = 0, (¢ — 7))

/M[Pul(t,x) —Puz(t,x)]B(t,x)Xh(t,x) dx|dt. (39)

o]

Using Lemma 2.4, we have
0< // {[e(t = 10) = ve(t = ) | xn|r (8, %) — s (8, %) |} dc dt
T,

To e
+c/0 (Gg(t—rl)—eg(t—rz))/ |u1 — us| dx dt, (40)

—00

where ¢ is defined in Lemma 2.4.
Letting # — 0 in (40) and letting M — o0, we have

To [e'9)
05/ {[ys(t_fl)_ys(t_TZ)]/ Iul(t,x)—uz(t,x)ldx}dt
0 _

o]

To 00
+C/ (Hg(t—fl)—QS(t— 7.'2)) (/ |le1 —I/l2|dx> dt. (41)
0 _

(o ¢]

By the properties of the function y. (o) for ¢ < min(zy, T — 71), we have

To To
| f yet = Tyt dt — wiz)]| = ’ / yg(t—m[w(t)—w(n)]dt‘
0 0

1 T1+€
<c- / |w(t) - w(rl)| dt— 0 ase—0, (42)

& Jr-¢

where c is independent of €.
Set

To To t-11

L(ty) = f 0. (t — T)w(t) dt = / / ye (o) dow(t) dt. (43)
0 0 —00

Using the similar proof of (42), we get
To
L'(n) = —/ Ve(t —T)w(t)dt — —-w(r;) ase— 0, (44)
0
from which we obtain
7
L(t1) — L(0) —/ w(o)do ase— 0. (45)
0

Similarly, we have

L(ty) — L(0) - /fz w(oc)do ase— 0. (46)
0
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Then we get
)
L(ty) — L(1y) —> / w(o)do ase— 0. (47)
7
Letting ¢ — 0, 7y — 0 and 1, — ¢, from (41), (42) and (47), for any ¢ € [0, Ty], we have

/oo|u1(t,x)—u2(t,x)|dx < /Oo‘ul(o,x)—ug((),x”dx

o0

+c/0 /_Oo|u1(t,x)—u2(t,x)|dxdt, (48)

from which we complete the proof of Theorem 3.1 by using the Gronwall inequality. O
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