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Abstract

In this paper, the boundedness for some Toeplitz type operator related to some
singular integral operator satisfying a variant of Hormander’s condition on [P spaces
with variable exponent is obtained by using a sharp estimate of the operator.
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1 Introduction

As the development of singular integral operators (see [1, 2]), their commutators have been
well studied (see [3, 4]). In [5, 6], some singular integral operators satisfying a variant of
Hoérmander’s condition and the boundedness for the operators and their commutators
are obtained (see [6]). In [7-9], some Toeplitz type operators related to singular integral
operators and strongly singular integral operators are introduced and the boundedness for
the operators generated by BMO and Lipschitz functions are obtained. In the last years, the
theory of L” spaces with variable exponent has been developed because of its connections
with some questions in fluid dynamics, calculus of variations, differential equations and
elasticity (see [10-13] and their references). Karlovich and Lerner study the boundedness
of the commutators of singular integral operators on L? spaces with variable exponent
(see [14]). Motivated by these papers, the main purpose of this paper is to introduce some
Toeplitz type operator related to some singular integral operator satisfying a variant of
Hoérmander’s condition and prove the boundedness for the operator on L? spaces with

variable exponent by using a sharp estimate of the operator.

2 Preliminaries and results

First, let us introduce some notations. Throughout this paper, Q will denote a cube of R”
with sides parallel to the axes. For any locally integrable function f and § > 0, the sharp
function of f is defined by

£ - sup(i f F0) ~fol’ dy)m,
s 0sx \ QI Jo
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where, and in what follows, fg = |Q|™ f 0 f(x)dx. It is well known that (see [1, 2])

f x)~sup1nf<|Q|/[f(y)—c| dy)

We write that £ = f* if § = 1. We say that f belongs to BMO(R") if f* belongs to L>*(R")
and define ||f|zao = ||[f¥|lzec. Let M be the Hardy-Littlewood maximal operator defined
by

M) = sup Q™ / 1769 dy.
Qax Q

For k € N, we denote by M* the operator M iterated k times, i.e., M'(f)(x) = M(f)(x) and
M) (x) = M(M(F))(x)  when k > 2.

Let W be a Young function and ¥ be the complementary associated to W. We denote
the W-average by, for a function f,

Ilfllw,Q=inf{?»>0 @l <V§”')d <1}

and the maximal function associated to ¥ by

My (f)(x) = Zup I llw,o-

The Young functions to be used in this paper are W(¢) = £(1 + log#)" and U(t) = exp(t'"),
the corresponding average and maximal functions are denoted by || - [|gogy",0» ML(logLy
and || - llexp1/r,g» Mexp 117 Following [4], we know the generalized Holder inequality,

ﬁ /Q 020 dy < Iflv.cliels o

and the following inequality: for r,7; > 1,j = 1,...,Iwith1/r = 1/r; +-- - +1/r;and any x € R",
b e BMO(R"),

”fHL(logL)l/rQ < ML(logL)l/’(f) < CML(]ogL)l(f) < CMl+l(f)’
If = fallesprr.o = Clif lsamos
[far+1q —faql = CKIIf llzmo-

The non-increasing rearrangement of a measurable function f on R” is defined by
JHG) :inf{k >0: |{x€R” : [f(x)| >A}| < t} (0 <t<o0).

For X € (0,1) and a measurable function f on R”, the local sharp maximal function of f is
defined by

M) = sup inf ((f - xa) (QU)-
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Let p: R" — [1,00) be a measurable function. Denote by L*)(R") the sets of all Lebesgue
measurable functions f on R” such that m(Af, p) < oo for some A = A(f) > 0, where

(o) = [ | s
R"
The sets become Banach spaces with respect to the following norm:

I lleer = inf{)» >0:m(f/\,p) < 1},

Denote by M(R") the sets of all measurable functions p : R* — [1, 00) such that the Hardy-
Littlewood maximal operator M is bounded on L”")(R") and the following holds:

l<p_=ess irg px), ess sup p(x) = p, < 0. 1)
X€ER"

xER"

In recent years, the boundedness of classical operators on spaces L”*)(R") has attracted

a great deal of attention (see [10—14] and their references).

Definition 1 Let ® = {¢,...,¢;} be a finite family of bounded functions in R”. For any
locally integrable function f, the ® sharp maximal function of f is defined by

dy,

I
. 1
M=, [0S i

.....

where the infimum is taken over all m-tuples {cy, ..., ¢;} of complex numbers and x, is the

n 1/n
dy) .

Definition 2 Given a positive and locally integrable function f in R”, we say that f satisfies
the reverse Holder condition (write this as f € RH(R")) if, for any cube Q centered at the
origin, we have

center of Q. For n > 0, let

(1 :
Mﬁ,n(f)(x)=nglz(cmf (QA}/@)—;C/@WQ—”

LoesCl}

Remark We note that M% ~ M# (f) if =1 and ¢; = 1.

1
C— dy.
O<i28f(x)5 T /Qf(y) y

In this paper, we study some singular integral operator as follows (see [5]).

Definition 3 Let K € L?(R") and satisfy

1Kllze < C,

|K(x)| < Cla| ™.


http://www.journalofinequalitiesandapplications.com/content/2014/1/369

Feng Journal of Inequalities and Applications 2014, 2014:369 Page 4 of 8
http://www.journalofinequalitiesandapplications.com/content/2014/1/369

There exist functions By,...,B; € LI (R" — {0}) and ® = {¢1,...,¢;} C L®(R") such that

loc

|det[¢;(y:)]|* € RH(R™), and for a fixed § > 0 and any |x| > 2|y| > 0,

! s
K(x—3) - ZBxx)qx(y)‘ =c; i

_ a|n+s
i=1 %=yl

For f € C3°, we define a singular integral operator related to the kernel K by

1w = [ Ka-3f0)d.

Let b be a locally integrable function on R” and T be a singular integral operator with
variable Calderén-Zygmund kernels. The Toeplitz type operator associated to T is defined
by

m
Ty=) T'M,T"?,
j=1

where 77! are the singular integral operators T with variable Calderén-Zygmund kernels
or £/ (the identity operator), 72 are the linear operators for j = 1,...,m and My(f) = bf.

Remark Note that the classical Calderén-Zygmund singular integral operator satisfies
Definition 3 (see [2, 4]).

We shall prove the following theorems.

Theorem 1 Let T be a singular integral operator as in Definition 3, 0 <§ <1 and b €
BMO(R"). If T1(g) = 0 for any g € L*(R") (1 < u < 00), then there exists a constant C > 0
such that for any f € L§°(R") and x € R",

M, 5(To(f) @ < Clbllsmo Y M* (TH () ().
j=1

Theorem 2 Let T be a singular integral operator as in Definition 3, p(-) € M(R") and
b e BMO(R"). If T1(g) = 0 for any g € L*(R") (1 < u < 00) and T/? are the bounded linear
operators on [PV (R") for k = 1,...,m, then T}, is bounded on LP)(R"), that is,

1T o < Clblsaollf 1l o0

Corollary Let [b, TI(f) = bT(f) — T (bf) be a commutator generated by the singular integral
operators T and b. Then Theorems 1 and 2 hold for [b, T].

3 Proofs of theorems
To prove the theorems, we need the following lemmas.

Lemma 1 ([1, p.485]) Let 0 < p < g < co. We define that for any function f > 0 and 1/r =
l/p — 1/q;

" 1/
Ifllwza = supA|{x € R": f(x) > A}, Npg(f) =supllf xellr/ll xellor»
A>0 E
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where the sup is taken for all measurable sets E with 0 < |E| < co. Then

W llwes < Npo(F) < (a/(q =) If Nwaa-

Lemma 2 ([4]) Letr;>1forj=1,...,l, we denote that 1/r =1/ry + - - - + 1/r;. Then

1
o] / i) - figCo)| dx < f lexprro - I Nexprt. € g 2y, 0
Q

Lemma 3 (see [5]) Let T be a singular integral operator as in Definition 3. Then T is weak
bounded of (L, LY).

Lemma 4 ([13]) Let p: R" — [1,00) be a measurable function satisfying (1). Then L (R")
is dense in LPY)(R").

Lemma 5 ([14]) Let f € L (R") and g be a measurable function satisfying

{xeR":|gx)|>a}|<oo forallo>o0.

Then
/ If (¥)g(x)| dx < C, / M () (x)M(g)(x) dx.
Rn Rn

Lemma 6 ([5,14]) Let§>0,0<A <1, f € LfOC(R”) and ®© = {¢y,...,¢m} C L®(R") such
that |det[¢;(y;)]1* € RHoo(R™). Then

M) (x) < WM () ().

Lemma 7 ([13, 14]) Let p : R* — [1,00) be a measurable function satisfying (1). If f €
LPO(R") and g € LF'O(R™) with P (x) =px)/(p(x) — 1), then fg is integrable on R" and

[ o] s = Ciftoel o
RVI
Lemma 8 ([14]) Let p: R" — [1,00) be a measurable function satisfying (1). Set
Ilfll/u,(.) = sup{/ V(x)g(x)} dx:f e 1PV (R"),g € L"’/(')(R”) }
RVI

Then (If |00 < Wl py < ClFllp00-

Proof of Theorem 1 1t suffices to prove for f € Li°(R") and some constant C that the fol-
lowing inequality holds:

1 s\ m 4 )
L \Tb(f><x)—c|dx) < Cllbllswo 3 M(T() (3),
(|Q|/Q ° BMO;
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where Q is anylcube centered at xy, Cp = Z;Zl Zleg@(xo — x) and g]‘ = fR’,’B (%o
y)M(b,hZQ)X(ZQ)E T2(f)(y) dy. Without loss of generality, we may assume that 7/ are T
(j=1,...,m).Let X € Q. Fix a cube Q = Q(xo,d) and x € Q. Write

Tp(f)%) = To-boo () %) = To-b20) 120 ) %) + T(b-brg) a0 ) ¥) = fi(%) + f2(x)

Then

1/8 1/8
<|Q|/|T”(f)(x) G dx) <C<|Q|/W’“)| dx)
1/6
+C(6/Q[f2(x)—co|adx> =I+1I.

For I, by Lemmas 1, 2 and 3, we obtain

1/8
(|Q|/}T M(b bZQ XZQT (f)(x’ dx)

1 |77 M(b*b2Q)XZQ 72 (Axallzs
|Q|1/6—1

< C|Q|™M| T M, T2 (f)

<clQ™ b-rr0 T ) |y

<C| Q|_1 ”M(b—sz)XzQ 7?2 ) HLl

<IQI”

<clQ* /m\b(x)—bonT"z(f)(x)ydx

< Cllb = bagllexpr20 | T (f) ||L(10gL),2Q

< ClIbll smoM?* (T () (%),

thus

/s
I< CZ<|Q| /|T Mp-byoyxaq T (f)(x)| dx) <C||b||BMOZM2 T(f))(%).
j=1
For 11, we get, for x € Q,

!
T M-y T (1) @) = D glpilaxo — x)

i=1

=

f (K(x »- ZB(xo—y)¢z(xo—x)) (50) - b20) x00< ) TN ) dy

i=1

|b() = bao| | T"*(F) )| dy

>

2K d<|y—xg|<2k+ld

!
K(x-y) -y Bilxo — y)i(xo — %)
i=1

o0
Jx — o/’ ”
<C - .,
B kz:/Zkgky xol<2kid |y = x0|"+5| 0 - 2QH (f)(J/)| 'y

oo

=CY g 2kd)n+a (2*d)" 15 = baollexp 2410 | T | oy 2410
k=1
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< ClIbllgpoM?* (TP (f)) () Z k2kb
k=1

< ClbllsmoM> (T (f)) (%),

thus
C m !
= /Q S T Mo agrrae T2F)) = 3 g0 — )| v
j=1 i=1

< Cllblismo Y_M*(T(f)) (&).

j-1

This completes the proof of Theorem 1. d

Proof of Theorem 2 By Lemmas 4-7, we get, for f € L°(R") and g € LZOR"),

[ Imnelds < c [ a, (1) wmeds

<C /R Mo, (To() (IM(@) () dx

< Clblano Y [ M (1) M@ ds
j=1

< Clbllsmo Y _|M*(T2()) | o [ M@ s

1
< Cl|bllzmo Z” Tj’z(f)”lp(-) “M(g)“z}”(J
i1

= Clblisaollf I oo gl s

thus, by Lemma 8,

1To() | 1oy < 16llro IS 1l oo

This completes the proof of Theorem 2. d
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