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Abstract

In this paper, we obtain a quasinormal criterion of meromorphic functions and give
an example of an application in the value distribution theory. More than anything, we
provide a general method to solve some problems in the value distribution theory.
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1 Introduction

We use the following notation. Let N denote the set of positive integers. Let C be complex
plane and D be a domain in C. For zg € C and r > 0, A(zo,7) = {z | |z — zo| < 7}, A'(20,7) =
{z]0<|z-20] <r}and A = A(0,1). Let n(D,f) denote the number of poles of f(z) in D
(counting multiplicities) and 7(D, f) denote the number of poles of f(z) in D (not counting
multiplicities). We write f, = f in D to indicate that the sequence {f,} converges to f in the
spherical metric uniformly on compact subsets of D and f,, = f in D if the convergence is

in the Euclidean metric. For f meromorphic in D, set

()|

#(y) .=
SO T ep

and S(D,f):= % f fD [F*@)]” dx dy.

The Ahlfors-Shimizu characteristic is defined by Ty(r,f) = Or @ dt. Let T(r,f) denote
the usual Nevanlinna characteristic function. Since T'(r,f) — To(r,f) is bounded as a func-
tion of r, we can replace Ty(r,f) with T'(r,f) in this paper.

Recall that an elliptic function [1] is a meromorphic function / defined in C for which
there exist two nonzero complex numbers w; and w, with wi/w, not real such that h(z +
w1) = h(z + wy) = h(z) for all zin C.

Recall that a family F of functions meromorphic in D is said to be quasinormal in D
[2] if from each sequence {f,} C F one can extract a subsequence {f,, } which converges
locally uniformly with respect to the spherical metric in D\ E, where the set E (which may
depend on {f;, }) has no accumulation points in D. If E can always be chosen to satisfy
|E| <v, F is said to quasinormal of order v in D. Thus a family is quasinormal of order 0
in D if and only if it is normal in D. The family F is said to be (quasi)normal at zy € D if it
is (quasi)normal in some neighborhood of zy. Thus F is quasinormal in D if and only if it
is quasinormal at each point z € D. On the other hand, F fails to be quasinormal of order
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v in D precisely when there exist points z,25,...,z,;1 in D and a sequence {f,} C F such
that no subsequence of {f,} is normal at z; (j=1,2,...,v +1).

In 2007, Nevo et al. proved the following quasinormal criterion.

Theorem A [3, Theorem 1] Let F be a family of meromorphic functions in D, all of whose
zeros have multiplicity at least k + 1. If there exists a holomorphic function H univalent in
D such that f®(z) # H'(z) for allf € F and all z € D, then F is quasinormal of order 1 in D.

For k > 2, we extend Theorem A in this paper. In fact, we obtain the following result.

Theorem 1.1 Let k > 2 be an integer, and let F be a family of meromorphic functions in
D, all of whose zeros have multiplicity at least k + 1. Let H be a nonconstant meromorphic
function. Suppose that there exists v € N such that for each a* € C, n(D, m) <v. lIf
fW(z) # H'(z) for all f € F and all z € D, then F is quasinormal of order v in D.

Remark1.1 Fork > 2, Theorem A is the special case of Theorem 1.1 with v = 1 and H'(z) #
0, 00 for all z € D. Unfortunately, the restricted condition that H'(z) # 0, oo largely restricts

the applications of Theorem A, so it is important to remove the condition’s restriction.
For convenience, we give a generalized form of Theorem 1.1.

Proposition 1.2 Let k > 2 be an integer, and let {f,} be a family of meromorphic functions
in D, all of whose zeros have multiplicity at least k + 1. Let H be a nonconstant meromorphic
function, and there exists v € N such that for each a* € C, n(D, m) <. Let {h,} bea
family of meromorphic functions in D such that h, and H' have the same zeros and poles
with the same multiplicity, and h,(z) 2 H'(z) in D. If " (2) # h,(2) for all n € N and all
z € D, then {f,,} is quasinormal of order v in D.

Moreover, for each subsequence {f,, } of {,.}, there exist a subsequence of {f,,, } (still denoted
by {f,}) and a corresponding point set E which has no accumulation points in D such that:

M) fiu, (2 é)f(z) in D\ E, where f(z) is meromorphic or identically infinite there;

(2) foreach a € E, H(a) # oo and no subsequence of {f, } is normal at a;

(3) foreach a € E, there exist r; > 0 and N;; > 0 such that for sufficiently large k,

n(A(a, r;l),ji) < N, where r; and Nj; only depend on a; and

(4) foreacha€E,f(z) = [; f;l .- f;"‘l H'(¢x)derdeg_y - - dgy in D\ E.

The value distribution theory of meromorphic functions occupies one of the central
places in complex analysis which now has been applied to complex dynamics, complex
differential and functional equations, Diophantine equations, and others.

In his excellent paper [4], Hayman studied the value distribution of certain meromor-
phic functions and their derivatives under various conditions. Among other important
results, he proved that if f(z) is a transcendental meromorphic function in the plane, then
either f(z) assumes every finite value infinitely often, or every derivative of f(z) assumes
every finite nonzero value infinitely often. This result is known as Hayman’s alternative.
Thereafter, the value distribution of derivatives of transcendental functions continued to
be studied.

In 1995, Bergweiler and Eremenko proved the following result.
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Theorem B [5, Theorem 3] Let f be a meromorphic function of finite order in C. If f has
infinitely many multiple zeros, then f' assumes every finite nonzero value infinitely often.

In 2008, Pang et al. obtained the following result.

Theorem C [6, Theorem 1] Let f be a transcendental meromorphic function in C, all but
finitely many of whose zeros are multiple, and let R (# 0) be a rational function. Then f' — R

has infinitely many zeros.

R is a small function compared with f in Theorem C. Specifically, T(r,R) = o{T(r,f)} as
r — 00 in Theorem C. A natural problem arises: What can we say if the rational function
R in Theorem C is replaced by a more general small function «(z)? In this direction, we

obtain the following result.

Theorem 1.3 Letk > 2 be an integer, let f (z) be a meromorphic function in C, and let «(z) =
R(2)h(z) (£ 0), where h(z) is an elliptic function and R(z) is a rational function. Suppose
that all but finitely many zeros of f have multiplicity at least k + 1 and T(r, ) = o{T(r,f)}
as r — o0o. Then the equation f*(z) = a(z) has infinitely many solutions (including the
possibility of infinitely many common poles of f (z) and «(z)).

2 Preliminary lemmas
Lemma 2.1 [7, Corollary 2] Ifh(z) is a nonconstant elliptic function with primitive periods
w1, wo, where wi/w, is not real, then T(r,h) = Ar*(1 + o(1)) as r — oo, where A> 0 is a

constant.

Lemma 2.2 Let F be a family of functions meromorphic in D, all of whose zeros have
multiplicity at least k, and suppose that there exists A > 1 such that |f ¥ (z)| < A whenever
f(z) = 0. Then if F is not normal at zo, there exist, for each 0 <o <k,

(a) points z,, z, — zo;

(b) functions f, € F; and

(c) positive numbers p, — 0
such that p;*f,(zy + pnl) = 8.(2) =N g(2) in C, where g is a nonconstant meromorphic func-
tion in C such that g*(¢) < g*(0) = kA + 1. In particular, g has order at most 2.

This is the local version of [8, Lemma 2] (cf [9, Lemma 1]; [10, pp.216-217]). The proof
consists of a simple change of variable in the result cited from [8]; ¢f. [11, pp.299-300].

Lemma 2.3 [12, Lemma 3.6] Let {f,} be a family of functions meromorphic in A(zo,r).
Suppose that f,, = f in A'(zo, 1), where f is a nonconstant meromorphic function or f = oo
in N'(zo, r). If there exists My > O such that for each n, n(A(zo,r), in) < My, then there exists
M > 0 such that S(A(zo,7/2),f,) < M.

Lemma 2.4 [3, Lemma 3] Let k be a positive integer, let {f,} be a family of meromorphic
functions in D, and let {1,,} be a family of holomorphic functions in D such that , = V¥,
where Yr(z) #0,00 in D. If foralln e Nand all z € D, f,(z) #0 andfn(k> (2) # Vu(2), then {f,}
is normal in D.
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Lemma 2.5 Let {a;} be a sequence in D which has no accumulation points in D, and let
{v} be a family of holomorphic functions in D such that W, = W in D, where ¢ # 0,00 in D.
Let {f,,} be a family of meromorphic functions in D, all of whose zeros have multiplicity at
least k + 1, such thatfn(k) (2) # Yru(2) for all n € N and all z € D. Suppose that:
(@) no subsequence of {f,} is normal at ay;
(b) fu(@) 3 f(2) in D\ {a;}5,.
Then
(c) there exists r1 > 0 such that f,, has a single (multiple) zero in A(ay, ) for sufficiently
large n;
(d) there exists ry > 0 such that for each 0 < r < ry, f, has a single simple pole in A(ay,r)
for sufficiently large n; and
(e) flz) = f:l ;ll . ;1’(’1 ¥ () Ak dgper - - - déa for z € D\ {a;}25,. Equivalently,
S extends to an analytic function in D\ {a;}7%, such that f®(z) = ¥ (z) and f9(a;) = 0
forj=0,1,2,.... k-1

Remark 2.1 Since Lemma 2.5 is not stated explicitly in [3], let us indicate how it follows
from the results of that paper. Suppose first that (c) has been shown to hold. By Lemma 7
in [3], (d) and (e) hold. Next, suppose that (c) do not hold. Similar to the treatment in
Case 2 (pp.13-16) of the proof of Theorem 1 in [3], we can finally derive a contradiction.

Lemma 2.6 Let k be a positive integer, and let {f,} be a family of meromorphic functions
in D, all of whose zeros have multiplicity at least k + 1. Let {h,,} be a family of meromorphic
functions in D such that h,(z) % H'(z) in D, where H is a holomorphic univalent function
in D. Iff,fk) (2) # hu(2) for all n € N and all z € D, then {f,} is quasinormal of order 1 in D.

Lemma 2.6 can be proved by an exactly analogous argument as in the proof of Theorem 1
in [3]. In fact, there is no essential difference between Lemma 2.6 and Theorem 1 in [3],
so we do not give the proof of Lemma 2.6.

Lemma 2.7 [13, Lemma 12] Let R be a nonconstant rational function satisfying R'(z) # 0
in C. Then either R(z) = az + b or R(z) = (ZL + b, where n € N and a (#0),b,c € C.

+o)t

Lemma 2.8 [14, Theorem 1] Let k be a positive integer, let f be a transcendental meromor-
phic function in C, and let R (£ 0) be a rational function. If all but finitely many zeros of f
have multiplicity at least k + 1, then f© — R has infinitely many zeros.

Remark 2.2 The proof of Lemma 2.8 is based, quite naturally, on a combination of ideas
from [15] and [6]. In fact, fully understanding the ideas and methods in [15] and [6], one
can give the proof of Lemma 2.8 without difficulty.

Lemma 2.9 [16, Lemma 6] Let k and [ be positive integers, and let R(z) be a rational func-
tion, all of whose zeros have multiplicity at least k. If R¥(z) # z™ in C, then R(z) is a con-
stant.

Lemma 2.10 [16, Lemma 10] Let k, [ be positive integers with | > k + 1, let {¢,} be a family
of holomorphic functions, and let {f,} be a family of meromorphic functions, all of whose
poles are multiple and all of whose zeros have multiplicity at least k + 1. Suppose that:


http://www.journalofinequalitiesandapplications.com/content/2014/1/389

Yang Journal of Inequalities and Applications 2014, 2014:389 Page 5 of 24
http://www.journalofinequalitiesandapplications.com/content/2014/1/389

(1) f and @, are defined in Ar,, where the positive sequence R, increases to oo;
(2) ¢ =>1inC;
®) /0@ # 0u()IZ for z € Ag,;
@) f, 2 f inC; and
6) f)=0.
Then f has a zero in A.

Lemma 2.11 Let f be a nonconstant meromorphic function of finite order in C, all of whose
zeros have multiplicity at least k + 1. If f®)(z) #1 in C, then

(Z _ 61)k+1

1
f(Z):E b

for some a and b (# a) in C.

This follows from results in [17], specifically Lemma 6 (whose proof depends in an es-
sential fashion on Corollary 3 of [5]) and Lemma 8. As an immediate consequence of
Lemma 2.11, we have the following result, which appears as Lemma 9 of [17].

Lemma2.12 [17, Lemma 9] Let k be a positive integer, and let f be a meromorphic function
of finite order in C, all of whose poles are multiple and whose zeros all have multiplicity at
least k + 1. If f0(z) # c for some constant ¢ #0 and all z € C, then f () is a constant.

3 Auxiliary lemmas
Lemma 3.1 Let {f,} and {,} be families of meromorphic functions in D, and let f(z) and
Y (z) be meromorphic functions in D. Suppose that:
@) f(2) S f(2) and Yu(z2) S v (2) in D, and
(b) /1@ # Yn(2) in D.
Then, either f*(z) = Y (z) or f®(2) # ¥ (2) in D.

Proof Suppose that f%(z) # ¥ (z) in D. Set A := f~'(00) U ¥ 1(00) U (f®) — 1)71(0). By (a)
and (b), we have

1
o =

in D\ A.
£y 0

Since —z—
G
A

—¥n

is holomorphic in D and A has no accumulation points in D, we have

1 1

m = fm in D. (3.1)

Thus m is a holomorphic function in D and then f% — v 0 in D.
In order to show that f® = in D, we need only show that f and ¥ have no common
poles in D. Otherwise, we assume that z, € D is a pole of order m; of f and a pole of order
my of Y. Set m := max{my + k, my}. Obviously, zy is a zero ofm of order at most .
By (a) and Hurwitz’ theorem, there exists §* such that A(zy,28*) C D and for each § €
(0,6%), f, and b, have at least m; and my, (counting multiplicities) poles respectively in

Al(zo,9) for sufficiently large n. By (b), f, and v, have no common poles in A(zy,d), and
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hence fn(k) — v, has at least m + k + m;, poles (counting multiplicities) in A(zo, §). Since §
can be made arbitrarily small, z, is a zero of m of order at least m; + k + my by (3.1).
Thus m1; + k + my > m. This is a contradiction. O

Lemma 3.2 Let k be a positive integer, and let {f,} be a family of meromorphic functions in
A, all of whose zeros have multiplicity at least k + 1. Let {b,,} be a sequence of meromorphic
functions in A such that b,(z) 2 b(z) in A, where b (£0) is a meromorphic function and
b(0) = 0. Suppose that:

(a) b and b, have the same zeros and poles with the same multiplicity;

(b) foralln €N and all z € D, £°(2) # bu(2);

(c) there exists points z, in A such that f,(z,) = 0 and z, — 0; and

(d) ful2) :X>f(z) in A', where f(z) is a meromorphic function in A'.
Then f®(z) = b(z) in A

)
Proof Set F,(z) := fzn((z?. By (a) and (b),f,fk)(O) # b,(0) = 0, and hence F,(0) = co. Since all

zeros of {f,,(z)} have multiplicity at least k + 1, we have f,,(0) # 0. Hence z,, # 0 and F,,(z,) = 0

for sufficiently large n. Since F,(0) = oo and F,(z,) = 0 for sufficiently large n, {F,,(¢)} is not

(k)
equicontinuous at 0, and hence {f » ((ZZ)) —1} is not normal at 0.
By Lemma 3.1, we have either f¥)(z) = b(z) or f¥)(z) # b(z) in A’. Suppose that f®)(z) #

b(z) in A’. By the assumptions, there exists § > 0 such that f(z) has no poles on I'(0, ) and

b(z) has no zeros on I'(0, §). Thus, we have

1
7 e 7 P 1
bt L bG)

, zeT(0,8). (3.2)

(k)
By the maximum principle, (3.2) holds in A(0, §), and then {f » ((ZZ)) —1} is normal at 0. This

is a contradiction. Thus f%)(z) = b(z) in A’ O

Lemma 3.3 Let k be a positive integer, let {f,} be a family of meromorphic functions in
D, and let {h,} be a family of meromorphic functions in D such that h, 2 h in D, where
h=#£0,00. Ifallne Nandallz€ D, f,(z) #0 andf,fk)(z) # h,(2), then {f,} is normal in D.

Proof By Lemma 2.4, it suffices to prove that {f,} is normal at points which / has poles or
zeros. Without loss of generality, we assume that D = A, /(z) = z/b(z), where b(z) # 0,00
in A and / (#0) is an integer. Then {f,} is normal in A’.

Suppose that {f,} is not normal at 0. Taking a subsequence and renumbering, we may
assume that no subsequence of {f,} is normal at 0. Since f,(z) # 0 in A, there exists r > 0
such that Ay, C A and f, = 0 in A),. By the argument principle, we have, for sufficiently
large n,

(k+1) ’ /

1 1 W —h 1 h
n(r,T)—n(r, ka)—hn)Z—‘ J%dz:—, —dz=1

f;1 _hn 27i |Z\:rf;1 _hn 27i \z|:rh

Since f,fk) (2) # h,(z), we have —n(r, ,fk) —hy,) = 1. Thus [ < 0 and f,, has poles (otherwise
fu 4 50 in A’) which are different from the poles of /,. Hence n(r,fn(k) —h,)>-I. Thisis a
contradiction. 0
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Lemma 3.4 Let k be a positive integer, and let {f,} be a family of meromorphic functions
in D, all of whose zeros have multiplicity at least k + 1. Let {1,,} be a family of meromorphic
functions in D such that i, L, where ¥ (z) # 0,00 in D. Iffn(k) # Y, foralln e N and all

z € D, then {f,,} is quasinormal in D.

Proof It suffices to show that {f,,} is quasinormal in a neighborhood of each point of D. Let
p € D. There exists t > 0 such that A(p,t) C D and ¥ is holomorphic and does not vanish
in A’(p,t). By Lemma 2.6, {f,,} is quasinormal in A’(p, £).

Suppose now that {f;} is not quasinormal at p. Then there exist points z; € A'(p, )
(j=1,2,...) and a subsequence of {f,} (still denoted by {f,}) such that z; — p and no subse-
quence of {f,} is normal atany zj,j = 1,2,.... Set E := {z;: j = 1,2,...}. Taking a subsequence
of {f,,} (still denoted by {f;}), we may assume that f, 2 H in A’(p,8) \ E. By Lemma 2.5, we
have H® = ¢ and H(z) = 0. It follows that H is holomorphic in A'(p,£) and H® = v
there. Moreover, since ¥ has no essential singularity at p, the same is true of H. But
that H(z;) = 0 for j = 1,2,... implies that H = 0, and hence H® = 0, which contradicts
H® =y =£0. O

Lemma 3.5 Let k and [ be positive integers, and let R be a rational function. If R® (z) # 2!
forall z e C, then

1+1
[T5 " z-a)

k() = I+l +k=1)---(+1)(z - p)ri-*’

(3.3)

where n (> k —1) is an integer and a;, e C(1 <i<l+n+1).

Proof Obviously, (R*V(z)
tion. By Lemma 2.7,

I+1 I+1 .
- %)’ #0. Then Rk (z) — % is a nonconstant rational func-

Zl+1 Zl+1
R*D(z) = +az+b or REV(p)=21—_4 +b,
I+1 I+1 (z+c¢)
where 7 (> k) is an integer and a (#0), b,c € C. In fact, if RV (z) = Zli—ll + ﬁ + b, then

z = —c is a pole of R(z) of order at least k, and hence n > k. Now, we have

l+k I+k

Z N a
U+K)---(I+1)  (z+ )1k

z

ST R Th@ o R@=

R(z)

+ Pk—l (Z)’

where Py (z) is a polynomial of degree k, Pr_1(z) is a polynomial of degree at most k — 1,
and ¢; is a constant. Thus R(z) has the following form:

l_[::rlhl(z_ai)
U+l +k-=1)---(I+1)(z- ﬂ)nﬂ—k’

R(z) =

where n (> k—1)isanintegerand a;, € C(1<i<[+mn+1). O

Lemma 3.6 Let d and k (> 1) be integers, and let f be a transcendental meromorphic
function, all of whose zeros have multiplicity at least k + 1. Set g(z) := % with g .= f if
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d=0. Iflim,_ T(rrz’f) = 00, then there exist points a,, — 0o and positive numbers 8, — 0
such that

f@) o Y

d d
ay, ay

— o0 and S(A(an8,),g) — oo.

Proof By standard results in Nevanlinna theory, T(r,f) = T(r,z%) < T(r,g) + T(r,z%) and

T(r,z%) = O(logr) as r — oo. Thus, lim,_, », T(rrz’g) = 00, and then lim,_ o % = 00.

We claim that there exist ¢, — oo and ¢, — 0 such that

S(Altwen),g) = % / /| B [¢"@)]° dxdy — oco. (3.4)

Otherwise there would exist ¢ > 0 and M > 0 such that S(A(zo,¢),g) < M for all z; € C.
From this follows

s - [ e -0,

Obviously, To(r,g) = [ @ dt = O(r?). This contradicts the fact that lim,_, oo Tor(zr’g) = 00.

By (3.4), there exist points b, such that |b, — t,| < &, and g*(b,) — 00. Set g,(2) := g(z +
b,). Clearly, g#(0) = g*(b,) — 00, and hence {g,} is not normal at 0. Obviously, all zeros
of g,(z) have multiplicity at least k + 1 in A for sufficiently large n. Using Lemma 2.2 for
a = k—1/2, there exist points z, — 0, positive numbers p, — 0, and a subsequence of {g,}
(still denoted by {g,}) such that G,(¢) = g”(zknfﬁfz”:) 2% G(¢) in C, where G is a nonconstant
meromorphic function in C, all of whose Zpenros have multiplicity at least k + 1.

Since GX(¢) is not a constant (otherwise, either G(¢) is a constant, or the zero of G(¢)
have multiplicity at most k), we may assume ¢y is not a zero or pole of GX(¢). Set a,, :=

Zy + PnCo + b,. Now we have

. . —L_; .
g(l)(ﬂn) :g;(;)(zn + ,Onio) = Pn 2 qul)({o);

where i = 0,1,..., k. Obviously, @, — oo, g¥(a,) — oo, and g¥(a,) — 0 for i = 0,1,...,
k-1.

Now, we have f%”) =g(a,) > 0 and

m=k

(k) d (k)
fPa,)  (2g(2) =Y Tuai g™ (a,) — oo,
m=1

d d
ay ay

z=ay

where T, (m = 0,1,...,k) are constants and Ty # 0. Set 8, := &, + |a, — t,|. Obviously,
8, — 0 and A(t,, &,) C Alay, 8,), and hence S(A(ay,8,),g) — oo. O

Lemma 3.7 Let k be a positive integer, and let {f,} be a family of meromorphic functions
in D, all of whose poles are multiple and whose zeros all have multiplicity at least k + 1. Let
{(h,} be a family of meromorphic functions in D such that h, = h in D, where h (£0) is a
holomorphic function in D. If fyfk) (2) # hy(z) for each n € N and z € D, then {f,} is normal
in D.


http://www.journalofinequalitiesandapplications.com/content/2014/1/389

Yang Journal of Inequalities and Applications 2014, 2014:389 Page 9 of 24
http://www.journalofinequalitiesandapplications.com/content/2014/1/389

Proof Suppose that {f,} is not normal at a point z* € D. Then by Lemma 2.2, there exist
points z, — z*, positive numbers p, — 0 and a subsequence of {f,} (still denoted by {f,;})
such that g, (¢) = W % g(¢) in C, where g is a nonconstant meromorphic function
in C, all of whose polZS are multiple and whose zeros all have multiplicity at least k + 1.
In particular, g has order at most 2. Obviously, g,sk)(c )= fn(k> (zn + pul) # hy(zy + pu) and
h(z, + put) = h(z*) (#0) in C. By Lemma 3.1, we have either g®(z) = h(z*) or f¥(z) #
h(z*) in C. Firstly, suppose that g®)(z) = (z*) in C. It follows that g(z) = axz" + ax_12 +
-+ +mz +ag. We arrive at a contradiction as g(z) is nonconstant and all zeros of g(z) have
multiplicity at least k + 1. Secondly, suppose that g®)(z) # h(z*) in C. By Lemma 2.12, then
g(z) is a constant. A contradiction. O

Lemma 3.8 Let k be a positive integer, and let {f,} be a family of meromorphic functions
in D, all of whose poles are multiple and whose zeros all have multiplicity at least k + 1. Let
{h,} be a family of meromorphic functions in D such that h, = h in D, where h (£ 0) is a
meromorphic function in D. Suppose that h and h, have the same poles, all with the same
multiplicity. Iff,fk) (2) # hy(2) for all n € N and all z € D, then {f,} is normal in D.

Lemma 3.8 can be proved by an exactly analogous argument as in the proof of Theorem 1
in [16]. To facilitate the reading, Lemma 3.8 was proved in this paper.

Lemma 3.9 Let k > 2 be an integer, and let {f,,} be a family of meromorphic functions in
D, all of whose zeros have multiplicity at least k + 1. Let {h,} be a family of meromorphic
functions in D such that h,(z) 2 h(z) in D, where h (2 0,00) is a meromorphic function.
Let E C D be a set which has no accumulation points in D. Suppose that:

xa) h and h, have the same zeros and poles with the same multiplicity;

xb) foralln e Nandall z € D,f,fk)(z) Zh,(2);

xc) foreach a € E, no subsequence of {f,,} is normal at a; and

*d) fu, 2 f(2) in D\ E, where f(2) is meromorphic or identically infinite there.

—~ o~~~

Then

(xe) foreacha€E, h(a) # oo;
(«f) for each a € E, there exist rz; > 0 and N; > 0 such that for sufficiently large n,
n(A(a, r;l),fin) < N;, where ry and N;; only depend on a; and

(xg) foreacha€kE,f(z) = f; f;‘ ... f;"*l h(g) dgxdgey - -+ dgy in D\ E.

4 Proof of Lemma 3.8
Proof Since normality is a local property, by Lemma 3.7, we only need to prove that {f,} is
normal at every pole of /(z). Making standard normalizations, we may assume D = A and

1 —l+
h(Z):_1+a1i1] +"'=&12) (z€ ),
z z Z

where [ is a positive integer, ¢(0) =1, and ¢(z) # 0,00 for all z € A.

Set h,(z) := ¢’;—§Z) Since % and /,, have the same poles, all with the same multiplicity and
h, = hin D, we have ¢,,(z) = ¢(z) in A.

Clearly, it is enough to show that {f,} is normal at z = 0. Suppose, on the contrary, that
{f.} is not normal at 0. By Lemma 3.7, {f,} is normal in A’. Taking a subsequence and
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renumbering, we may assume that no subsequence of {f,} is normal at 0. Our goal is to
obtain a contradiction in the sequel.

We distinguish two cases.

Casel.1<[<k.

By Lemma 2.2, there exist points z, — 0, positive numbers p, — 0 and a subsequence
of {f,} (still denoted by {f,}) such that

:fn(zn + Pnl)

pk=t

Fo() % F@) inC,
where F(¢) is a nonconstant meromorphic function in C. By Hurwitz’s theorem, all poles
of F(¢) are multiple and all zeros of F(¢) have multiplicity at least k + 1.

Taking a subsequence and renumbering, we may assume z,/p, — « as n — 0o, where
a € C or o = 0o. Again we distinguish two subcases.

Subcase 1.1. z,/ p, — o0.

Set g,(¢) := 25X f (24 + 24¢) = 2% f,(2,(1 + ¢)). Obviously, all poles of g,(¢) are multiple
and all zeros of g,(¢) have multiplicity at least k + 1,

du(z,(1+ 7)) and Ou(z,(1+2)) 1
a+¢) a+¢) a+¢)

inC

g0) =2 fP (2,1 +0)) #

Then, by Lemma 3.7, the family {g,} is normal in A. Taking a subsequence and renumber-
ing, we may assume that g,(¢) = g(¢) in A. Obviously, all zeros of g(¢) have multiplicity
atleast k +1in A.

We claim that g(¢) is a meromorphic function in A. Otherwise, suppose that g(¢) = oo
in A. Then

E(0) Sl :)Zl(;’—:g“)) _ (Z_n)k_lfn(zn +2,(2¢))

n

k-1
(_) g,,(&;) %4 o inC.
Pn Zp

Thus, F(¢) = oo in C. A contradiction.
We claim that g(0) # co. Since F(¢) is a nonconstant meromorphic function in C, there

Zk!

exist {o € C such that F(¢y) # co. Noting that §_Z§° — 0 as n — o0, we have

Ju(zn + pnlo) <,0n>kl | FGo) ifl=k,

g(0) = lim gn<&§o> = lim Pn
e\ 0 if 1 < k.

T\

For any ¢ € C \ F}(00), we have

F*(gy = 1im F&D(¢) = 1im £5(z, + put) = lim f*9 (z,, +zn<&{))
n—00 n— 00 n—o0 z

n

This implies that F&9(¢) = g*=9(0) in C \ F(cc) and thus F®(¢) is a constant in C. It
follows that F(¢) = ax ¥ +- - - + a1 +ag. We arrive at a contradiction as F(¢) is nonconstant
and all zeros of F(¢) have multiplicity at least k + 1 in C.
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Subcase 1.2. z,/ p, — o (ax € C).
Clearly, we have

F,Sk)(f) = pifyfk)(zn + PnC) #pihn(zn + png) and

oLy + put) 1

@ + ol @y °C

p;lqhn(zn + pné‘) =

By Lemma 3.1, either F®(¢) #1/(er + ¢)* or F®(¢) = 1/(ax + ¢)! in C. The latter possibil-
ity contradicts the fact that all poles of F®¥(¢) have multiplicity at least k + 2 (> [). Thus
FO(2) #1/(a + ¢)! in C. It follows from Lemma 2.8 and Lemma 2.9 that F(¢) is a constant.
A contradiction.

Case2.l>k+1.

Set

G = {€:(2) 1 8x(2) =@/ hn(2), 2 € A}

Clearly, all poles of g,(z) are multiple and all zeros of g,(z) have multiplicity at least k + 1
in A. Since £ (0) # h1,(0) = 00, we have f,,(0) # co. Thus, for each 1, g,(0) = £,,(0)/h1,,(0) = 0.
Obviously, g, has a zero of order at least / at z = 0 for each n.

We first prove that G is normal in A. Suppose that G is not normal at zy € A. Then by
Lemma 2.2, there exist points z, — zo, positive numbers p, — 0, and a subsequence of
{g.} (still denoted by {g,}) such that

_ gn(zn + onl)

p: X G(¢) inC,

Gu(8)

where G(¢) is a nonconstant meromorphic function in C. In particular, G(¢) has order at
most 2. By Hurwitz’s theorem, all poles of G(¢) are multiple and all zeros of G(¢) have
multiplicity at least k + 1.

Taking a subsequence and renumbering, we may assume z,/p, — « as n — 0o, where
a € Cor o = co. Again we distinguish two subcases.

Subcase 2.1. z,,/ p, — 00.

By simple calculation, we have

® / p )
@y S @ (1N oy H(2) (”) N O B 3 )
& (@)= (1) @, )e 9 &@

Then we have

GP(¢) = gDz, + put)

_fn(k)(zn"'pn;) I’l> (k-1) h;;(zn"'pné‘)
" T + pu) ‘(1 N

1P (2 + pul)
Hu(2y + put)

_ fn(k)(zn + png) n (k-1) ( _l ¢;,(Zn + pn§)>
- hy(z, + pné‘) - <1>gn G + PnC) Zn + Pul ’ d’n(zn + pné‘) T

— 8u(Zn + Pul)
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e ;)((—l)kl(l—1)~~~(l—k+1)
En'Zn ¥ On (Zn + lon{)k
(k) (-1} =1) - U=k +2) @l (20 + pul) (2, + M))
+ + e + _—
1 (Zn + ,O,&')kil ¢n(Zn + pn{) ¢n(zn + png)

G+ pat) <n> gz + put) ( U pnz)) o
hn(zn'{'pné-) 1 Pn Zn/pn‘*'( ¢n(zn +l0n§)
~ 8n(2n + put) ((—1)"1(1— D---(-k+1)
plrj (Zn/ pn + ;)k
(k) (DA =1) - (L =k +2) pudpl(2n + put) Pk (2, + pno)
+ +oeet
1 (Zn/pn + ;—)k—l ¢n(zn + PnC) ¢n(zn + pn()

On the other hand, we have lim,,_, o, =0andthenfori=1,2,...,k,

1

zZnl pn+&
0)

P’ (Zn + pnt)

= 0 inC.
On(zn + Pn) n

Since g,(z, + pu¢)/ pk < G(¢7), gﬁ,k_i)(f)/p,’; is locally bounded in C \ G™!(c0). Thus,

fl’fk)(zn + png)

(k) : 1
hn(zn‘l'pnf) é G (;) IHC\G (oo)

Sincef,,(k) (2)/h,(2) # 1, Hurwitz’s theorem yields that either G¥ () #10or G®(¢) =1in C.If
G®(¢) #1in C, then by Lemma 2.12, G(¢) is a constant. A contradiction. Thus G¥(¢) =1,
and then G(¢) = %;’k + 125 + -+ 4 ¢o. This contradicts the fact that all zeros of G(¢)
have multiplicity at least &k + 1.

Subcase 2.2. z,/ p, — o (o € C).

gn(pné‘) _ gn(zn + pn@ =2/ pu))
ok Pk

=Gl ~-2z4lpy) 2 G-a)=G() inC. (41)

Clearly, all poles of @({) are multiple and all zeros of @({ ) have multiplicity at least k + 1,
and @(é’) has a zero of order at least [ at £ = 0.
Set H,(¢) := pf,’kfn(pn;). Then, we have

Ju(ond) ; 8n(0nt)
Hn = lhn mnS ) 7 N nhn n .
(€)= pyhn(p C)p’,fhn(p,q{) Pnhn(0nl) ok

Noting that ,oflh,,(p,,{ )3 ﬁ in C, we have

Ha) 5 18@)=H) inC\ (o).

Cl
Since @({) has a zero at ¢ = 0, by (4.1), there exists § € (0,1) such that g,(p,¢) is holo-

morphic in A(0,§) for sufficiently large #, and thus H,(¢) is holomorphic in A(0,§) for
sufficiently large 7. By the maximum principle, we have

H,() 5 %@(;):H(g) in C.
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Obviously, all poles of H(¢) are multiple and all zeros of H(¢) have multiplicity at least
k + 1. Since @(;) has a zero of order at least / at ¢ = 0, we have H(0) # 0o and thus H(¢) is

a meromorphic function in C. Noting that

1
HP(@) = phfP(out) # pin(pat)  and  plhta(pu) = g oG
By Lemma 3.1, either H®(¢) #1/¢' or H®(¢) = 1/¢" in C. The latter possibility contradicts
the fact that H(0) # oo. Thus H®(¢) #1/¢" in C. It follows from Lemma 2.8 and Lemma 2.9
that H(¢) is a constant. Next we will show that this is impossible. Indeed, suppose that

H = c. Since G is not a constant, ¢ # 0. Then we have

H,(0)
k

Jn(0) =

L > 00 asnm—> o0. (4.2)
n
Suppose first that there exists § € (0,1) such that f,(z) # 0 in A(0,8) for sufficiently
large n. By Lemma 3.3, {f,} is normal in A(0,§). But this contradicts our assumption
that no subsequence of {f,} is normal at 0. Hence, taking a subsequence and renum-
bering, we may assume that z}; is the zero of f, of smallest modulus and z;, — 0. Since
H,(¢) = p*f(0ug) = ¢ (#0), we have 2%/ p, — 00. Set

H:@) = () fu(2e).

In view of the fact that

¢n (ZZé‘) :)(> 1

* s\ ! *
H0@) = (@) 10 @58) # =7 7
and H(¢) #0 in A, by Lemma 3.3, {H}}(¢)} is normal in A. By Lemma 3.7, {H(¢)} is
normal in C \ {0}. Hence, {H}}(¢)} is normal in C. Therefore, there exists a subsequence
{H}(¢)} (still denoted by {H}:(¢)}) such that H % H* in C. By the definition of H}}(¢), we
get H(1) = 0 and thus H*(1) = 0. Since

2\ 1k 2\ K
HZ(O):HH(O)(—”) :c(—”) — 00,
Pn Pn

we get that H*(0) = co. Thus H* is nonconstant. However, since H*(0) = co and H}(¢) #0
in A, we have H* # 0 in A by Hurwitz’s theorem. However, Lemma 2.10 implies that H*(¢)
has a zero in A. A contradiction.

Thus G is normal in A. It remains to show that {f,} is normal at 0. Since G is normal
in A, then G is equicontinuous in A with respect to the spherical distance. On the other
hand, g,,(0) = 0 for each #, so there exists § > 0 such that |g,(z)| <1 for all #n in A(0,§). It
follows that f,(z) is holomorphic in A(0, §) for all #. Since {f,} is normal in A’, there exists
a subsequence of {f,} (still denoted by {f,}) which converges locally uniformly in A’(0, §).
The maximum modulus principle implies that f, converges locally uniformly in A(0,§),
and thus {f,,} normal at z = 0, which contradicts our assumption that no subsequence of
{f.} is normal at 0. O
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5 Proof of Lemma 3.9
Proof 1t suffices to prove that each subsequence of {f,;} has a subsequence which satisfies
that (xf), and prove that (xe) and (*g) hold. So suppose that we have a subsequence of {f,},
which (to avoid complication in notation) we again call {f,,}.

Without loss of generality, for each a € E, we may assume thata =0, A C D, A'NE =,
and

hz) =2 + ap 2 + - = Zh(z)

in A, where }At(O) =1and iz(z) #0,00in A.

We consider the following three cases.

Case 1. h(0) = oo.

We will derive a contradiction in the case, and hence (xe) holds. For convenience, we set
m := -1, and then

h(z) = im+ﬂ;nm_+11 +~~~:Kj)

z z z

in A, where /i(z) #0,00 in A, h(0) =1, and m is a positive integer. Clearly, we have h(z) #
0,00 in A, h,(z) # 0,00 in A’, and k(0) = /,(0) = co.

Subcase 1.1. For sufficiently large n, £,(0) # 0.

We claim that for each § > 0, there exists at least one zero of f, in A(0, §) for sufficiently
large n. Otherwise, there exist §* (> 0) and a subsequence of {f,} (still denoted by {f,})
such that f,,(z) # 0 in A(0,5*). By Lemma 3.3, {f,} is normal at 0. This contradicts (xc).

Taking a subsequence and renumbering, we may assume that a,, (#0) is the zero of {f,}
of smallest modulus and a,, — 0. Set F,,(¢) := af’kﬁq(an;“). We have:

(Al) Fu(¢) #0in A;

(A2) all zeros of F,(¢) have multiplicity at least k + 1 and F,(1) = 0;

(A3) E(¢) #a"hy(ant) and ' hy(a,g) S 27 in C.

By Lemma 3.3 and Lemma 3.4, {F,,(¢)} is normal in A and quasinormal in C. Thus, there
exist a subsequence of {F,(¢)} (still denoted by {F,(¢)}) and D; C C such that:

(B1) D; has no accumulation points in C;

(B2) for each ¢y € Dy, no subsequence of {F,(¢)} is normal at &o;

(B3) Fu(¢) % F(§)inC\Di.

Obviously, D; N A = @ and all zeros of F(¢) have multiplicity at least k + 1 in C\ D;.

Subcase1.1.1.1 ¢ D;.

Obviously, F(1) = FX(1) = 0 by (A2). Let ¢y € D;. By Lemma 2.5, F®(¢) = {Lm, which
contradicts F®(1) = 0. Thus D; is an empty set. Since F(1) = 0, F(¢) is a meromorphic
function in C. By Lemma 3.1 and (A3), either F®(¢) = %m or FO(¢) # %m inC.If FO(¢) =
CL"” then F®(1) = 1, which contradicts F®(1) = 0. If F®(¢) # {Lm, then by Lemma 2.8 and
Lemma 2.9, F is a constant function. Since F(1) = 0, F(¢) =0 in C. Now,

Fu(¢)=a) ™ fag) = 0 inC. (5.1)

We claim that for each § > 0, there exists at least one pole of f,, in A’(0, §) for sufficiently
large n. Otherwise, there exist 6* (> 0) and a subsequence of {f,} (still denoted by {f,;}) such
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that f,(z) has no poles in A’(0, §*). Sincefn(k)(z) # hy,(z) and £,(0) = oo, we have f(0) # oco.
Thus f,,(z) # oo in A(0,8*). By Lemma 3.8, {f,} is normal at 0. This contradicts (xc).

Taking a subsequence and renumbering, we may assume that y, (# 0) is the pole of f,(z)
of smallest modulus and y, — 0. By Hurwitz’s theorem and (5.1), ;—: — 0. Set G,(¢) :=
YK f(y.2), we have:

(C1) G,(¢) is holomorphic in A;

(C2) Gu(1) =00

(C3) all zeros of G,(¢) have multiplicity at least k + 1;

(C4) G(0) # ¥ ha(yng) and Y hy(y,8) 2 5 in C.

By Lemma 3.8 and Lemma 3.4, {G,(¢)} is normal in A and quasinormal in C. Thus, there
exist a subsequence of {G,(¢)} (still denoted by {G,(¢)}) and D, C C such that:

(D1) D has no accumulation points in C;

(D2) for each &y € D5, no subsequence of {G,,(¢)} is normal at &o;

(D3) Gu(£) % G(¢) in C\ D,.

Obviously, D, N A = @ and all zeros of G(¢) have multiplicity at least k + 1in C \ D,.

Clearly, G(0) = lim,,_, oo Gn(;—z) = yﬁ’kf,,(an) =0, so G(z) is meromorphic in C \ D,. By
Lemma 3.1 and (C4), either G®(¢) = {im or GX(¢) + ;im in C\ D,.

Subcase 11.1.1. D, is an empty set.

By (C2), we have G(1) = oo. If G (¢) # ;im in C, then by Lemma 2.8 and Lemma 2.9,
G(¢) is a constant function which contradicts that G(1) = co. If G®(¢) - {Lm =0in C, then
G(0) = 0o, which contradicts G(0) = 0.

Subcase 11.1.2. D, is not an empty set.

Let ¢ € E. Since Dy N A =, by Lemma 2.5, we have G®)(¢) = gi,,, in C\ Dy — {0} Clearly,
G®(¢) and {im are meromorphic functions in C \ Dy, so we have G¥(¢) = %m in C\ Dy,
which contradicts G(0) = 0.

Subcase1.1.2.1 € D;.

By Lemma 2.5, we have F®(¢) = EL"‘ in C\ Dy. If m < k, then F(¢) is a multi-valued
function in C \ D;. A contradiction. Thus we have m > k.

We claim that D; = {1}. Otherwise, there exists ¢y such that {, € D; and ¢, #0,1. By

Lemma 2.5,
Ie —-m+1 _
F(k_l)(é'): idé:: ;.71;
1 Em -m+1
¢ g—m+1 1 ;—m+2 g‘ 1 (52)
k=2)( 7y — ~ - - ;
F (C)_/l -m+1 dé_(—m+2)(—m+1) —m+1+(—m+2)’
IS —-m+l _ » —m+l
F(kfl)(f)= idézi;
o &M -m+1
e %-—m+1 1 (-m+2 ¢ e (5.3)
*k=2)( 7y — — - - -
F ({)—/{0 -m+1 dé_(—m+2)(—m+1) —m+1+(m+2).
By (5.2) and (5.3), we obtain ¢ = 1, which contradicts ¢y # 1. Thus D = {1}.
By Lemma 2.5,
¢ ra Sk-1 1
F(;):/ f / 7d§kd§k_1"'d§1
1 A 1 ¢
m—k
1+ Pra(2)¢ (5.4)

T Cmrmrk—1)- - (cm+ 1)gmk

Page 15 of 24
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in C\ Dy, where Px_1(¢) is a polynomial of degree k — 1. By (5.4),

é 1+Pk—1(§)§m_k

F,(2) (~m+k)(-m+k=1)--(=m +1)¢m*k

(5.5)

in A. By Hurwitz’ theorem, there exist y,; (i = 1,2,...,m — k) such that y,; — 0 and
F,(yy,;) = 0. Since Fy(,k)(g“) # alh,(a,t), we have F,(0) # oo, and hence y,; # 0 for i =
1,2,....m-k.

Set U, (§) := s:,”’an(s,,é) and n,,; = VSL:, where s, is one of {1, Vu2s---» Vum—k} Of largest
modulus. Clearly, |7,,;| <1. Now, we have:

(E1) foreach R> 0, U,(§) #0 in A(0, R) for sufficiently large #;

(E2) U,(1) = oo;

(E3) Uy(§) # a'siha(ayse) and altsyih(alisi€) & 2z in C;

(E4) U,(&) has only m — k poles n,,; on A, wherei=1,2,...,m—k.

In fact, (E1) holds by (5.5). By Lemma 3.3, (E1), and (E3), we find that {,(£) is normal in C.
We assume that /,,(€) 2 U(¢) in C. Obviously, U(1) = co by (E2).

Subcase 1.1.2.1. U(£) is a meromorphic function in C.

By Lemma 3.1, we have either U¥(¢) = EL’" or UM(E) + %_Lm in C. Since U(1) = oo,
u®E) + %_im in C. By Lemma 2.8 and Lemma 2.9, U(§) is a constant function. This con-
tradicts U(1) = oo.

Subcase1.1.2.2. U(§) =00 in C.

Set U (&) := U, (&) - ]_[;ZI]((“;‘ — Nu,i)- By the maximum principle applied to m, we get
that

us¢) = oo inC. (5.6)

Set F;,k(;) = Fn(() : ]_LVZIk(( - yn,i) = Fn(() ' szk(é‘ - snnn,i)- BY (5.5), F:(;) has no poles
in A(O, %) for sufficiently large 7. By the maximum principle,

m—k
Fi¢) & L+ P ()¢ in A(O,l)

(~m+k)(-m+k-1)---(-m+1) 2
Hence,
F*(0) — 1 as n — 00. (5.7)
" (-m+k)(-m+k-1)---(-m+1)
On the other hand,

m—k m—k

E(5,8) = Fu(su8) - [ [ (548 = vini) = Fulsu) - [ [ (€ = summs)

i=1 i=1

m—k

=K Fy(suf) - [ [E—m) =U3E) & oo

i=1

in C, and hence F;;(0) — oo, which contradicts (5.7).
Subcase 1.2. There exists a subsequence of {f,(z)} (still denoted by {f,(z)}) such that
f1(0) =0 for each n.
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Doasin Subcase 1.1.1, we may assume that y,, (+ 0) is the pole of f,,(z) of smallest modulus
and y, — 0. Set G,(¢) := ¥ £, (y,¢). We have:

(F1) GL(¢)is holomorphlc function in A;

(F2) G,(1) = o0;

(F3) all zeros of G, (¢) have multiplicity at least k + 1;

(F4) Gy() #y"hy(yu¢) and ¥, (y,0) S %,,, in C.

By Lemma 3.8 and Lemma 3.4, {G,(¢)} is normal in A and quasinormal in C. Thus, there
exist a subsequence of {G,(¢)} (still denoted by {G,(¢)}) and D3 C C such that:

(G1) D3 has no accumulation points in C;

(G2) for each ¢y € D3, no subsequence of {G,(¢)} is normal at &o;

(G3) Gu(£) S G(¢)in C\ Ds.

Obviously, D; N A = @ and all zeros of G(¢) have multiplicity at least k + 1 in C \ Ds.

Obviously, G(0) = lim,,_, o, G,(0) = yn”"kﬂ, 0) = O so G(z) is a meromorphic function in
C\ Ds3. By Lemma 3.1 and (F4), either G¥(¢) = 4; or G®(¢) 7’ in C\ Djs.

Subcase 1.2.1. D5 is an empty set.

By (F2), G(1) = oo. If GP(¢) # %m, then by Theorem 2.8 and Lemma 29, G(¢) is a
constant function, which contradicts that G(1) = oo. If G¥(¢) - = 0, then we have
G(0) = 0o, which contradicts G(0) =

Subcase 1.2.2. D3 is not an empty set.

Let ¢y € E. Since D3 N A = ¢, by Lemma 2.5, we have G®(¢) = X, which contradicts

G(0) =0.

Case 2. h(0)=0

In this case, we will show that (xf) and (xg) hold. Clearly, we have k(z) # 0,00 in A’,
h,(z) #0,00 in A’, and 4(0) = 4,,(0) = 0.

We claim that for each 8§ > 0, there exists at least one zero of f,, in A’(0, §) for sufficiently
large n. Otherwise, there exist §* (> 0) and a subsequence of {f,} (still denoted by {f,;}) such
that f,(z) # 0 in A’(0,8). Since fn(k) (2) # hy(2z) and all the zeros of {f,} have multiplicity at
least k + 1, we have f,,(0) # 0, and hence f,(z) # 0 in A(0,§*). By Lemma 3.3, {f,;} is normal
at 0, which contradicts (xc).

Taking a subsequence and renumbering, we may assume that a,, (# 0) is the zero of f,, of
smallest modulus and a,, — 0. Set F,(¢) := f” a”:) . We have:

(al) F,(¢) #0in A;

(a2) all zeros of F,(¢) have multiplicity at least k + 1 and F,(1) = 0;

(@3) F’(¢) #¢'han¢) and ¢'hang) % ¢l in C.

By Lemma 3.3 and Lemma 3.4, {F,,(¢)} is normal in A and quasinormal in C. Thus, there
exist a subsequence of {F,(¢)} (still denoted by {F,(¢)}) and Dy C C such that:

(bl) D4 has no accumulation points in C;

(b2) for each ¢y € Dy, no subsequence of {F,(¢)} is normal at ¢y;

(b3) Fu(¢) % F(¢)in C\ Dy.

Obviously, Dy N A = ) and all zeros of F(¢) have multiplicity at least k + 1 in C \ D,.

Subcase2.1.1 ¢ D,.

By (a2), F(1) = F®(1) = 0, and hence F(¢) is a meromorphic function in C \ Dj.

We claim that Dy = @J. Otherwise, let £y € Dy. Since Dy N A = ), by Lemma 2.5, F®(z) =
¢k, which contradicts that F®(1) = 0.
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By Lemma 3.1 and (a3), either FX(¢) = ¢¥ or FO(¢) # ¢* in C. Since F®(1) = 0, we have
F®(¢) # ¢k in C. By Lemma 2.8 and Lemma 3.5, we have

t+1+1
l_[;1+ é‘_ai)

F&) = k=D - Gs )i - pyit’

where t > k is an integer, 8 € C,and o; #0, 8 (1 <i <t +1+ /). Thus, we have

é 1_[,21“[({ —a;)

E9) U0+ k-1) - (+ 1) - prik

inC. (5.8)

By Hurwitz’s theorem, there exist sequences ¢,; — «; and 1,; — B (counting multiplic-
ities of zeros and poles, respectively) such that for sufficiently large n, F,,({;) = 0 and
Fy(1n;) = 00, where i =1,2,...,t +1+/and j=1,2,...,t + 1 - k. set z,; := a,{,;. Thus,
fulzni) =0and z,; —> 0, where i =1,2,...,t + 1 + [. Set

B, :={z,1,2u2,---»Znts1+1} (Where the same elements are admissible).

Subcase 2.1.1. For each § > 0, f, has at least ¢ + 2 + [ zeros (counting multiplicities) in
A(0, 8) for sufficiently large n.

Taking a subsequence and renumbering, we may assume that b,, (# 0) is the zero of f,, of
smallest modulus in A \ B, and b, — 0. Clearly, Fn(z—z) =0 and z—z ey fori=1,2,...,t+
1+ [. By Hurwitz’s theorem and (5.8), “—Z — 0asn— 00.Set G,(¢) := f”li,l:—ff). We have, for
sufficiently large n: ’

(c1) G,(¢) hasonlyt+1+1zeros “”b—{n”'i in A. Obviously, |“’;—i”"'| — 0;

(c2) all zeros of G, (¢) have multiplicity at least k + 1 and G,(1) = 0;

(€3) Gi(¢) # ¢ h(bug) and ¢'(bug) % ¢! in C.

By Lemma 3.3 and Lemma 3.4, {G,(¢)} is normal in A" and quasinormal in C. Thus, there
exist a subsequence of {G,(¢)} (still denoted by {G,(¢)}) and Ds C C such that:

(d1) Ds has no accumulation points in C;

(d2) for each ¢y € Ds, no subsequence of {G,(¢)} is normal at o;

(d3) Gu(£) % G(¢) in C\ Ds.

Obviously, Ds N A’ = ¢ and all zeros of G(¢) have multiplicity at least k + 1 in C \ Ds.

Set

[T 7 - i) 157 ~ )

Gi(0) = Gul0) o and  F3(¢) = Fa0) o ———
ni:1 (§ - Tnl) 1_[,‘:1 (§ - fn,i)

By (5.8), G3(%5) = F;(0) = Gmmren—goy in C- Hence

1
C+k)I+k-=1)---(I+1)

G,0) —

Subcase 2.1.1.1. G(¢) = o0 in C \ Ds.

Obviously, G(¢) has no zeros in A for sufficiently large n. Applying the maximum prin-
ciple to %, we see that G};(¢) 2% 00 in A, which contradicts (5.9).

Subcase 2.1.1.2. G(¢) is a meromorphic function in C \ Ds.
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We claim that

é—l+k

GO = U kD D

inC\ Ds. (5.10)

I+k
By Lemma 3.2, G¥(¢) = ¢! in A/, and then G(¢) = #’% in A’, where P;_(z) is a

polynomial of degree < k—1. Smce G} (¢) hasno zeros in A for sufficiently large n, applying

L GH() = GH(¢) = i tPa® 1y A By (5.9),

the maximum principle to TRTk=D-(1) 71+

G*(I

¢+ Pra(t) 1] 1
(l+k)(l+k—1)---(l+1)W ;:0_ I+ +k-1)---(I+1)

G*(0) = (5.11)

Since Pi_1(z) is a polynomial of degree < k — 1, we have Px_1(¢) = 0 by (5.11). Thus our
claim is proved.

Suppose that 1 ¢ Ds. By (c2), we have G(l) O which contradicts (5.10). Suppose that
1 € Ds. By Lemma 2.5, G“(;)—f{ Ldg = _§1+1

! However, we have G (¢) by
(5.10). This is a contradiction.
Subcase 2.1.2. There exists § > 0 such that f, has exactly ¢ + 1 + / zeros (counting multi-

l+1

plicities) in A(0, §) for sufficiently large ».

Taking a subsequence and renumbering, we may assume that f,, has exactly ¢ + 1+ / zeros
(counting multiplicities) in A(0, §) for all n. Now, (xf) holds with r; = § and N = m + k + 2.
Next, we will show that (xg) also holds.

Set

HHI k(z anﬂn}) HHl k(g 77;11)

- d F©)-F
fn(z) f(Z) l—[t+1+l( — Aplni) an ¢)=F) HHIH(g é‘nz)

Clearly, £ (z) has no zeros in A(0,8). By (5.8), £ (a,¢) = Fi(¢) = m in C, and
hence

1

5O = T kD e (512)

Subcase2.1.2.1 f(z) =ocoin D\ E.

By the maximum principle applied to #, we have f*(z) 2 oo in A(0,8), which contra-
dicts (5.12).

Subcase 2.1.2.2. f(z) is a meromorphic function in D \ E.

By Lemma 3.2, fP(z) = h(z) in A’(0,8). By the maximum principle applied to %,
[ (=) X Je +k in A(0,8). Hence by (5.12),

1
o UK +k=1)--(+1)

f(2)

Zl+k

£ (0) —

(5.13)

Equation (5.13) implies that z = 0 is a zero of order [ + k of f(z). Thus we have

f(o)= /0 ) /0 L /0 o) dgedgy - da

Subcase 2.2.1 € D,.

Page 19 of 24
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By Lemma 2.5,
¢ I+1 _ 1
F) - [Cede- 51 (5.14)
1 l +1
¢ $l+1 -1 é-l+2 ; 1
F*&2() = / dt = - . 515
O=) T ¥ Tary a1 Ge2) (5.15)
We claim that D, = {1}. Otherwise, there exists ¢, € E; and ¢y # 0,1. By Lemma 2.5, in
(c \ D41
¢ I+1 _ » 141
F&D(e) = glde = St O . (5.16)
% I+1

By (5.14) and (5.16), we obtain Zo'*! = 1. Furthermore, by Lemma 2.5, in C \ Dy,

~ 4 El+1 _ 1 é-l+2 ; ;0
(k-2) _ _ _ 2
F (4)—/{0 T Ty 1ty (5.17)

By (5.15) and (5.17), we get ¢y = 1. A contradiction. Thus D, = {1}.

By Lemma 2.5, F(z) can extend to an analytic function in C and thus is a polynomial of
degree [ + k. Since 1 is a zero of order k of F, F must have at least one zero which is distinct
from 1. Let e; (#1) is a zero of F(z). Since all zeros of F(¢) have multiplicity at least k + 1
in C \ {1}, we have F*(e;) = 0 and F®(e;) = 0. Then e, is a multiple zero of F1(z).
However, by (5.14), F*-V(z) only has zeros of order 1. This is a contradiction.

Case 3. h(0) # 0, c0.

Obviously, (xg) holds by Lemma 2.5. Next, we will show that («f) also holds.

Since {f,} is not normal at 0, it follows from Lemma 2.2 that we can extract a subsequence
(still denoted by {f,;}), points z, — 0, and positive numbers p, — 0 such that

20) =0 fza+ pul) S gr) inC, (5.18)

where g is a nonconstant meromorphic function of finite order in C, all of whose zeros
have multiplicity at least k + 1. Since gﬁ,k)(g“) :f,fk)(z,, + pn) # hy(z, + pp¢) = h(0) and
g,(qk) = g%(¢) on the complement of the poles of g(¢), either g®(¢) # 1(0) or g™ (¢) = h(0)
in C by Hurwitz’s theorem. The latter case is not possible, as this would contradict the fact
that all zeros of g have multiplicity at least k + 1. Thus g®(¢) # (0) in C. By Lemma 2.11,

h(0) (¢ —a)*!

g) = T -b (5.19)
for distinct complex numbers 4 and b. It now follows from the argument principle that
there exists a sequence &, — a such that, for sufficiently large #, g,(£,) = 0. Thus, writing
Zn0 = Zy + Pnén, we have z,0 — 0. By (5.18) and (5.19), the multiplicity of z, o as a zero of
fu is exactly k + 1 for sufficiently large #n. By Lemma 2.5, there exists r; > 0 such that f, has
a single (multiple) zero in A(0,r) for sufficiently large n. Thus for sufficiently large #, f,
has a single zero z,0 of order exactly k + 1 in A(0,r). Now, (xf) holds with r; = r; and
N; =k +2. O
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6 Proof of Proposition 1.2
Proof By Lemma 3.4, {f,} is quasinormal in D. Hence for each subsequence {f,, } of {f.},
there exists a subsequence of {f,, } (still denoted by {f;, }) and a corresponding point set £
which has no accumulation points in D such that:

@) fiy (2 =S f(z) in D\ E, where f(z) is meromorphic or identically infinite there;

(b) for each a € E, no subsequence of {f,, } is normal at 4.
By Lemma 3.9, we have:

(c) for each a € E, h(a) # oo;

(d) for each a € E, there exist r; > 0 and Nj; > 0 such that for sufficiently large &,

n(Ala, r;,),ﬁ) < N;, where r; and N; only depend on a;

() foreach@ e E, f(z) = [7 [ [PV H'(¢) dgx dgees - - gy in D\ E.
Clearly, we see that (1), (2), (3), and (4) hold.

Suppose that |E| > vand z, 2y, . .., 2,1 are v + 1 distinct points in E. Since for each a* € C,
(D, m) < v, there exist i,j € N such that 1 <i<j<v+1and H(z;) # H(z;). However,
f%(z) = H(z) - H(z;) and f*V(z) = H(z) — H(zj) by (e). Thus H(z;) = H(z;). A contradic-
tion. This completes the proof of Proposition 1.2. g

7 Proof of Theorem 1.3
Proof We argue by contradiction. Suppose that the equation f®(z) = a(z) has at most
finitely many solutions. Let R(z) ~ coz” as z — oo, where ¢y € C \ {0} and d € Z.

Clearly, T(r,R) = O(logr) and T(r, I%) = O(logr) as r — oo. By Lemma 2.1, T(r,h) =
Ar*(1 + o(1)) as r — oo, where A > 0 is a constant. By standard results in Nevanlinna
theory, T(r,h) = T(r, %) < T(r,a) + T(r, %) and T(r,a) < T(r,R) + T(r,h) as r — oo.

Thus, T(r,a) = Ar*(1 + o(1)) as r — oo. Since T(r,a) = o{T(r,f)} as r — oo, we have
I(rf)

lim, oo —5 = 0.
Set g(z) := %. By Lemma 3.6, there exist points ¢, — oo and positive numbers ¢, — 0
such that
S(A(tn €n),g) > 00 asn— 0o (7.1)
and
t ® (¢
f(td")—>0 and th—fiy')—>oo as n — oo. (7.2)
n n

Let w1, w, be the two fundamental periods of /(z) and P (0 € P) be a fundamental paral-
lelogram of 41(z). There exist integers i, and j, such that z, € P, where z,, = t,, — iyw1 — juwz.
There exists a subsequence of {z,} (still denoted by {z,}) such that z, — zy as n — oo. Set

2n(2) =gz + ipw1 + juws), (7.3)

f(Z + inwl +jnw2)
td '

Ju(2) = (7.4)

Clearly, we have S(A(zy, £4),8n) = S(A(t1, &), )5 fu(2n) = ]%» and £(z,) = }%' By (7.1)
and (7.2), we have ! !

S(A(zy,,en),g,,) —> 00 asn— o9, (7.5)
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fulzy) —> 0 and f,fk)(z,,) —> 00 asu—> 0. (7.6)

There exists R > 0 such that P ¢ A(0,R) and A(z,,&,) C A(0,R) for each n. Set D :=
A(0, R). Obviously, we have z, € D. By assumption, for sufficiently large #,

Oz + igw) +juwy) Rz + iy + jawo)h(z)
ty ty

£ = , zeD.

Foreachze D,
{tn —(z+ iy +j,,a)2)| = |(zn + iy + juwsy) — (2 + iyan +jna)2)| =z, —z| <2R.

So we have

R(z + iywy + juws)

— — 00.
1 co asm— o0
n

Set

T, (2) = R(z + inwlt:l' jan)h(Z).
Obviously, T),(z) & ¢oh(z) in D, and for sufficiently large n, ¢oh and T}, have the same zeros
and poles with the same multiplicity in D.
Clearly, {f,} is a family of meromorphic functions in D such that for sufficiently large n:
(al) all zeros of {f,} have multiplicity at least k + 1 in D;
(2) T,(z) 2 coh(z) in D, where coh(z) # 0,00 in D;
(@3) £(2) # Tu(2) in D.
It follows from Lemma 3.4 that {f,,} is quasinormal in D. Hence there exists t > 0 such that
A(zo,7) C D and {f,;} is normal in A’(z¢, 7). Then there exists a subsequence of {f,} (still
denoted by {f,;}) such that:
(bl) coh(z) and T,(z) have the same zeros and poles with the same multiplicity in
Al(z0,7);
(b2) forallne N,fn(k)(z) # T,(z) in A(zp, T);
(b3) no subsequence of {f,} is normal at z;
(b4) all zeros of {f,} have multiplicity at least k + 1 in A(zo, 7), and f,(2) =S f(2) in
A(zg,T).
By (7.6), (b3) holds. By Lemma 3.9, we have:
(c1) h(zo) # oc;
(c2) there exist 7* € (0, t) and M* > 0 such that n(A(zo, r*),}%) < M* for sufficiently
large #;
(3) f@) = [ oy - S coh(t) diedgis - ey in A (20, 7).

20

By Lemma 2.3, (c2) and (c3), there exists M; > 0 such that for sufficiently large n,

S(A(Zo,%),ﬂ) <M1. (77)

Next, we will derive a contradiction with (7.5).
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By (7.3) and (7.4), gx(2) = fu(2)(1 + 7)™ Then

|1+ Z22)0f(2) = (L+ 52 (=20 )

A+ 5202 + [f, )P ’

g2 =

SO

oo 2AMEERELQE 200 P
e (P D A T =T = D 78

Using the simple inequality

C
——— = 2max(C,1/C)

C? +x 1+a2
for C > 0, we have
2|1+ Z2) () z—2z,\|* 1 )
7 <2 1 =) . (7.9
(10+ S+ f@PP max(( s ) |(1+%>|2d)[f"(zﬂ 79

The second term on the right of (7.8) is

1 2

2

d
th+2z—2,

d
ty+2z—2,

2( 21+ )2 )2 1 7.10)

A+ Z2)Y 2+ [,@)12) ~ 2

2

Putting (7.8), (7.9), and (7.10) together, we have for z € A(z, %) and sufficiently large n,
[&@] <4[ff@] +1. (7.11)

It follows from (7.7) and (7.11) that

* *\ 2
T T
S(A(Zo, 7)!3}1) < 4-M1 + (7> = Mz,

which contradicts (7.5). This completes the proof of Theorem 1.3. d
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