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Abstract

In this paper, we deal with the regularity and a variation of constant formula for
solutions of the nonlinear differential equation with delay nonlinear terms governed
by the variational inequality in Hilbert spaces. Without the conditions of the uniform
boundedness of the nonlinear terms and the compactness of the principal operators,
we obtain the wellposedness and the norm estimate of the given equation by
converting the problem into the contraction mapping principle on state space.
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1 Introduction

Let H and V be two complex Hilbert spaces. Assume that V is dense subspace in H and
the injection of V into H is continuous. The norm on V and H will be denoted by || - || and
|- |, respectively. Let A be a continuous linear operator from V into V* which is assumed to
satisfy Garding’s inequality, and let ¢ : V' — (—00, +00] be a lower semicontinuous, proper
convex function. Then we study the following variational inequality problem with nonlin-
ear term:

(' (t) + Ax(2), x(t) — 2) + P(x(2)) — P(2)
< (f° It 5,2(0), %(¢ + ), u(t))(ds) + k(£),x(£) = 2), ae.¥zeV, (NVE)
%(0) = g°, x(s) =gl(s), -r<s=<o.

Here, g = (g°,¢%) € H x L%(0, T; V), aforcingterm k € L*(0, T; V*)and h : R* x V. x H — H
is a nonlinear mapping.

By the definition of the subdifferential operator d¢, the problem (NVE) is represented
by the following nonlinear functional differential problem:

x'(t) + Ax(t) + 0 (x(2)) f_orh(t, s, x(8),x(t +s), u(t))ulds) + k(t), 0<t, (NDE)
x(0)=¢%  x(s)=g'(s), -r<s<0.

The theory of variational evolution inequalities is one of the most important domains
of application of the ideas and techniques of differential equations associated with max-
imal monotone operators and semigroups of nonlinear contractions. There is extensive
© 2014 Rho and Jeong; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2014/1/387
mailto:jmjeong@pknu.ac.kr
http://creativecommons.org/licenses/by/2.0

Rho and Jeong Journal of Inequalities and Applications 2014, 2014:387 Page 2 of 14
http://www.journalofinequalitiesandapplications.com/content/2014/1/387

literature on parabolic variational inequalities and the Stefan problems (see Lions [1, 2],
Brézis 3, 4], Friedman [5], Elliott and Ockendon [6], Barbu [7, 8]). For more details on the
applications of the theory we refer to the survey of Lions [9] and the book by Duvaut and
Lions [10].

In this paper we are primarily interested in the regular problem that arise as direct conse-
quences of the general theory developed previously, and we consider to put in perspective
those models of initial value problems which can be formulated as nonlinear differential
equations of variational inequalities. When the nonlinear mapping 4 is a Lipschitz con-
tinuous from R x V into H, we will find that the most part of the regularity for parabolic
variational inequalities can also be applicable to (NDE) with nonlinear perturbations. The
above operator / is the semilinear case of the nonlinear part of quasilinear equations con-
sidered by Yong and Pan [11]. The approach used here is similar to that developed in [12—
14] on the general semilinear evolution equations.

Without conditions of the uniform boundedness of the nonlinear terms and the com-
pactness of the principal operators, we obtain the wellposedness of (NDE) by converting
the problem into the contraction mapping principle and the norm estimate of a solution of
the above nonlinear equation on L2(0, T; V) N W'2(0, T; V*) N C([0, T]; H). Consequently,
in view of the monotonicity of 3¢ and using the interpolation theory, we show that the so-
lution mapping

H x L*(-r,0; V) x L*(0, T; H) > (¢°,.¢", k) > x

€ L*(0, T;D(A)) N W"(0, T; H)

is continuous and the mapping k > x; is compact from L2(0, T; H) to L2(0, T; V), which
is useful for physical applications for the equations related with forcing terms containing

control part.

2 Parabolic variational inequalities

If H is identified with its dual space we may write V C H C V* densely and the corre-
sponding injections are continuous. The norm on V, H, and V* will be denoted by || - ||,
| -|,and || - ||, respectively. The duality pairing between the element v; of V* and the ele-
ment v, of V is denoted by (v1,v2), which is the ordinary inner product in H if vi,v, € H.
For the sake of simplicity, we may consider

loells < lue] < llull, welV.

For [ € V* we denote (/,v) by the value /(v) of [ at v € V. The norm of / as an element of
V* is given by

(v
21l = sup Gy

vev VIl

Therefore, we assume that V has a stronger topology than H and, for brevity, we may
regard

lulls < lul <llull, VYueV.
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Let a(-,-) be a bounded sesquilinear form defined in V' x V and satisfying Garding’s

inequality,
Rea(u,u) > w1 ||ul® - w2 |ul?, (2.1)

where w; > 0 and w, is a real number.
Let A be the operator associated with the sesquilinear form a(:, -):

(Au,v) = alu,v), u,veV. (2.2)

Then A is a bounded linear operator from V to V* by the Lax-Milgram theorem. The
realization for the operator A in H which is the restriction of A to

D(A)={u e V;Au € H}

can also be denoted by A. We also assume that there exists a constant C; such that

el < Cullull iy el (2.3)

for every u € D(A), where

1/2
lellpay = (JAul® + |ul®)

is the graph norm of D(A). Thus, in terms of the intermediate theory we may assume that

(D(A),H) v,

122~

where (D(A), H)1/2,2 denotes the real interpolation space between D(A) and H.

If X is a Banach space, L%(0, T; X) is the collection of all strongly measurable square inte-
grable functions from (0, 7) into X and W'2(0, T; X) is the set of all absolutely continuous
functions on [0, T'] such that their derivative belongs to L2(0, T; X). C([0, T]; X) will denote
the set of all continuous functions from [0, T'] into X with the supremum norm.

Lemma 2.1 Let T > 0. Then
T 2
H-= {x eVv* :/ ||AetAx||*dt < oo}.
0
Proof Put u(t) = ex for x € H. From
1d 2 .
3 d |u(®)|” = Re(i(t), u(t)) = Re(Au(t), u(?))

= —Rea(u(t), u(t)) < —co|u(e)|’,

it follows that

d
%EW)F +eofu®)]” <o,
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Integrating over ¢ yields
l\u(t)|2 fc /t||u(s)||2ds < l|ac|2
2 °Jo =27
Hence, we obtain

T ) T
[ laeslae < [ iatswa
0 0

u(s) ||2 ds < 00.

Conversely, suppose that x € V* and fOT |Ae*tx||% dt < co. Put u(t) = e“x. Then since A is
an isomorphism operator from V to V* there exists a constant ¢ > 0 such that

T 2 T 2 T 2
[P ae<e [ Jauoae=c [ Jacsar
0 0 0

From the assumptions and #(t) = Ae“x it follows that
ueL*0,T; V)N W(0,T; V*) c C([0, TT; H).
Therefore, x = u(0) € H. O
By Lemma 2.1, from Theorem 3.5.3 of Butzer and Berens [12], we can see that

(V,V*),,,, = H.

122~

Using the regularity for the variational inequality of parabolic type (i.e., in case where
g =0) as seen in Section 4.3 of [8] we have the following result on (VE). We denote the

closure in H of the set D(¢) = {u € V : ¢(u) < 00} by D(¢).

Proposition 2.1 (1) Let k € L*(0, T; V*) and (g°,g*) € D(¢) x L?(-r,0; V). Then (NDE)
has a unique solution

xeL*0,T; V)N W(0, T; V*) n C([0, T]; H),
which satisfies

X (8) = (k(t) - Ax(2) - 3¢ (x(®)))°
and

%l 2awi2ne < Co (1 + ‘g0| + ”g1 |‘L2(_r,0;v) + ||k||L2(0,T;V*))’ (2.4)
where C, is some positive constant and L*> N C = L*(0, T; V) N C([0, T); H).

(2) Let A be symmetric and let us assume that there exists h € H such that for every € > 0
and any y € D(¢)

Jey+eh) e D(@) and  ¢(J(y+€h)) < ¢(y),
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where J. = (I + €A)™L. Then fork € L*(0, T; H) and (g°,g') € D(¢) NV x L2(-r,0; V), (NDE)
has a unique solution,

x € L*(0, T;D(A)) N WH(0, T; H) N C([0, TT; H),
which satisfies

%]l 2nwizne < Ca(1+ |g°| + ||g1 ||L2(—r,0;D(A)) + 1kl 20,7200 )- (2.5)
Remark 2.1 In terms of Lemma 2.1, the inclusion
L*(0, T; V)N W*(0, T; V*) € C([0, T); H)

is well known and is an easy consequence of the definition of real interpolation spaces by
the trace method (see [9, 15]).

3 Regularity for nonlinear variational inequalities
Let £ and B be the Lebesgue o -field on [0, 00) and the Borel o -field on [-r, 0], respectively.
Let u be a Borel measure on [-7,0] and % : [0,00) x [-r,0] x V x H — H be a nonlinear
mapping satisfying the following:

(G1) forany x,y € V the mapping k(,-,%,) is strongly £ x B-measurable;

(G2) there exist positive constants L; (i = 0,1,2) such that

|h(t,s,%,) = h(t,s,%73)| <Lillx =X + Laly - 31,

|h(t,s,0,0)| < Lo
for all (¢,s) € [0,00) X [-r,0] and x,%,7,y € V.

Remark 3.1 The above operator 4 is the semilinear case of the nonlinear part of quasilin-
ear equations considered by Yong and Pan [11].

Forany x € L?(-r, T; V), T > 0 we set

0
G(t,x) = / h(t, s, x(t), x(t + s)),u(ds). (3.1)

r

Here as in [11] we consider the Borel measurable corrections of x(-).

Lemma 3.1 Let x € L*(-r, T; V), T > 0. Then the nonlinear term G(-,x) defined by (3.1)
belongs to L*(0, T; H) and

|GG 20,0y < (=7 O LoVT + (Ly + Lo)lIxll 20,13y + Lallxll2 oy} (B:2)
Moreover, if x1,%, € L*(—r, T; V), then

|| G("xl) - G("x2) ||L2(0,T;H)

< u([=r 00 {1 + La) 1 — %2 ll 20,70 + Lol — %2l 1200} - (3.3)
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Proof From (G1) and (G2) it is easily seen that

|GC.x) ”LZ(O,T;H)
< u([-r,0]) {Loﬁ + Lyllxll20,7v) + Loll®l 2y }

< u([=r, ON{Lov'T + (L1 + L)%l 20,137y + Lall®ll 201 }-
The proof of (3.3) is similar. a

We denote the closure in H of the set D(¢) = {u € V : ¢(u) < 00} by D(¢). In what follows
this paper, we assume that D(¢) = H for the sake of simplicity. First, we are going to give

the following result on a local solvability of (NDE). The following lemma is due to Brézis
[4, Lemma A.5].

Lemma 3.2 Let m € LY(0, T; R) satisfying m(t) > 0 for all t € (0, T) and a > 0 be a con-
stant. Let b be a continuous function on [0, T C R satisfying the following inequalities:

1 1 t
—bt) < —a® +/ m(s)b(s)ds, te][0,T].
2 2 o
Then
t
’b(t)| < a+f m(s)ds, tel0,T].
0
Letx € L2(0, T; V)N C([0, T]; H). Then invoking Proposition 2.1, we see that the problem

¥ () + Ay(t) + 0p(¥(2)) > G(t,x) + k(t), 0<t<T,

0

(3.4)
y(0)=g%  ys)=g'(s), -r<s=<o0,

has a unique solution y € L2(0, T; V) N W2(0, T; V*) N C([0, T); H).

Lemma 3.3 Let y1, y, be the solutions of (3.4) with x replaced by x1,x, € L*(0, T; V), re-
spectively. Then the following inequalities hold:

S @ -7 + o /0 31(5) = 325) | ds
< /0 I H(5) 1 (5) = yals)| ds (3.5)
and
a(6) — 32 (0)| < f e IH(s) ds, (3.6)
0
where

H(t) = ju([-r,0]) Ly [|%1(£) = %2 (8) || + e ([=7> 0]) Lallw1 — %2 [l co,eistn)-
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Proof For i =1,2, we consider the following equation:

yi(t) + Ayi(t) + 3¢ (yi(2)) > G(t,x;) + k(t), 0<t<T,
yi(0)=¢%  yi(s)=g"(s), -r<s=<o0.

From (3.7) it follows that

%(yl(t) —2(8)) + A(y1(2) — y2(0)) + 3 (31.(2)) — 3 (y2(2))

> G(t,x1) — G(t, %), t>0.
Multiplying on both sides of y;(£) — y2(£) and using the monotonicity of d¢, we get
1d
2 dt
=< (G(t;xl) - G(t,x2), 1 (t) —J’z(t))o

I (®) = 32| + a(n1(2) - y2(8), (@) - 32(0))

Noting that since x;(s) — x2(s) = 0 for s € [-r, 0),

|G(t,%1) — G(£,%)| < ([, 0]) L || () — %2 (8) | + 12 ([7> 0]) La 1 — %2 [l co,efys

and putting

H(t) = ju([-r,0]) Ly [|%1(£) = %2(8) || + e ([=7> 0]) La Il — %2 [l co,e1stay»

by (2.1) and (2.2), we have

1d
24t
< a1 (8) = 32(8)| + H (&) |y (2) = 32(2) - (3.8)

(@) =320 + on | @) - 320

Hence, integrating (3.8) over (0, £), this yields
1 2 t 2
3020 +on [ 6= ds
0
t 9 t
< wzf |y1(s) = y2(s)| ds + / H(s)|y1(5) — y2(s)| dis. (3.9)
0 0
From (3.9) it follows that
d t
r { et /0 y1(5) = 3209)|* dS}
ot | 1 2 t 2
=2e 3 [y1(6) = 320" =2 [ |y1(5) = y2(9)| " ds
0

< 26’2‘””/0 H(s) |y1(s) -9 (s)| ds. (3.10)
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Integrating (3.10) over (0, ) we have

¢
672“’2t/ |y1(s) —)’2(5)|2 ds
0

<2 /0 et fo HE|p(6) - 72(5)| dsde

= i (e—2w25 _ e—szt)H(S) |y1(s) _)/2(5)‘ ds,
w2 Jo

thus, we get

wy / 91(5) - y2(s)|" ds < / (€2 1) H($) |y (s) - y2(s)| ds. (3.11)
0 0

From (3.9) and (3.11), (3.5) holds, which implies

%(e-2w2f|y1(t) —3(0)]) + e / I91(5) = 32| s
0
< / e H(s)e ™ |y1(s) — y2(s)| ds.
0

By using Lemma 3.1, we obtain (3.6), as claimed. O

Theorem 3.1 Let the assumptions (G1) and (G2) be satisfied. Assume that k € L*(0, T; V*)
and (g°,g') € H x L*(-r,0; V). Then there exists a time Ty > 0 such that the functional
differential equation (NDE) admits a unique solution x in L*(~r, To; V) 0 C([0, To]; V*).

Proof Let us fix Ty > 0 such that

M(esz To _ 1)

e 0 g, 312
e, min{1/2, ) (312)

where

M = (Lip([-r,00))* + 2L1Lop([-1, 01)* + (Lope ([-r,01))*.

We are going to show that x > y is strictly contractive from L2(0, To; V) N C([0, To]; H) to
itself if the condition (3.12) is satisfied. The norm in L%(0, Ty; V) N C([0, Ty]; H) is given by

I 20,70 vincito,zopr = Max{ Il - 207500 |+ lcoronn |-

Let y1, 9, be the solutions of (3.7) with x replaced by x1,%x, € L*(0, Ty; V), respectively.
From (3.5) and (3.6) it follows that

1 2 t 2
- - 1) - d
5 |y1(t) yz(t)| + w1 /0 “J’l(s) ¥2(s) || S

t s
< / 229 H () / eI H(t)dr ds
0 0

Page 8 of 14
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t S
:e2w2f/ e“"2sH(s)/ e H(t)drds
0 0

szt/tl a {/s ~®2T H ( )dr}zd L szt{/t “2TH(t)d }
=e€ - e T S=—€ e T
0 2dS 0 2 0

1 t t 1 1-— e—2w2t t
< —ez’”zt/ g2t dl'/ H(t)*dr = —eQth—/ H(t)? dt
2 0 0 2 2wy 0

2

= L (@) / HRds. (3.13)
0

40)2

Here, since

[ ds= [0lr o) o w0l
+ 2L Lo ([, 00) [21() = %2(5)] - 121 = 2l oty
+ (Lo (1=7,00)) 12 = %2 2 0.0} s
< {@n(-r.0))’

2
+ (LW([_“O])) }||x1 - x2”iZ(o,:;V)mC([o,:];H)’

+ 2L, Lo u([-r,0])

taking
M = (Lip([-1,00))* + 2Li Lo ([-1, 01)* + (Lape ([-1,01)),

from (3.13) it follows that

M(esz To _ 1)

S—F— (3.14)
)~ 4w, min{1/2, w,)}

2 2
”yl -2 ”LZ(O,TO;V)OC([O,T()];H [l — %2 ||L2(0,T0;V)ﬂC([0,To];H)'

Starting from initial value xo(t) = g%, xo(s) = g'(s) for —r < s < 0, consider a sequence

{x,(-)} satisfying

x/n+1(t) + A% (8) + 0041 (8) 3 G(t, %) + k(8), 0<t=<T,

x1(0)=g%  A,(9)=g's), -r<s<o.
Then from (3.14) it follows that

M(eng To _ 1)

2
)= Ty min(1/2,wg] = Fn 120 revincio zonin:

2
961 = %ull 120, 7050100, To 1

So by virtue of the condition (3.12) the contraction principle shows that there exists x(-) €
L*(0, To; V) N C([0, Ty); H) such that

x,() = x(-) inL*(0, To; V) N C([0, ToJ; H). O

Now we give a norm estimation of the solution of (NDE) and establish the global exis-

tence of solutions with the aid of norm estimations.


http://www.journalofinequalitiesandapplications.com/content/2014/1/387

Rho and Jeong Journal of Inequalities and Applications 2014, 2014:387
http://www.journalofinequalitiesandapplications.com/content/2014/1/387

Theorem 3.2 Let the assumptions (G1) and (G2) be satisfied. Then for any (g°,g') € H x
L*(=r,0; V) (T > 0) and k € L*(0, T; V*), the solution x of (NDE) exists and is unique in
WUT) = L*(-r, T; V)N WY2(0, T; V*), and there exists a constant C, depending on T such
that

Il < Co(L+18°] + g 2oy + K20, 75v%)- (3.15)

Proof Let y be the solution of

YO 4 Ay(@®) + 8 ((t) 3 k1), 0<t<T,,
¥(0) = g°.

Then, since

d
7 () = y(®)) + A(x(2) — y(2)) + 3 (x(2)) — 3 (¥(2)) > G(¢t, %),

by multiplying by x(¢) — y(¢) and using the monotonicity of 3¢, (2.1), and (2.2), we obtain
1d 2 2
5 7712 = yOf + o) - y(@)|
< wolx(t) -y |* + |Gt %)| - |x(0) - y(2)). (3.16)

By integrating on (3.16) over (0, £) we have

1 t
5 |x(8) = y@)|* + 1 /o |%(s) - y(s)|* ds
< a)Z/ |x(s) —y(s)!zds +/ \G(s,x)| . |x(s) —y(s)| ds. (3.17)
0 0
By a procedure similar to (3.13) regarding

H(t) = u([-r,01) Ly |x(®) | + ([-, O1)Lallxll e,

we have

M(e*2To _ 1)

2
4y min{1/2, an) 220,30, o

2
¢ = Y1720, 7050900, To 1) =

Put

M(e*270 1)
" 4o, min{l/2, wy)

Then we have

1/2
1 = Y1l 220, 70500, 70 1H) < N1l 220, 70;v)NnC ([0, To 1)

Page 10 of 14
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and hence, from (2.4) in Proposition 2.1, we have

11l 220, 795y (10, To 1)

ST wn 1711 220,703V )nC (0, To Js10)

C
< T (1 181+ 18 20 mmn * 1Kl 200,709)
< G+ |2°] + €' oo,y + K220, 705v4) (3.18)
for some positive constant Cs. Acting on both side of (NDE) by x(¢) and by using

d d
E¢(x(f)) = (g(t), Ex(t)), ae 0<t

for all g(¢) € 3¢ (x(¢)), we have

/ot|x’n(s) |2 ds+ %(Axn(t),xn(t)) + ¢ (xa(2))

=

(Axg,x0) + P(xg) + /0 |G(s,xn(s)) + k(s)| |x;(s)| ds, (3.19)

SIS

thus, we obtain the norm estimate of x in W'2(0, T; H) satisfying (3.15). Since the condi-
tion (3.12) is independent of initial values we can derive from (3.19) that ¢(x(nTj)) < oo,
and the solution of (NDE) can be extended to the internal [0, nT}] for the natural number
n, i.e., for the initial x(nT}) in the interval [nTy, (n + 1)Tp], an analogous estimate (3.18)
holds for the solution in [0, (1 + 1)Ty]. Furthermore, the estimate (3.15) is easily obtained
from (3.18) and (3.19). a

Theorem 3.3 Suppose that the assumptions (G1) and (G2) are satisfied. Let A be symmet-
ric and let us assume that there exists h € H such that for every € > 0 and any y € D(¢)

Je(y+eh) e D(¢) and ¢ (J(y +€h)) < ().
Ifk € L2(0, T; H) and (g°,g") € V x L?(—r,0; D(A)), then
x € Wo(T) = L*(-r, T; D(A)) N W*(0, T; H),
and the mapping (g°,g", k) — u € Wy(T) is continuous.
Proof 1t is easy to show that if (¢°,g') € V x L*(-r,0; D(A)) and k € L?(0, T; H), then from
Proposition 2.1 it follows that u belongs to Wy(T). Let (¢, g}, k;) € V x L*(-r,0; D(A)) x

L*(0, T; H), and u; be the solution of (NDE) with (g?, ¢}, k;) in place of (g° g', k) fori =1,2.
Then in view of Proposition 2.1 and Lemma 2.1 we have

ey = x2llwo) < Co{ll&) = &5 | + &1 =& 12 ropay

+[GCx) = GGx) | oo, + 1K1 = Kol 20, )

Page 11 of 14
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=G[lg-ol+|a -2 ||L2(,r70;D(A)) + |1k = kall 220, 7:1)
+ p([=r, 01) { (L1 + L2) (%1 — %2l 20,70

+Lo|lgt - &l 2 o) H- (3.20)

Since

x1(t) —xa(t) = g —gé’ +/(; (561(3) —562(3)) ds,

we get
JTle® — o0 4 L
1 = %2l 20,700 < VT2 — g5 + E”xl = x2lwi2(o,7;1)-

Hence, arguing as in (2.3) we get

12 12
1 = %2ll1200,75v) < Cullr = %2150 7. pgay 191 = %2120 71)

12
< Gz _x2||L2(O,T;D(A))

. T\ 12
x{T1/4|g{)—g§)| +<E> ||x1—x2||té,21,2(0,T;H)}

1/2

1/2
1/2 T
<GaT"|g - g ||x1—xz||L2(0,T;D(A,)+Cl<ﬁ) I =222 llwio ()

T 1/2
=27"Glg ~g+ 2C1<ﬁ> 1961 = 2 [y (- (3.21)

Combining (3.20) and (3.21) we obtain
b =22 llwor) < Cof |8 - &2 | + 21 - & 2oy
+ k= ke ll 20,500y + (=1, 01) La 1&g = &3 12 o}
T\ 172
+ 2_7/4C1C2/.L([—V, 0])(L1 + Lz)‘g{) —gg’ + 2C1C2 (E)

x p([=r, 01) (L1 + La) lx1 = %2llw()- (3.22)

Suppose that (¢, gL, k,) — (g° g, k) in X x L*(-r,0; D(A)) x L*(0, T; H), and let x,, and x
be the solutions (SLE) with (g%, g}, k,) and (g° g', k), respectively. Let 0 < T; < T be such
that

2C1 Cg(Tl/\/E)l/z (Ll + L2L3 Tl/\/i) <1
Then by virtue of (3.22) with T replaced by T; we see that u,, — u in Wy (7). This implies
that (x,(T1), (x,)1y) = (x(T1),%7,) in V x L*(=r,0; D(A)). Hence the same argument shows
that u, — u in

L*(Ty,min{2Ty, T} D(A)) N W5 (Ty, min{2 T, T}; H).

Repeating this process we conclude that u, — u in Wy(T). d
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Theorem 3.4 Fork € L*(0, T; H) let x; be the solution of (NDE). Let us assume the natural
assumption that the embedding D(A) C V is compact. Then the mapping k — xy. is compact
from L2(0, T; H) to L*(0, T; V).

Proof If k € L*(0, T; H), noting &1l z20,75v¢) < Nkl L2(0,7;)» then in view of Theorem 3.2

Ixellwicry < Co(L+[€°] + &' 2oy + 1KN20,7301))- (3.23)

Since xx € L*(0, T; V), G(-,xx) € L*(0, T; H). Consequently x; € L2(0, T; D(A)) N WY%(0, T;
H) and with aid of Proposition 2.1, Lemma 3.1, and (3.23),

1k M| 220, 1,004 W20, 75v)
=Gl + I |2 crompear + 1GC0) + K] 20 7)
= Go{ gl + 18" | 2oty + (=7 0D LoV T
+ 1 ([=r, O1) (L + Lo) %l 20,730y + 1 ([=7, 0) L €| 2y 050 + KN 200,700 )
=Gl + g | 2cropuay + (1=, O LoV'T
+u([=r,01)(Ly + L) Cof1 + [g°| + | &' ||L2(_r,0;v) + 1kl 220,70 )
+u1(=r 0 La |l o oy * 1KN20, 730 )-

Hence if k is bounded in L*(0, T; H), then so is x; in L*(0, T; D(A)) N W'*(0, T; H). Since
D(A) is compactly embedded in V by assumption, the embedding

L*(0, T;D(A)) N W(0, T; H) € L*(0, T; V)
is compact in view of Theorem 2 of Aubin [16]. O

Remark 3.2 Since the operator A : D(A) C H — H is an unbounded operator, we will
make use of the hypothesis (G2). If A is a bounded operator from H into itself, we may
assume that /1 : [0,00) x [-r,0] x V x H — H is a nonlinear mapping satisfying the fol-
lowing: there exist positive constants L; (i = 1,2) such that

|h(t;5yx;y) —h(t,S,&,j\/)i SL1|x_5e| +L2|y_5/|

for all (¢,s) € [0,00) x [-r,0] and x,%,y,y € V, then our results can be obtained directly.
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