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Abstract

In this paper, we consider two families W; and W, of mappings defined on [0, +00)
satisfy some certain properties. Using the mentioned properties for W; and W,, we
prove the analogous PPF dependent fixed point theorems for mappings as in Drici et
al. (Nonlinear Anal. 67:641-647, 2007) in partially ordered Banach spaces where
mappings satisfy the weaker contractive conditions without assuming the topological
closedness with respect to the norm topology for the Razumikhin class R..
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1 Introduction and preliminary results
The fixed point theorems for mappings satisfying certain contractive conditions have been
continually studied for decade (see [1-9] and references contained therein). Bernfeld et al.
[10] proved the existence of PPF (past, present and future) dependent fixed points in the
Razumikhin class for mappings that have different domains and ranges. After that Dhage
[11] extended the existence of PPF dependent fixed points to PPF common dependent fixed
points for mappings satisfying the weaker contractive conditions. In 2007, Drici et al. [2]
proved the fixed point theorems in partially ordered metric spaces for mappings with PPF
dependence. In this paper, we consider two families ¥; and W, of mappings defined on
[0, +00) satisfy some certain properties. Moreover, the PPF dependent fixed point theo-
rems for mappings satisfying some generalized contractive conditions in partially ordered
Banach spaces are proven using the mentioned properties for ¥; and ¥,.

Suppose that E is a real Banach space with the norm || - |z and I is a closed interval [a, b]
in R. Let Ey = C(J, E) be the set of all continuous E-valued mappings on I equipped with

the supremum norm || - ||g, defined by

(1.1)

I91l, =sup| @),
tel

for all ¢ € Ey. For a fixed element ¢ € I, the Razumikhin class of mappings in Ej is defined

by

Re={p €E:llplg = 00|, } (1.2)

©2014 Farajzadeh and Kaewcharoen; licensee Springer. This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (http:/creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and re-
production in any medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2014/1/372
mailto:anchaleeka@nu.ac.th
http://creativecommons.org/licenses/by/2.0

Farajzadeh and Kaewcharoen Journal of Inequalities and Applications 2014, 2014:372 Page 2 of 14
http://www.journalofinequalitiesandapplications.com/content/2014/1/372

Recall that a point ¢ € Ej is said to be a PPF dependent fixed point or a fixed point with
PPF dependence of T': Ey — E if T¢ = ¢(c) for some c € I.

Example 1.1 Let T': C([0,1],R) — R be defined by

T¢ = %( sup ’¢(t)|) for all ¢ € C([O; 1]’R)
t€[0,1]

Therefore T is a contraction with a constant % Suppose that ¢(¢) = t> + 1 for all £ € [0, 1].
Since T¢ = %(SuPte[o,u lp(2)]) =1 = ¢(0), we find that ¢ is a fixed point with dependence
of T.

Definition 1.2 Let A be a subset of E. Then
(i) A is said to be topologically closed with respect to the norm topology if for each
sequence {x,} in A with x,, — x as n — oo implies x € A.
(ii) A is said to be algebraically closed with respect to the difference if x — y € A for all
x,y€A.

Recently, Dhage [11] proved the existence of PPF fixed points for mappings satisfying
the condition of Ciri¢ type generalized contraction assuming topological closedness with

respect to the norm topology for a Razumikhin class.

Definition 1.3 (Dhage, [11]) A mapping T : E; — E is said to satisfy the condition of Ciri¢

type generalized contraction if there exists a real number A € [0,1) satisfying

P(c)-T¢

a(c) - Ta HE,

IT¢ - Tl §Amax{||¢—allgo, -

516~ + a0~ 7011}, 03

for all ¢, € Ey and for some c € I.

Theorem 1.4 (Dhage, [11]) Suppose that T : Ey — E satisfies the condition of Cirié type
generalized contraction. Assume that R, is topologically closed with respect to the norm
topology and is algebraically closed with respect to the difference, then T has a unique PPF
dependent fixed point in R..

It is a natural question that the result of the previous theorem is still valid by omitting

the topological closedness of R.. In the next result, we will answer the question.

Proposition 1.5 The Razumikhin class R is topologically closed with respect to the norm
topology.

Proof Let {¢,} be a sequence in R, converging to ¢. This implies that

Jim i = @lley =0 where l19, - e, = sup][¢n(t) - $(0)]
te
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Therefore

lim 9nlizo =191z, and  lim [u)], = |90, forallzcl.

Since ¢, € R, for all n € N, we obtain ||¢, g, = |$x(c)|lg. Therefore

Tim [[¢,(9)] = I9l,-

By the uniqueness of the limit, we have ||¢||g, = ll¢(c)||lz. Hence ¢ € R, and thus R, is
topologically closed with respect to the norm topology. O

Hence, using Proposition 1.5, we can drop the topological closedness with respect to the
norm topology for R, in Theorem 1.4.

The following example shows that the algebraic closedness with respect to the difference
of Razumikhin class R, may fail.

Example 1.6 LetEy = C([0,1],R) and c = 1. If we take ¢(¢) = t?> and «(¢) = ¢ forall £ € [0, 1],
then ¢, € R, while ¢ — o ¢ R..

Proposition 1.7 If the Razumikhin class R, is algebraically closed with respect to the dif-
ference, then R, is a convex set.

Proof Since R, is algebraically closed with respect to the difference, we have R, - R, C R..
Using the fact that R, = R, we obtain R, + R, € R.. Since AR, C R, for all 1 € [0,1],
we get AR, + (1 - A)R. € R.. Hence R, is a convex set. O

One can verify that Razumikhin class R, is a cone (i.e., A € R, for each ¢ € R, and
A > 0). Then by applying the previous theorem Razumikhin class R is a convex cone (also
closed).

In 2007, Drici et al. [2] proved the following the fixed point theorems in partially ordered
complete metric spaces for mappings with PPF dependence.

Theorem 1.8 ([2]) Let (E,d, <) be a partially ordered complete metric space and T : Eyg —
E where Eg = C(I,E) and I = [a, b). Assume that
(i) T is a nondecreasing mapping;
(ii) forall p,a € Eg with ¢ <a, d(Te¢, Ta) < kdo(¢, o) where
do(¢, o) = maxse; d(p(s), a(s)) and k € [0,1);
(iii) there exists a lower solution ¢qg such that ¢o(c) < T¢o;
(iv) T is a continuous mapping or if {¢,} is a nondecreasing sequence in Ey converging to
¢ € Ey, then ¢, < ¢ foralln e N.
Then T has a PPF dependent fixed point in E,.

It is a natural question if one can obtain the result of the aforementioned theorem for a
generalized contraction (that is, condition (ii)). One of the aims of this paper is to answer
the question by considering a general case of Ciri¢ type generalized contractions.

In this paper, we consider two families W; and W, of mappings defined on [0, +00) satis-
fying some certain properties. Using the mentioned properties for W; and W, we prove the
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analogous PPF dependent fixed point theorems for mappings as in [2] in partially ordered

real Banach spaces where mappings satisfy the weaker contractive conditions.

2 PPF dependent fixed points in partially ordered Banach spaces
We begin this part with the consideration of the example of a partially ordered real Banach
space. Recall that the set B(X,R) of all bounded linear operators from a normed space X

into R is a real Banach space with a norm defined by

Ifll= sup |[f(x)| forallfeB(X,R).

xeX,|lx=1

We know that B(X, R) is a partially ordered real Banach space with a partial order defined

as follows:
f<g ifandonlyif f(x)<g(x) forallxeX.

From now on, let (E, <) be a partially ordered real Banach space. In this paper, we use

the following notations:
W, = {1y : [0,+00) — [0, +00) is nondecreasing with

> ¥"(t) <ooforallt € (0,+00){ and

n=1

v, = {w 1 : [0, +00) — [0, +00) is continuous nondecreasing with

Y(t)<tforallte (0,+oo)}.

Lemma 2.1 ([12]) Supposethat s : [0, +00) — [0, +00). If{r is nondecreasing, then for each
t € (0, +00), lim,,_, o, ¥"(¢) = 0 implies ¥ (t) < t.

Hence the difference between an element of ¥; and an element of W, is continuity.

Remark 2.2
(i) Itis easily seen that if ¥ : [0, +00) — [0, +00) is nondecreasing and ¥ (¢) < ¢ for all
t € (0, +00), then ¥ (0) = 0.
(if) We can see that if v : [0, +00) — [0, +00), ¥ (¢) < ¢ for all £ € (0, +00) and ¥/(0) = 0,

then  is continuous at 0.

We now prove the PPF dependent fixed point theorems for mappings satisfying the gen-
eralized contractive conditions concerning with ¢ € W; without assuming the topological

closedness with respect to the norm topology for the Razumikhin class R..

Theorem 2.3 Supposethaty € V1,c € land T : Ey — E satisfies the following conditions:

(i) T is a nondecreasing mapping;


http://www.journalofinequalitiesandapplications.com/content/2014/1/372

Farajzadeh and Kaewcharoen Journal of Inequalities and Applications 2014, 2014:372 Page 5 of 14
http://www.journalofinequalitiesandapplications.com/content/2014/1/372

(ii) forall ¢,o € Ey with ¢ < «, we have

Pc)-T¢

ale) = Ta|,

E

IT¢ - Tale < w<max{ll¢ — |5
1
31166 - Tl + ot~ 70,1} )

(iii) there exists a lower solution ¢g € R, such that ¢o(c) < Teo;

(iv) T is a continuous mapping.
Assume that R, is algebraically closed with respect to the difference. Then T has a PPF
dependent fixed point in R..

Proof Since ¢g € R, and T'¢g € E, there exists x; € E such that Ty = x;. Choose ¢; € R,
such that x; = ¢(c). Since ¢ is a lower solution in R, such that ¢o(c) < T'¢o, it follows that
¢o < ¢1. Using the algebraic closedness with respect to the difference of R, this yields

o — p1llgy = | Bolc) — (e -
By the fact that T is nondecreasing, we obtain
$1(c) = To < Thy.
By induction, we can construct the sequence {¢,} such that

Too=d1(c) <Thpr=a(c) <+ < Ty = Pps1(c) < Thys1---

Gn <1 and |y — Puiillg, = ||¢,,(C) — ¢ (c)

E’

for all n € NU {0}. Assume that ¢,,_; = ¢,, for some n € N. It follows that ¢,,_1(c) = ¢,(c) =
T¢,_1. Therefore T has a fixed point in R .. Suppose that ¢,,_1 # ¢,, for all n € N. Therefore,
for each n € N, we obtain

s = urilley = [ bnlc) — dua ()|
= | T¢n— Toulle

¢,,(C) - T¢n HE’

¢n—1 (C) - T¢n—1

E’

= W (max{ ||¢n - d’n—l”on

1
1600l + |20 -76.1,]} )

n(c) — Ppai(c)

B H¢n—1 (c) = pulc)

E

[
=y max{”d)n — ¢n-1llgy
[

Hm@—%@h+wm@—mdﬂgD

N =

1
< lﬂ max{ ”({bn - ¢n—1||EO’ ”‘{bn - ¢n+1”E0r E ||¢n—l - ¢n+1||E0 })

=y <maX{ én = Gn-1llEgs 16n — PsrllEgs
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%”¢n—l = ®ulley + 110 — PuallEy })
<y (max{ll¢n — ¢ui1llgy, dn — Dnarlli, })-

If max{llgn — Gn-1llggs 6n = Puirlleg} = lon — Piall > then

I6n = bnallzy < ¥ (In = Gt lly) < llpn = Puatlly»
which leads to a contradiction. Therefore, for each n € N, we have

I6n = barllzy < ¥ (10 = Puilley)-
By induction, we obtain

6 = buarllz, < ¥ (Ilpo — 1 ll£)-

Fix & > 0. This implies that there exists N € N such that

D v (Ilgo - dillg,) <.

n>N

For each m,n € N with m > n > N, we obtain

m-1 m-1
b = bmllzy <D Nk = branllzg < D ¥ (o — ullzy) < Y ¥ (libo — ully) <.
k=n k=n n>N

This implies that {¢,} is a Cauchy sequence. By the completeness of E,;, we have
lim,,_, o ¢, = ¢ for some ¢ € Ey and

lim T¢, = lim ¢,,1(c) = ¢(c).

n—00

Since R, is algebraically closed with respect to the norm topology, we have ¢ € R.. We
next prove that ¢ is a PPF dependent fixed point of 7. Using the continuity of T, we obtain
lim,, o T¢p, = T'p. By the uniqueness of the limit, we have T¢ = ¢(c). a

Remark 2.4
(i) From the proof of Theorem 2.3, we assume that the Razumikhin class R, is
algebraically closed with respect to difference, that is, ¢ —« € R, for all ¢, € R, in
order to construct the sequence {¢,} satisfying

I 6n = bunllgy = || Du(c) = Bunr(0)]|, forallme NU{0}.

(i) In the proof of Theorem 2.3, if we choose ¢, € R, to be a constant mapping for
each n e NU {0}, then

I — ¢n+1||Eo = Hd’n(c) — Puii(c) ”E for all m e NU {0}.

Therefore the algebraic closedness with respect to the difference of R, can be
dropped.


http://www.journalofinequalitiesandapplications.com/content/2014/1/372

Farajzadeh and Kaewcharoen Journal of Inequalities and Applications 2014, 2014:372 Page 7 of 14
http://www.journalofinequalitiesandapplications.com/content/2014/1/372

Example 2.5 Let E = R? with respect to the norm ||(x, )| = |x| + |y| and Eo = C([0,1], R?).
Define a mapping ¥ : [0, 00) — [0, 00) by

t
¥(t) = 3 for all ¢ € [0, 00).
We see that  is a nondecreasing mapping with Y >, ¥"(¢) < oo for all ¢ € (0, +00). Let
¢ € Ey. Therefore, for each ¢ € [0,1], we obtain ¢(¢) € R2. Thus we can define mappings
85 :10,1] = R such that
o(t) = (f¢(t),g¢(t)) for all £ € [0,1].
Define a mapping 7 : Ey — E by

1 1
= (Zﬂﬁpll, 2 ||g¢||> for all ¢ € E,

where |[f |l = sup,c(o.1 [f¢ (£)| and [|gs |l = sup,c[o 1) |€4(£)|. Suppose that ¢, o € Ep with ¢ < ar.
For each ¢ € [0,1], we obtain

1 1 1 1
1T¢ - Tale = H (leﬁbll, leg¢ll) - (leﬁxll, EllgaH)

E
_ Ellﬁbll—%”ﬁx” ¥ i||g¢ll—illgall

< i(m —foll + lgp - g l)

- %(tz?p AGCEIAGIE: SHP |g¢(t) ~ & t)|>

- i(t (Ifp@® —fau(®)] + |g¢(t)—ga(t)l))

- i(tsup 100 —fu(0),£5(8) - g(2) IIE)

- i(tsup [Go0),0(0) = (1020(0) | )

_ %( p 90 -at0)])

- %(”‘b‘“”fo)

< 1//<max{||¢—0‘||50; $(0) = T| , [e(c) - T,

31190 - Tal, + Ja@ - 7o} ).

Suppose that ¢y = 0. We see that all assumptions in Theorem 2.3 are now satisfied and 0
is the PPF dependent fixed point of T in R..

By applying Theorem 2.3, we obtain the following corollary.
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Corollary 2.6 Suppose that ¢ € I and T : Ey — E satisfies the following conditions:
(i) T is a nondecreasing mapping;
(i) forall ¢,a € Ey with ¢ < «, we have

¢(c)-T¢

alec) - Ta |,

E

176 - Tals < k(max{nqs ~allz,
1
166 - Ta, + Jato) - T¢>||E]D, where k € [0,1);

(iii) there exists a lower solution ¢o € R, such that ¢o(c) < T¢o;

(iv) T is a continuous mapping.
Assume that R, is algebraically closed with respect to the difference. Then T has a PPF
dependent fixed point in R..

Proof Define a function v : [0, +00) — [0, +00) by ¥(¢) = kt for all £ € [0, +00). Therefore
¥ is a nondecreasing mapping and

> y(t) <o forall £ € (0,+00).

n=1

This implies that all assumptions in Theorem 2.3 are satisfied. Hence we obtain the desired
result. O

Theorem 2.7 Supposethaty € V1,c € land T : Ey — E satisfies the following conditions:
(i) T is a nondecreasing mapping;
(i) forall ¢,a € Eg with¢ <o, |T$p - Tallp < ¥ (¢ —allg);
(iii) there exists a lower solution ¢g € R, such that ¢o(c) < Teo;
(iv) if {pn} is a nondecreasing sequence in Eq converging to ¢ € Eq, then ¢, < ¢ for all
neN.
Assume that R, is algebraically closed with respect to the difference. Then T has a PPF

dependent fixed point in R..

Proof By the analogous proof as in Theorem 2.3, we can construct a nondecreasing se-
quence {¢,} in R, converging to ¢ € R.. This implies that ¢, < ¢ for all n € N. Therefore,
for each n € N, we have

1T¢ - ()|, < | T¢ - uaa (0] ; + | Pnir(c) — p(0)]
ST —Toulle + lpus1 — @Iy
<Y (¢ - bullgy) + i — £y
Since ¥ is continuous at 0, we get lim,_,oc ¥ ([|¢ — dullg,) = ¥ (0) = 0. Taking the limit of

the above inequality, this yields || T¢ — ¢(c)||g = 0 and so ¢ is a PPF dependent fixed point
of Tin R.. O

We next ensure the result on PPF dependent fixed points for mappings concerning with
w e W,.

Page 8 of 14
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Theorem 2.8 Suppose that v € Vy, c € I and T : Ey — E satisfies the following condi-
tions:

(i) T is a nondecreasing mapping;

(ii) forall p,o € Ey with ¢ < «, we have

P(c)-T¢

pla@-Ta|,

I1T¢ - Tale < Iﬂ<maX{ ¢ —allz,

31160 - Tal, + Ja@ - 7o} )

(iii) there exists a lower solution ¢g € R, such that ¢o(c) < Teo;

(iv) T is a continuous mapping.
Assume that R, is algebraically closed with respect to the difference. Then T has a PPF
dependent fixed point in R..

Proof Since ¢y € R, and T¢g € E, there exists x; € E such that T'¢y = x;. As in the proof

of Theorem 2.3, we can construct the sequence {¢,} such that

T¢0 = ¢1(C) <T¢: = ¢2(C) < =Te¢,= ¢n+1(c) = T¢n+1 Tt
¢ <p1 and ¢, - Gnllgy = ”d’n(c) )

E’

for all n € NU {0}. Assume that ¢,,_; = ¢,, for some n € N. It follows that ¢,,_1(c) = ¢,(c) =
T¢,-1. Therefore T has a fixed point in R,. Suppose that ¢,,_; # ¢,, for all n € N. For each

n € N, we obtain

ldn — ¢n+1||E0 = ||¢n(C) - ¢n+1(c)||E
= Ty~ Tonlle

d)n—l (C) - T(,bn—l

M)n(c) - T(,bn HE’ £

=¥ <maX{ 6 = Gn-1lleo

31600l [ona0- 7641, )

¢n (C) - ¢n+1 (C) £ H¢n—l (C) - ¢n (C)

1l
<

E’

maX{ 60 = D1l

(640 = a0, + | 65() = 0 @), })

N =

1
<v <max{ ldn — dn-allegs |dn — Gni1llEy 3 ln-1— it lle, })
<v <max{ lpn = Du-1llEgs |Pn — Prstll gy

1
E ||¢n—l - ¢n||Eo + ”an - ¢n+1 ”Eo })
< ¥ (max{l¢n — du1llgy, | — Pusillzy })-
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If max{l¢, — dn-1llgs l6n = Pnsrllze} = 1n — P llgy, then

llpn — ¢n+1||Eo = I/’(”d’n - ¢n+1”Eo) <, — ¢n+l”E0'

This leads to a contradiction. Therefore

¢ = Guetllzy < ¥ (1w — PullEy)
< ¢ - ¢n—1||E0-
It follows that ||¢, — @ulle, < ldu1 — @ullg, for all n € N. Since the sequence {||¢, —

¢u+1llE,} is @ nonincreasing sequence of nonnegative real numbers, we see that it is a con-
vergent sequence. Suppose that

lim ||¢YI - ¢Vl+1”EO =a,
n—0oQ
for some nonnegative real number «. We will prove that o = 0. Suppose that « > 0. Since
fn = Burllzg < ¥ (Il = Pnallgs)s
for all n € N and the continuity of ¥, we have o < ¥/ () < @ which leads to a contradic-
tion. This implies that & = 0. We next prove that the sequence {¢,} is a Cauchy sequence

in Ey. Assume that {¢,} is not a Cauchy sequence. It follows that there exist ¢ > 0 and two

sequences of positive integers {m} and {n} satisfying my > ny > k for each k € N and

”¢mk - d’"k ”E() > E. (21)

Let {m;} be the sequence of the least positive integers exceeding {rn;} which satisfies (2.1)
and

lPrmg—1 = P g < €. (2.2)

We will prove that limi_, oo |, — @, llE, = €. Since ||@;, — Gu,llg, > € for all k € N, we

have
lim ”¢mk - d)nk ”Eo =&
k—o00

For each k € N, we obtain

”¢mk - ¢Vlk ”E() = ”¢mk - d)mk—l“Eo + ”d)mk—l - ¢”k ”Eo

=< “({bmk - (»bmk—l”Eo +é&.

This implies that limi_, ¢ |, — @y, |5, < €. Therefore

klifgo ||¢ml< - ¢”k ”Eo =¢&.
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Similarly, we can prove that
lim ||¢mk+1 - ¢nk ”EO =&, lim ”¢mk - ¢nk—1 ”Eo =&,
k—o00 k— 00
and
lim ||¢m1<+1 - ¢n1<—1||E0 =é&.
k—o00
Since R, is algebraically closed with respect to the difference, for each k € N, we obtain

”¢nk - ¢mk+1 ”E() = ”d’nk (C) - ¢mk+1(C) ”E
= 1 Tom — TonllE

e

= 1/f <max{ ||¢m;< - ¢nk—1||Eo) H¢mk (C) - T¢mk
||¢nk—1 (c)- T¢nk—1

E’

1
18- Toral, + 102001

= 1// (max{ ||¢mk - ¢nk—l||on ¢mk (C) - ¢mk+1(c)

E’

” ¢nk71 (C) - d)nk (C)

E

1
318500, Ol + 1020 - 0a@)]

IA

W max{ ”(»bmk - ¢nk—1||Eo’ ||¢mk - ¢mk+1”E0’ ||¢nk—1 - ¢Vlk ”E()’

(B = Pl + b1 — ¢nk+1||50]})

N =

A

W max{ ||¢m;< - ¢nk71||Eo) ||¢mk - ¢mk+1”E07 ||¢nk—1 - ¢nk ”E();

[”¢mk - ¢"k ”Eo + ||¢Vlk—l - ¢”k ”Eo + ||¢nk - ¢nk+1”E0] })

N =

By taking the limit of both sides, we have
e<yl(e)<e.

This leads to a contradiction. It follows that the sequence {¢,} is a Cauchy sequence. By

the completeness of Ey, we have lim,,_, o, ¢, = ¢ for some ¢ € Ey and

lim T, = lim ¢,.1(c) = ¢(c).
n—00 n—oo

Since R, is algebraically closed with respect to the norm topology, we have ¢ € R.. We

will prove that ¢ is a PPF dependent fixed point of 7. Using the continuity of 7', we obtain

lim,—, oo T¢py = T'p. By the uniqueness of the limit, we can conclude that T¢ = ¢(c). O
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Example 2.9 Assume that E = R and E, = C([0,1], R). Define a mapping v : [0,00) —
[0, 00) by
t
Y(t) = 5 for all £ € [0, 00).

We see that ¢ is a continuous nondecreasing mapping with ¥ (¢) < ¢. Define a mapping
T:Ey— Eby

1 1
T¢ = g(ﬁ(z) for all ¢ € EQ.
Suppose that ¢, € Eg with <« and ¢ € [0,1]. Therefore
176 - Tallz = =|p( = ) -
ME=31% 1) " N\4
1
< §||¢> —allg,

P(c)-T¢

= Iﬁ(max{ ¢ — ellEys

pllale) - Ta HE’

31190 - Tal, + Ja@ - 70,1} ).

Suppose that ¢ = 0. We find that all assumptions in Theorem 2.8 are now satisfied and 0
is the PPF dependent fixed point of T"in R..

For the next result, we drop the continuity of T

Theorem 2.10 Suppose that € V,, ¢ € I, and that T : Ey — E satisfies the following
conditions:

(i) T is a nondecreasing mapping;

(ii) forall ¢,a € Ey with ¢ < «, we have

Pc)-T¢

a(c) - Ta

E’ E’

I1T¢ - Ta|e < lﬂ<maX{ ¢ — g,
1
3116 - Tal+ ot - 71,1} )

(iii) there exists a lower solution ¢o € R, such that ¢o(c) < T¢o;
(iv) if {pn} is a nondecreasing sequence in Eq converging to ¢ € Eq, then ¢, < ¢ for all
nelN.
Assume that R, is algebraically closed with respect to the difference. Then T has a PPF
dependent fixed point in R..

Proof As in the proof of Theorem 2.8, we can construct a nondecreasing sequence {¢,}
converging to ¢ € R, and this yields

lim T¢, = lim ¢,,1(c) = ¢(c).

n—00

Page 12 of 14
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Using (iv), we have ¢, < ¢ for all n € N. Therefore, for each #n € N, we obtain

” T¢ - p(c) ”E = ” T¢— ¢n+1(c)||E + ||¢n+1(c) - ¢(c) ”E
SITo = Toulle+ I Pnn — @llg

=y (maX{ ¢ — Pull£o

P(c)-T¢

¢n (C) - T¢n

E E’

1
5[||¢>(c) = Tl + |pnlc) - T HE]}) + Pt — @ llE,

Pc) - T¢

= lﬁ maX{”¢ _¢n||Eor E ¢n(c) _¢n+l(c) E

(60 = 6 @], + [ n(0) - T¢HE]}) b — Dllsy

N =

=¥ maX{ o — PullEy,

P(c)-T¢

E ||¢n - ¢n+1 ”EO

(¢ = bustllzy + [ dnlc) - T ] }) + @it — Dllg, -

N =

Letting n — oo, we obtain || T¢ — ¢(c)|le < ¥ (ll¢(c) — Tollg). If p(c) # T'p, then

|T¢-9@l = v(lo@) -Te,) < [oc) - Te] -

This leads to a contradiction. Therefore T¢ = ¢(c). This implies that ¢ is a PPF dependent
fixed point of T'. g

By applying Theorem 2.8 and Theorem 2.10, we obtain the following corollary.
Corollary 2.11 Suppose that c € I and that T : Ey — E satisfies the following conditions:

(i) T is a nondecreasing mapping;
(ii) forall p,o € Eq with ¢ < a, we have

I1T¢ - Tale < k(maX{IW — o||£;

¢(c)-T¢

P alc) - Ta E

196 - Ta, + Jato) - T¢||E]}), where k € [0, 1);

(iii) there exists a lower solution ¢o € R, such that ¢o(c) < Teo;
(iv) T is a continuous mapping or if {¢,} is a nondecreasing sequence in Ey converging to
¢ € Ey, then ¢, < ¢ foralln e N.
Assume that R, is algebraically closed with respect to the difference. Then T has a PPF
dependent fixed point in R..

Proof Define a function v : [0, +00) — [0, +00) by v (£) = kt for all £ € [0, +00). Therefore

¥ is a continuous nondecreasing mapping and

¥(t) <t forallte (0,+00).
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This implies that all assumptions in Theorem 2.8 or Theorem 2.10 are satisfied. Hence the
proof is complete. 0

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Author details

'Department of Mathematics, Faculty of Science, Razi University, Kermanshah, 67149, Iran. ?Department of Mathematics,
Faculty of Science, Naresuan University, Phitsanulok, 65000, Thailand. *Centre of Excellence in Mathematics, CHE, Si
Ayutthaya Rd., Bangkok, 10400, Thailand.

Acknowledgements
The second author would like to express her deep thanks to the Centre of Excellence in Mathematics, the Commission of
Higher Education and Naresuan University, Thailand for the support.

Received: 10 October 2013 Accepted: 10 September 2014 Published: 26 Sep 2014

References
1. Beg, |, Abbas, M: Coincidence point and invariant approximation for mappings satisfying generalized weak
contractive condition. Fixed Point Theory Appl. (2006). doi:10.1155/2006/74503
2. Drici, Z, McRae, FA, Vasundhara Devi, J: Fixed point theorem in partially ordered metric spaces for operators with PPF
dependence. Nonlinear Anal. 67, 641-647 (2007)
3. Jungck, G: Compatible mappings and common fixed points. Int. J. Math. Sci. 9, 771-779 (1968)
4. Jungck, G: Common fixed points for commuting and compatible maps on compacta. Proc. Am. Math. Soc. 103,
977-983 (1988)
5. Jungck, G: Common fixed points for noncontinuous nonself maps on nonmetric spaces. Far East J. Math. Sci. 4,
199-215 (1996)
6. Jungck, G, Hussain, N: Compatible maps and invariant approximations. J. Math. Model. Algorithms 325, 1003-1012
(2007)
7. Kaewcharoen, A: PPF dependent common fixed point theorems for mappings in Banach spaces. J. Inequal. Appl.
(2013). doi:10.1186/1029-242X-2013-287
8. Pant, RP: Common fixed points of noncommuting mappings. J. Math. Anal. Appl. 188, 436-440 (1994)
9. Sintunavarat, W, Kumam, P: Common fixed point theorems for generalized J H-operators classed and invariant
approximations. J. Inequal. Appl. (2011). doi:10.1186/1029-242X-2011-67
10. Bernfeld, SR, Lakshmikatham, V, Reddy, YM: Fixed point theorems of operators with PPF dependence in Banach
spaces. Appl. Anal. 6, 271-280 (1977)
11. Dhage, BC: On some common fixed point theorems with PPF dependence in Banach spaces. J. Nonlinear Sci. Appl. 5,
220-232(2012)
12. Samet, B, Vetro, C, Vetro, P: Fixed point theorems for a-1r-contractive type mappings. Nonlinear Anal. 75, 2154-2165
(2012)

10.1186/1029-242X-2014-372
Cite this article as: Farajzadeh and Kaewcharoen: On fixed point theorems for mappings with PPF dependence.
Journal of Inequalities and Applications 2014, 2014:372

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://www.journalofinequalitiesandapplications.com/content/2014/1/372
http://dx.doi.org/10.1155/2006/74503
http://dx.doi.org/10.1186/1029-242X-2013-287
http://dx.doi.org/10.1186/1029-242X-2011-67

	On ﬁxed point theorems for mappings with PPF dependence
	Abstract
	MSC
	Keywords

	Introduction and preliminary results
	PPF dependent ﬁxed points in partially ordered Banach spaces
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


