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Abstract

In this paper, we obtain the superstability of the functional equation

f(pr,qs) + f(ps,qr) = 0(pq, rs)f (p, q)f (r,s) for all p,q,r,s € G, where G is an Abelian group,
f a functional on G?, and 8 a cocycle on G°. This functional equation is a generalized
form of the functional equation f(pr, gs) + f(ps, gr) = f(p, @)f(r,s), which arises in the
characterization of symmetrically compositive sum-form distance measures, and as
products of some multiplicative functions. In reduction, they can be represented as
exponential functional equations. Also we investigate the superstability with
following functional equations: f(pr,gs) + f(ps, gr) = 0(pq, rs)f(p, g)g(r, s),

flpr,gs) + f(ps,qr) = O(pq, rs)g(p, g)f(r,s), f(pr,qs) + f(ps,qr) = O (pq, rs)g(p, @)g(r, s),
f(pr,qs) +flps,qr) = 0(pg, 1)g(p, h(r, ).

MSC: 39B82; 39B52

Keywords: distance measure; superstability; multiplicative function; stability of
functional equation

1 Introduction
Let (G,-) be an Abelian group. Let I denote the open unit interval (0,1). Let R and C
denote the set of real and complex numbers, respectively. Let R, = {x € R | x > 0} be a set
of positive real numbers and Ry = {x € R | x > k > 0} for some k € R.

Further, let

FZ = {P: (Pl;p2;~~~rpn)

0<pk<1,2pk=1}

k=1

denote the set of all n-ary discrete complete probability distributions (without zero prob-
abilities), that is, I';) is the class of discrete distributions on a finite set 2 of cardinality n
with # > 2. Over the years, many distance measures between discrete probability distri-
butions have been proposed. The Hellinger coefficient, the Jeffreys distance, the Chernoff
coefficient, the directed divergence, and its symmetrization /-divergence are examples of
such measures (see [1] and [2]).

Almost all similarity, affinity or distance measures p, : I') x I') — R, that have been
proposed between two discrete probability distributions can be represented in the sum
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form
1n(P,Q) =Y ¢(pr i), (1.1)
k=1

where ¢ : I x I — R is a real-valued function on unit square, or a monotonic transforma-
tion of the right side of (1.1), that is,

,un(P) Q) = w (Z ¢(pkr qk))r (12)
k=1

where ¥ : R — R, is an increasing function on R. The function ¢ is called a generating
function. It is also referred to as the kernel of u,(P, Q).
In information theory, for Pand Q in I'?, the symmetric divergence of degree « is defined

as

1 n
JraPQ) = [Z(p?iqi“ +PCaR) - 2]-

k=1

It is easy to see that J,, (P, Q) is symmetric. That is, /¢ (P, Q) = J,,o(Q, P) for all P,Q € T"?.
Moreover, it satisfies the composition law

Juma(P % R, Q% S) + Jum,a(P % S,Q* R)

= 2]14,01 (Pr Q) + 2]m,a (Rr S) + )\]n,ot (P7 Q)]m,a (R7 S)

forall ,Qe 'Y and R, S € I'?, where A =2*7! —1 and

PxR= (plrlipITZrou!plrm;pzrlr'"!pZFmV"vpnrm)'

In view of this, symmetrically compositive statistical distance measures are defined as fol-
lows. A sequence of symmetric measures {u,} is said to be symmetrically compositive if
for some A € R,

Mom(P xR, Qx S) + Ly (P * S,Q* R)

=20 (P, Q) + 21 (R, S) + Aty (P, Q)i (R, S)

forallP,QeTIY, S,ReIy, where

PxR=(p1r1,p172s s D1V s P27 15 -3 P2V s - o3 Pntm)-

Chung, Kannappan, Ng and Sahoo [1] characterized symmetrically compositive sum-
form distance measures with a measurable generating function. The following functional

equation:

(FE) f(pr.qs) +f(ps,qr) =f(p,q)f (r;s)
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holding for all p, g, r, s € I was instrumental in the characterization of symmetrically com-
positive sum-form distance measures. They proved the following theorem giving the gen-
eral solution of this functional equation (FE).

Suppose f : I*> — R satisfies the functional equation (FE), that is,

Slor,qs) +fps,qr) = f(p, 9)f (r,5)

forall p,q,r,s € I. Then

[, q) = Mi(p)My(q) + Mi(q)Ma(p), (1.3)

where M, M, : R — C are multiplicative functions. Further, either A; and M, are
both real or M, is the complex conjugate of M;. The converse is also true.

The stability of the functional equation (FE), as well as the four generalizations of (FE),
namely,

FEg) f(pr,qs) +f(ps,qr) = f(p, 9g(r, ),
FEy) f(pr,qs) +f(ps.qr) = g, q)f (1,5),
FEg) f(pr.qs) +f(ps,qr) = g, q)g(r,5),
FEg,) f(pr.qs) +f(ps,qr) = glp, 9)h(r,s)

forall p,q,r,s € G, were studied by Kim and Sahoo in [3, 4]. For other functional equations
similar to (FE), the interested reader should refer to [5-8], and [9].
The present work continues the study for the stability of the Pexider type functional

—~ o~ o~ o~

equation of (FE) added a cocycle property to the conditions in the results [3, 4]. These
functional equations arise in the characterization of symmetrically compositive sum-form
distance measures, products of some multiplicative functions. In reduction, they can be
represented as a (hyperbolic) cosine (sine, trigonometric) functional equation, exponen-
tial, and Jensen functional equation, respectively.

Tabor [10] investigated the cocycle property. The definition of cocycle as follows:

Definition 1 A function 6 : G> — R is a cocycle if it satisfies the equation

0(a, bc)0(b,c) = 0(ab,c)b(a,b), Na,b,ceG.

For example, if F(x,y) = L&) £ o function f : R — R,, then F is a cocycle. Also if

0(x,y) = In(x)In(y) for a funé(t?gn 6 :R,*> — (R,+), then 6 is a cocycle, that is, 6(a, bc) +
0(b,c) =0(ab,c) + 6(a,b), and in this case, it is well known that 0(x,y) is represented by
B(x,y) + M(xy) — M(x) — M(y) where B is an arbitrary skew-symmetric biadditive function
and M is some function [11]. If 8(x, y) = a"®'0), then 6 : R? — (R, ") is a cocycle and in
this case, 6(x, y) is represented by eB®») gM®)-Mx)-MG),

Let us consider the generalized characterization of a symmetrically compositive sum
form related to distance measures with a cocycle:

(CDM) f(pr.qs) +f(ps,qr) = 0(pq, rs)f (0, q)f (1 s)

for all p,q,r,s € G and where f, @ are functionals on G2, which can be represented as
exponential functional equation in reduction.
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In fact, if f(x, ) = % + %, then f(pr, qs) + f(ps,qr) = f(p,q)f (r,s), and also if f(x,y) = a™,
and 6(x,y) = 2 then f, 0 satisfy the equation f(pr, gs) + f (ps, qr) = 0 (pq, rs)f (v, q)f (1, s).

This paper aims to investigate the superstability of four generalized functional equations
of (CDM), namely, as well as that of the following type functional equations:

(GMgz) f(pr.gs) +f(ps,qr) = 0(pq, rs)f (p,q)g(r,5),

(GMgyr) flpr,gs) +f(ps,qr) = 0(pq, rs)g(p: )f (r,5),

(GMyyq) f(pr,qs) +f(ps,qr) = 0(pq, rs)g(p, 9)g(r>s),

(GMggn) f(pr,qs) +f(ps,qr) = 0(pq, rs)g(p @)h(r,s).

2 Superstability of the equations

In this section, we investigate the superstability of (CDM) and four generalized functional
equations (GMgg), (GMgyr), (GMgy,), and (GMgy,).

Theorem 1 Letf,g:G*> — R, ¢ : G> — R, be functions and a function 0 : G* — Ry be a
cocycle satisfying

f (pr, qs) + f (ps, qr) — 0(pq, rs)g(p, @)h(r,s)| < $(r,s) Vp,q,r,s€G. (2.1)

and |f(p,q) — g, q)| <M for all p,q € G and some constant M.
Then either g is bounded or h satisfies (CDM).

Proof Let g be an unbounded solution of inequality (2.1). Then there exists a sequence
{(x,y)|n € N} in G? such that 0 # |g(x,,, )| — 00 as 1 — oo.
Letting p = x,,, g = y,, in (2.1) and dividing by |0 (Y, 75)g (%4, )|, we have

Florpos) +f s ) 609
O (XY > 15)g (K> V) T kg )l

Passing to the limit as # — oo, we obtain

hrs) = lim Sl yu8) + S (XS, ynr) (22)
n—0o0 e(xnyn: rs)g(xmyn)
Letting p = x,p, ¢ = y,q in (2.1) and dividing by |g(x,,y,)|, we have
S @nr, yndS) +f XD yuqr) 0 Xnpyng, 1S)g X, ) | (rs)
&% yn) 8% ) ’
< é(r,s) N (2.3)
(s yn)
as n — o0.
Letting p = x,q, g = y,p in (2.1) and dividing by |g(x,, y,)|, we have
f@ndr, yups) +f ns yupr) 0 5ngynp, 15)8Wnd> yu) r.9)
g, y) €% yn) ’
< L’S) (2.4)
(x> y)|

as 71 — OQ.

Page 4 of 11


http://www.journalofinequalitiesandapplications.com/content/2014/1/393

Lee and Kim Journal of Inequalities and Applications 2014, 2014:393

Page 5 of 11
http://www.journalofinequalitiesandapplications.com/content/2014/1/393

Note that for any a, b, ¢ in G, 6(ba, c)0(b,a) = (b, ac)0(a, c) by the definition of the co-
cycle. Letting pg = a, x,y, = b, and rs = ¢ we have

0 (x%,Yupq, 18)0 (XY PG)
O (XY, PGrs)

=0(pq,rs)
for any p, q, r, S, %4, y» in G. Thus, from (2.2), (2.3), and (2.4), we obtain

\h(pr, qs) + h(ps, qr) — 0(pq, rs)h(p, Qh(r, s)|

‘f (Xnpt 48) + f (%nGS, Yupt) + f (XS, yuqr) + f (%97, ypS)
0 (xnymprqs)g(xnr yn)

= lim
Hn— 00

- 0(pg, rs)h(p, h(r,s)
’ 1
0 (%Y, prqs)

O (XnpYnq, r)g(Xnps ynq)h(r, s)
g% V)
) 1
+ lim ‘
100 0 (%Y PTYS)

_ O0(xnqynp, r5)g(xnq, yup) (', 5)
F{Cn)

< lim
n—0o0

. ‘f (xnpr, yngs) +f @npS, yuqr)
g (xm yn)

) ‘f (xXuq1> yups) + f (xuqs, yupr)
2% Yn)

0 n)nPY> 0 nyns ntrJrVn nd> Yn
+ |h(r,s)| lim‘ ¥y, )0 Wnyr PA) XD, Ynl) + 8 Xnl, Ynb)
n—00

H(xnynrpqrs) e(xnympq)g(xmyn)

= 0(pq, rs)h(p, q)‘

%2, Ynq) +f (%, yup)
0 (XY PL)E X )
, & N@npyud) + € =¥ yup) o, q)’
0 (%Y POE(Xrss V)

2M
< h(r,s)0(pgq,rs) lim '—
n—>00 kg(xn;yn)

+ h(r,)6(pg,rs) lim [0 +S Cint 3o)
n—>00 Q(xy,yn,I%I)g(xmyn)

< h(r,s)0(pq, rs) lim
n— 0o

—h(p:q)‘
=0. 0

Theorem 2 Letf,g:G? — R, ¢ : G — R, be functions and a function 6 : G — Ry be a
cocycle satisfying

If (or,gs) + £ (ps, qr) — 6 (pq, rs)g(p, @)h(r,9)| < ¢(p,q) Vp,q.1,5€G, (2.5)

and |f(p,q) — h(p,q)| < M for all p,q € G and some constant M.
Then either h is bounded or g satisfies (CDM).

Proof For h to be an unbounded solution of inequality (2.5), we can choose a sequence
{(*4,y) |1 € N} in G? such that 0 # |/(x,,, y,)| — 00 as n — oo.
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Letting r = x,,, s = y,, in (2.5) and dividing by |0 (pgq, %,y,) (x4, ¥)|, we have

S 0%, qyn) +f 0y %) ) < g
00, %nYn)h (%> ) = ki@ y)l

Passing to the limit as # — oo, we obtain

S Oxn, qyn) "'f(l”quxn)

,q) = lim (2.6)
g(p 1 n—00 G@q:xnyn (xmyn)
Replacing r = rx,, s = sy, in (2.5) and dividing by |h(x,, y,)|, we have
[ ©rxn, qsyn) +f (Syn qroen) h(rx,, sy,)
-0 » I'XnS n) )7
s y2) W s e )
< _Pwa) N 2.7)
|h(xmyn)|
as n — oo.
Replacing r = ry,, s = sx, in (2.5) and dividing by |/(x,,y,)|, we have
V> qS%n) + f (DSXn, q1yn) h(ryn, $%u)
erymd Sessn a7y — 80, 90D ryusn) o)
h(xmyn) h(xmyn)
< w9 -0 (2.8)
|h(x, y)]
as 1 — oo.

Thus from (2.6), (2.7), and (2.8), we obtain

| g(pr,qs) + g(ps,qr) — 0(pq, rs)g(p, 9)g(r, s)|

‘f (Orxn, qsyn) + f(O1Yu, qsxn) + f (0%, qryn) + f (0SYn, qren)
O(pras, %,y )X, yn)

Vl—)OO

- 0(pq,rs)g(p,q)g(r,s)

< lim S o, gsyn) + f (pSyn, qran)
n—>00 9(17q1”5 xnyn h(xnryn)
h(r%,,8Y4)
- ) )9 3 TXyS n)i
&, q)0(pg, rxnsy 7o)
+ lim ‘ ‘f(pryn, qsxu) +f (8%, qryn)
=00 9(pqrs XnYn) (X Y)
h(ryy, sx,)
— (0,90 (pg, rys,) =2
h(%s Y)
.| 0(pq, r%,8y,)0(rs, 2uyn)  H(rn, sy,.) + B(ryu, $%,)
cleoa)| hm‘ (pq, rxusy, Yn) Y. B
n—>oo 9(pqi"S,xnyn) e(rijnyn)h(xnyn)

—0(pq,rs)g(r,s)

(h _f)(rxm Syn) + (h _f)(ryn: an)
H(r's,xnyn)h(xmyn)

=g, 9)|0(pg, rs) n]ingo ’
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f(rxmsyn) +f(VJ’men)
O(rS, XY ) (X5 V)

< g, 9)|0(pq, rs)

—g(’”fS)

2M
k|h(xmyn)|

.| f O, sy0) + f (ryn, sx)
¥ |g(p’ q)|0(pq’ rS) nlingo f ;trs;ginyn)i(:i:ryj)c - (r’S)

=0. O

Corollary 1 Letf,g: G> — R, ¢ : G>* — R, be functions and a function 6 : G> — Ry be a
cocycle satisfying

If (pr, qs) + f (ps, qr) — 6(pq, rs)g(p, 4)g(r,5)| < d(p,q) or $(r,s)

forany p,q,r,s € G and |f(p,q) — g, q)| <M for all p,q € G and some constant M. Then
either g is bounded or g satisfies (CDM).

Corollary 2 Letf,g:G*> — R, ¢ : G — R, be functions and a function 6 : G> — Ry be a
cocycle satisfying

|f(pras) + £ (ps,ar) — 6 (pq, rs)f (p @) (r-5)| < P (v )

foranyp,q,r,s € G. Then either g is bounded, or f satisfies (CDM) and also f and g satisfy
(GMgy).

Corollary 3 Letf,g:G* — R, ¢ : G — R, be functions and a function 0 : G*> — Ry be a
cocycle satisfying

V(pr, qs) +f(ps,qr) = 0(pq, rs)f (p, q)g(r, s)| < o(r,s)

forany p,q,r,s € G. Then either f is bounded, or g satisfies (CDM) and also g and f satisfy

(GMgger) g(pr,qs) +g(ps, qr) — 0(pq, rs)g(p, q)f (1,5).

Corollary 4 Letf,g:G?> — R, ¢ : G> — R, be functions and a function 6 : G> — Ry be a
cocycle satisfying

f (or,qs) + £ (ps, qr) — 6 (pq, rs)g(p, 9)f (r,5)| < d(.@)  Vp,q,7,5€G

foranyp,q,r,s € G. Then either f is bounded, or g satisfies (CDM) and also f and g satisfy
(GMggqr).

Corollary 5 Letf,g: G*> — R, ¢ : G — R, be functions and a function 6 : G> — Ry be a
cocycle satisfying

f (or,qs) +f(ps,qr) — 0 (pq, rs)g (0, Q)f (r,5)| < ¢(r,5) Vp,q,r,s€G

foranyp,q,r,s € G. Then either g is bounded, or f satisfies (CDM) and also f and g satisfy
(GMgg).
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Corollary 6 Letf,g:G*> — R, ¢ : G> — R, be functions and a function 6 : G> — Ry be a
cocycle satisfying

f (or, qs) + f (ps, qr) — 6(pq, rs)g(p, q)f (r,)| < ¢(p, @) Vp,q,7,s€G

forany p,q,r,s € G. Then either f is bounded, or g satisfies (CDM) and also f and g satisfy
(GMgggr).

Corollary 7 Letk>0andf,g:G*— R, ¢ : G* = R, be functions satisfying
|f(pr.qs) + f (ps,qr) = K"PP"f (p, q)f (r,5)| < ¢, @) or $ (1)
forany p,q,r,s € G. Then either f is bounded or f satisfies the following equation:
for.qs) +fps,qr) = K"CV"f (g, q)f ().
Corollary 8 Letf,g:G?> — R, ¢ : G> — R, be functions satisfying
f (pr.qs) + f(ps, qr) = f (0, q)f (r,9)| < $(p,q) or ¢(r,s)
forany p,q,r,s € G. Then either f is bounded or f satisfies (FE).

Theorem 3 Letf,g: G* — R, ¢ : G> — R, be functions and a function 6 : G> — Ry be a
cocycle satisfying

|f(pras) + £ (ws,ar) — 6 (pa, rs)f (p: )g(r:5)| <

for any p,q,r,s € G. Then f (or g) is bounded, or f and g satisfy (CDM) and also f, g, 0
satisfy (GMgy,).

Proof Replacing g(p,q) by f(p,q) and k(r,s) by g(r,s) for all p,q,r,s € G in Theorem 1,
we find that f is bounded or g satisfies (CDM). Note that f is bounded iff g is bounded.
Namely, forall p,q,r,s € G

e +f(pr.qs) +f(ps,qr) ‘

8029l = =

Let g be unbounded. Then f is unbounded by a similar method to the proof of Theo-
rem 1; g satisfies (CDM). Now by a similar method to the calculation in Theorem 1 with
the unboundedness of g, we have

. J(pxn, qyn) +f (Y0 qxn)
,q) =1
S .q) "ggo 0BG, %1y n)g (Xns V)

for any r,s,x,, ¥, € G. Since g satisfies (CDM), we have

| (pr,as) +f (ps, ar) — 6 (pq, rs)f (b, 9)g (1. s)|

- tim [ (©7%0, qSYn) + f 0TV G5%4) + f (0% qry,) + f(0SYu, g7 %n)
n—00 O (prgs, £u,Yn)g(Xns ¥n)

Page 8 of 11
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- 0(pq,rs)f (p, q)g(r,5)

< lim | f@rxn, gsyn) +f 0y, qrn)

=00 G(pqrs XnYn) I{CM)

(rxms n)
—f(,9)0(pg, rxnsyn)u

g% V)
+ lim ’ ’f(l”"yn»qsxn) +f(psxu, qry,)

Lo Q(qus xnyn g(xmyn)

(P> 8%1)
-f(p,9)0(pq, rynsxn)g £

&%y Yn)

9 ’ n n 0 »wvn)n n» n n»
+lf(pq ‘ lim ‘ (pg, rxnsy)0(rs, x,yu) .g(rx SYn) + (ryu, sx,)
n—>00 0 (pqrs, %,yn) 0(rs, %, Yn)g(Xnyn)

—0(pq,rs)g(r,s)

0(pq, r%,8yn)0 (1S, Xyn) &%y SYn) + E(rYu, $%u)
0(pqrs, Xuyn) O(rs, %Y )g(Xnyn)

- .0 i

- 0(pq,rs)g(r,s)

=|f(p,q)||0(pq, rs)g(r,s) - 0(pq, rs)g(r,s)| = 0.

Thus f and g imply the required (GMgy). The same procedure implies that the above

inequalities change to

V(pr, qs) +f(ps,qr) —0(pq, rs)f (p, q)f (,s) |
0(pg, rx,syn)0(rs, x,yu) .f(rxn,syn) +f(ryn, sx,)

=Vl lim, 0(pqrs, %,yn) 00rs, % y)gxny) Opq ) ns)
= [f(p, q)’ |9(pq, rs)f (r,s) — 6(pg, rs)f(r,s)| =0,
as desired. O

The proof of the following theorem is the same procedure as in the proof of Theorem 3.

Theorem 4 Letf,g:G?> — R, ¢ : G2 — R, be functions and a function 6 : G — Ry be a
cocycle satisfying

|f(pras) + £ (ws,ar) — 6 (pa, rs)g(p, q)f (r:5)| < &

for any p,q,r,s € G. Then f (or g) is bounded, or f and g satisfy (CDM) and also f, g, 0
satisfy (GMgy).

Example1 Let

floy) =a™ + g gy) =d™,  0(xy) =2

Page 9 of 11
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Then we have

0.0 -] <5

and

[f(pr, qs) +f(ps,qr) — 0(pq, rs)g(p, 9)g(r,s) |

_ ‘dlnprqs + dlnpsqr +e— zﬂlnpqalnrs}

=é.

Thus g satisfies (CDM). But f, g, 6 being nonzero functions do not satisfy (GMgy,).

Let (S;¢) and (5;¢) bea semigroup and a group with semigroup operation ¢, respectively.

Theorem 5 Let f,g,h:5%S* — R and ¢ : $%,5* — R be a nonzero function satisfying

[flpor.qos)+fpos,qor) —6(pg,rs)f(p.q)grs)|

(i) o(r,s) Vp,q,r.se S,

(i) ¢Ww.q) VpgrseS. (2.9)

(@) Incase (i), let |f(p,q) — g, q)| <M for all p,q € S and some constant M.
Then either g is bounded or h satisfies (CDM).

(b) In case (ii), let |f (v, q) — h(p,q)| < M for all p,q € G and some constant M.

Then either h is bounded or g satisfies (CDM).
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