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Abstract

In this paper, we introduce a new twice power type contractive condition for six
self-mappings in generalized metric spaces. Using the weakly commuting and weakly
compatible conditions of self-mapping pairs, the existence and uniqueness of
common fixed point in complete generalized metric spaces is discussed, and a new
common fixed point theorem is obtained. We also provide illustrative examples in
support of our new results. Our results generalize some well-known comparable
results in the literature due to Ye and Gui.
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1 Introduction and preliminaries

In 1976, Jungck [1] proved a common fixed point theorem for commuting maps, generaliz-
ing the Banach contraction principle. This theorem has many applications in mathematics.
The notion of weakly commuting maps is introduced by Sessa [2]. Jungck [3] generalized
the concept of weak commutativity and showed that weakly commuting maps are com-
patible but the converse is not true. The concept of weakly compatible maps is defined by
Jungck [4].

In 2006, Mustafa and Sims [5] introduced a new notion of generalized metric space
called G-metric space. Based on the notion of generalized metric spaces, Mustafa et al.
[6, 7] obtained some fixed point results for mappings satisfying different contractive con-
ditions. Aydi [8] obtained a fixed point result for a self-mapping satisfying (v, ¢)-weakly
contractive conditions. Shatanawi [9] proved some fixed point results for self-maps in a
complete G-metric space under some contractive conditions related to a nondecreasing
map ¢ : R* — R* with lim,,_, o ¢"(¢) = 0 for all £ > 0. Chugh et al. [10] obtained some fixed
point results for maps satisfying property P.

In 2009, Abbas and Rhoades [11] initiated the study of a common fixed point theory
in generalized metric spaces. Kaewcharoen [12] obtained some common fixed point re-
sults for contractive mappings satisfying ®-maps. Abbas ez al. [13] obtained some periodic
point results. Aydi et al. [14] obtained some common fixed point results for generalized
weakly G-contraction mapping. Ye and Gu [15] obtained some common fixed point theo-
rems of three maps for a class of twice power type contraction condition. In [16], Gu and
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Ye introduce the concept of p-weakly commuting self-mapping pairs in G-metric space,
and used this concept, they establish a new common fixed point theorem of Altman in-
tegral type mappings. Aydi [17] obtained a common fixed point theorem of integral type
contraction in generalized metric spaces. Tahat et al. [18] obtained some common fixed
point theorems for single-valued and multi-valued maps satisfying a generalized contrac-
tion in G-metric spaces. Manro et al. [19] obtained some common fixed point theorems
for expansion mappings in G-metric spaces. Abbas et al. [20] and Manro et al. [21] gives
some common fixed point theorems for R-weakly commuting maps in G-metric spaces.
In [22, 23], the authors proved some common fixed point theorems of weakly compatible
mappings in G-metric spaces. In [24-30], the authors proved some common fixed point
results of three (or four, or six) mappings in G-metric spaces.

Recently, Abbas et al. [31] and Mustafa et al. [32] obtained some common fixed point
results for a pair of mappings satisfying the (E.A) property under certain generalized strict
contractive conditions. Long et al. [33] obtained some common fixed points results of
two pairs of mappings when only one pair satisfies the (E.A) property. Gu and Yin [34]
obtained some common fixed points results of three pairs of mappings for which only
two pairs need to satisfy the common (E.A) property in the framework of a generalized
metric space. Very recently, Gu and Shatanawi [35] used the concept of the common (E.A)
property, proved some common fixed point theorems for three pairs of weakly compatible
self-maps satisfying a generalized weakly G-contraction condition in generalized metric
spaces.

Very recently, Jleli and Samet [36] and Samet et al. [37] noticed that some fixed point
theorems in the context of a generalized metric space can be concluded by some exist-
ing results in the setting of a (quasi-)metric space. In fact, if the contraction condition of
the fixed point theorem on a generalized metric space can be reduced to two variables
instead of three variables, then one can construct an equivalent fixed point theorem in
the setting of a usual metric space. More precisely, in [36, 37], the authors noticed that
d(x,y) = G(x,7,y) forms a quasi-metric. Therefore, if one can transform the contraction
condition of existence results in a generalized metric space in such terms, G(x,y,), then
the related fixed point results become the well-known fixed point results in the context of
a quasi-metric space.

The purpose of this paper is to use the concept of weakly commuting mappings and
weakly compatible mappings to discuss some new common fixed point problem for a class
of twice power type contraction maps in G-metric spaces. The results presented in this
paper extend and improve some well-known corresponding results in the literature due
to Ye and Gu [15].

The following definitions and results will be needed in the sequel.

Definition 1.1 [5] Let X be a nonempty set and let G: X x X x X — R* be a function

satisfying the following properties:

(G1) Gx,9,2)=0ifx=y=z

(Gy) 0<G(x,x,) forall x,y € X with x #y;

(Gs3) G(x,x,9) < G(x,9,2) for all x,y,z € X with z # y;

(Gs) G(x,9,2) = G(%,2,y) = G(y,2,%) = - - -, symmetry in all three variables;
(Gs5) Gx,9,2) < G(x,a,a) + G(a, y,2) forall x,y,z,a € X.
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Then the function G is called a generalized metric, or, more specifically, a G-metric on X,
and the pair (X, G) is called a G-metric space.

It is well known that the function G(x, y,z) on G-metric space X is jointly continuous in
all three of its variables, and G(x,y,z) = 0 if and only if x = y = z (see [5]).

Definition 1.2 [5] Let (X, G) be a G-metric space and let (x,,) be a sequence of points of X.
A point x € X is said to be the limit of the sequence (x;,) if lim,, ;,,— 100 G(%, %y, %,,,) = 0, and
we say that the sequence (x,) is G-convergent to x or (x,) G-convergent to x.

Thus, x, — x in a G-metric space (X, G) if, for any € > 0, there exists k € N such that
G(x,%,,%,,) < € for all m,n > k.

Proposition 1.1 [5] Let (X, G) be a G-metric space, then the following are equivalent:
(x4) is G-convergent to x.

G(x,, %, %) = 0 as n — +00.

G(x,%,%) = 0 as n — +00.

S R

G(x, X, %) = 0 as n,m — +00.

Definition 1.3 [5] Let (X, G) be a G-metric space. A sequence (x,) is called G-Cauchy
if, for every € > 0, there is k € N such that G(x,,x,,,x;) < € for all m,n,l > k; that is,
G(%y, X, x1) — 0 as m,m, | — +00.

Proposition 1.2 [5] Let (X, G) be a G-metric space. Then the following are equivalent:
1. The sequence (x,) is G-Cauchy.
2. Foreverye >0, thereis k € N such that G(x,, Xy, Xm) < € for all m,n > k.

Definition 1.4 [5] Let (X, G) and (X', G') be G-metric spaces, and let f : (X, G) — (X', G)
be a function. Then f is said to be G-continuous at a point 4 € X if and only if, for ev-
ery € >0, there is § > 0 such that x,y € X and G(a,x,y) < 8 imply G'(f(a),f(x),f(y)) < €.
A function f is G-continuous at X if only if it is G-continuous at a € X.

Definition 1.5 [5] A G-metric space (X, G) is G-complete if every G-Cauchy sequence in
(X, G) is G-convergent in X.

Definition 1.6 [19] Two self-mappings f and g of a G-metric space (X, G) are said to be
weakly commuting if G(fgx, gfx, gfx) < G(fx, gx, gx) for all x in X.

Definition 1.7 [19] Let f and g be two self-mappings from a G-metric space (X, G) into
itself. Then the mappings f and g are said to be weakly compatible if G(fgx, gfx, gfx) = 0
whenever G(fx, gx,gx) = 0.

Proposition 1.3 [5] Let (X, G) be a G-metric space. Then, for all x, y, z, a in X, it follows
that G(x,y,y) < 2G(y,x,x).

2 Main results
Theorem 2.1 Let (X, G) be a complete G-metric space, and let S, T, R, A, B, and C be six
mappings of X into itself satisfying the following conditions:
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(i) S(X) c B(X), T(X) Cc C(X), R(X) C A(X);
(ii) Vx, 9,z € X,

G(Ax, Sx, Sx)G(By, Ty, Ty),
G*(Sx, Ty, Rz) < kmax | G(By, Ty, Ty)G(Cz, Rz, Rz), (2.1)
G(Cz,Rz,Rz)G(Ax, Sx, Sx)

or

G(Ax, Ax, Sx)G(By, By, Ty),
G2(Sx, Ty, Rz) < kmax { G(By, By, Ty)G(Cz,Cz,Rz), ¢ » (2.2)
G(Cz,Cz,Rz)G(Ax, Ax, Sx)

where k € [0,1). Then one of the pairs (S, A), (T, B), and (R, C) has a coincidence point in X.
Moreover, if one of the following conditions is satisfied:
(a) either S or A is G-continuous, the pair (S, A) is weakly commuting, the pairs (T, B)
and (R, C) are weakly compatible;
(b) either T or B is G-continuous, the pair (T, B) is weakly commuting, the pairs (S,A)
and (R, C) are weakly compatible;
(c) either F or C is G-continuous, the pair (R, C) is weakly commuting, the pairs (S, A)
and (T, B) are weakly compatible.
Then the mappings S, T, R, A, B, and C have a unique common fixed point in X.

Proof First, we suppose that the condition (2.1) holds.
Let x¢ in X be an arbitrary point, since S(X) C B(X), T(X) C C(X), R(X) C A(X), there
exist the sequences {x,} and {y,} in X such that

V3n = Sx3, = BX3441, Y3nsl = I3 = Czpi2, YVan+2 = Rx3p40 = Ax3,043

forn=0,1,2,....If y3,,12 = Y3443, then Sp = Ap where p = x3,,,3. If y3, = ¥3,141, then Tp = Bp
where p = x3,,41. If ¥3,11 = Y3442, then Rp = Cp where p = x3,,,2. Without loss of generality,
we can assume that y, # y,,1, foralln=0,1,2,....

Now we prove that {y,} is a G-Cauchy sequence in X.

Actually, using condition (2.1) and (G3) we have

G Y3n-1> Y3 Y3ns1) = G*(Sx3mr TH3ns1, Rt3-1)

G(AX3y, Sx31, Sx31) G(BX3141, Tx30415 TH3041)s
< kmax { G(Bxzns1, Tx31415 T%341) G(Cx31-1, RX31-1, RX31-1),
G(Cx3p-1, Rx34-1, Rx3,-1) G(AX3y1, SX31, Sk31)

GW3n-1, Y31 Y3n) G311 Y3415 Y3n41)»
= kmax § G(¥s3u Y3ns15Y3n+1) G(V31-25 ¥3u-1, Y3n-1)»
G(Y3n-25Y3n-15Y3n-1) G(Y31-15 Y3ns Y3n)

G(3n-2, Y311, Y31) G(V31-1> Y315 Y3041)»
< kmax G(ys'n—lyy?;n»y3n+1)G(y3n—2:y3n—l»y3n),
G(y3n—2»)’3n—1ryBM)G(ySn—l’y?anry?anrl)

= kG(¥31-2, Y31-1,Y31) G311, Y31 Y3n+1)-
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This implies that

G(Y3n-1, Y3 Y3ne1) < kG(V34-2, Y3n-1,Y3n)- (2.3)

Again using condition (2.1) and (G3) we have

Gz(y3n,y3n+1ry3n+2) = GZ(SxSVU Tx3n+1:Rx3n+2)

G(Ax31, S35 S%31) G(BX31415 T31415 TX311.41),
=< kmax G(Bx3n+l: Tx3n+1¢ Tx3n+1)G(Cx3n+2r Rx3n+2: RX3n+2),
G(Cx3p425 R¥342, RX3112) G(A%X3, SX31, SX311)

G(y?)n—l;ySnry3n)G(y3n;y3n+l:y3n+1)¢
= kmax G@3n1y3n+l’y3n+1)G(ySn+1;y3n+2ry3n+2)y
G()/Bn+1;_y3n+2:y3n+2)G(y3n—1:y3nry3n)

G31-1, Y315 Y3n+1) G315 Y3415 V3ne2)s
< kmax § GWsn-1, Y31 Y3n41) GV Y3415 V3ns2)»
Gz Y3ne15 Y31+2) G301, Y3 Y3ns1)

= kG()/Sn—lrySmy?;nJrl)G(an,y3n+11y3n+2)~
This gives
G(y3my3n+l»y3n+2) = kG(y.%n—l:ySn;anJrl)' (2.4)

Similarly, using condition (2.1) and (Gs) we have

2 2
G (V30415 Y3142, Y3n43) = G~ (Sx3043, TH341, R¥3142)

G(AX31435 SX3143) SX3143) G(BX3415 Th3041, TX3041)5
< kmax | G(Bx3ni15 T%35415 T%3141) G(CX3p142, RX31042, RX31142),

G(Cx3p425 RX31142, RX3142) G(AX31043) SX31435 SX31143)

G(y3n+2’y3n+3; y3n+3)G(mey3n+1,y3n+1)r
= kmax G(y?)n,y3n+1,y3n+1)G(y3n+1’y3n+21y3n+2)y
G(y3n+11y3n+2’y3n+2)G(y3n+2; y3n+3;y3n+3)

G(y3n+11y3n+2’y3n+3)G(y3my3n+1ry3n+2);
< kmax G(y3my3n+1:y3n+2)G(y3n+1:y3n+21y3n+3);
G(y3my3n+17y3n+2)G(y3n+11y3n+2’y3n+3)

= kG(3n Y3n+15 Y3n+2) G311, V30425 Y3n43)-
This implies that
G(3n+15 Y3n+2 Y3n43) < KG (Y30, Y30415 Y3n+2)- (2.5)
Combining (2.3), (2.4), and (2.5) we have

G(yn;yn+1¢yn+2) < kG(yn—lrymynﬂ) < sz(y;’l—Zryn—lyyn) <--- S k"G(j/o,yl,yz)~
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Therefore, for all n,m € N, n < m, by (Gs) and (G3) we have

GO Yms Ym) < GO Ynsts Yns1) + GWnits V2o Ynsz) + GWnszs Yuazs Ynas) + -+
+ Gt Ym> Yim)
= G Ynsts Yns2) + GOnsts Yus2s Ynr3) + -+ + GOmnts Y Y1)
< (kn 22 S 2 S /(””I)G(yo,ypyz)

n

1-k

< G(»o,y1,y2) > 0, asn— oo.
Hence {y,} is a G-Cauchy sequence in X. Since X is a complete G-metric space, there exists
a point u € X such that y, — u (n — 00).

Since the sequences {Sx3,} = {Bx3,41}, {Tx3y41} = {Cx3,40} and {Rx3,1} = {Ax3,} are all
subsequences of {y,}, they all converge to u. We have

YV3n = Sx?»n = Bx3n+1 — U, YV3n+l = Tx3n+1 = Cx3n+2 — U,
(2.6)
Y3n-1 = Rx3,1 = Axz, — u (1 — 00).

Now we prove that # is a common fixed point of S, T, R, A, B, and C under condition (a).

First, we suppose that A is continuous, the pair (S, A) is weakly commuting, the pairs
(T,B) and (R, C) are weakly compatible.

Step 1. We prove that u = Su = Au.

By (2.6) and the weakly commuting of the mapping pair (S, A) we have

G(SAxs,, ASx3,,ASx3,) < G(Sx3,, Ax3,,Ax3,) — 0 (1 — 00). (2.7)

Since A is continuous, A2x3, — Au (n — 00), ASx3, — Au (n — 00). By (2.7) we know
SAx3, — Au (n — o0).
From condition (2.1) we know

G? (SAx3,, Tx3p41, RX342)

G(A%x3,, SA%3, SA%31) G(Bx3s1, Tx30415 Tx3n41)s
< kmax { G(B¥3y41, T¥3415 T%3141) G(CX3p42, RX31042, RX31042),
G(Cxzps2s R340, Rit3042) G(A K3, SAX3,, SAX3,)

Letting n — 0o we have

G(Au, Au, Au)G(u, u, u),
G*(Au, u, u) < kmax G(u, u, u)G(u, u, u), =0.
G(u, u, u)G(Au, Au, Au)

This implies that G(Au, u, u)=0, and so Au = u.
Again by use of condition (2.1) we have

G(Au, Su, Su)G(Bx3n41, Tx35415 T341),
GZ(SM: Tx31, RX342) < kmax § G(Bxzps1, Tx30415 T%3041) G(CX3p042, R¥342, RX31042),
G(Cx3p42) RX31142, RX342) G(Aut, Su, Su)
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Letting n — 0o we have

G(Au, Su, Su)G(u, u, u),
G?(Su, u, u) < kmax G(u, u, u)G(u, u, u), =0.
G(u, u, u)G(Au, Su, Su)

This implies that G(Su, i, ) = 0, and so Su = u.

So we have u = Au = Su.

Step 2. We prove that u = Tu = Bu.

Since S(X) C B(X) and u = Su € S(X), there is a point v € X such that u = Su = Bv. Again,
by use of condition (ii), we have

G(Au, Su, Su)G(Bv, Tv, Tv),
GZ(SM, Tv, Rx3,,2) < kmax G(Bv, Tv, Tv) G(Cx3y42, RX3142, RX3,142),
G(Cx3425 R¥3142, RX3442) G(Au, Su, Su)

Letting n — 00 and using u = Au = Su we have

G(u, u, u)G(u, v, Tv),
G?(u, Tv,u) < kmax { G(u, Tv, TV)G(u, u, u), § = 0.
G(u, u, u)G(u, u, u)

This implies that G(i, Tv, u) = 0, and so Tv = u.
Since the pair (7, B) is weakly compatible, we have

Tu = TBv = BTv = Bu.
Again, by use of condition (2.1), we have

G(Au, Su, Su)G(Bu, Tu, Tu),
G?(Su, Tu, Rx3,.,2) < kmax { G(Bu, Tu, Tit) G(Cx3y142, RX342, R¥3,142),
G(Cx3425 RX342, RX3442) G(Au, Su, Su)

Letting n — o0 and using # = Au = Su and Tu = Bu we have

G(u, u, u)G(Tu, Tu, Tu),
G?(u, Tu, u) < kmax { G(Tu, Tu, Tu)G(u, u,u), § = 0.
G(u, u, u)G(u, u, u)

This implies that G(u, Tu, u) = 0, and so Tu = u.

So we have u = Tu = Bu.

Step 3. We prove that # = Ru = Cu.

Since T(X) C C(X) and u = Tu € T(X), there is a point w € X such that u = Tu = Cw.
Again, by use of condition (2.1), we have

G(Au, Su, Su)G(Bu, Tu, Tu),
G?(Su, Tu, Rw) < kmax { G(Bu, Tu, Tu)G(Cw, Rw, Rw),
G(Cw, Rw, Rw)G(Au, Su, Su)
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Using u = Au = Su and u = Tu = Bu = Cw, we obtain

G(u, u, u)G(u, u, u),
G?(u, u, Rw) < kmax { G(u, u, u)G(u, Rw,Rw), ¢ = 0.
G(u, Rw, Rw)G(u, u, u)

This implies that G(u, u, Rw) = 0, and so Rw = u = Cw.

Since the pair (R, C) is weakly compatible, we have
Ru = RCw = CRw = Cu.
Again by use of condition (2.1), Su = Au and Ru = Cu we have

G(Au, Su, Su)G(Bu, Tu, Tu),
G?(u, u, Ru) = G*(Su, Tu, Ru) < k max G(Bu, Tu, Tu)G(Cu, Ru, Ru), ¢ = 0.
G(Cu, Ru, Ru)G(Au, Su, Su)

So we have G(u, u, Ru) = 0, and so u = Ru = Cu.

Therefore u is the common fixed point of S, T, R, A, B and C when A is continuous and
the pair (S, A) is weakly commuting, the pairs (T, B) and (F, C) are weakly compatible.

Next, we suppose that S is continuous, the pair (S,A) is weakly commuting, the pairs
(T,B) and (R, C) are weakly compatible.

Step 1. We prove that u = Su.

By (2.6) and the weakly commuting of the mapping pair (S, A) we have

G(SAx3,, ASx3,,ASx3,) < G(Sx3,, Ax3,, Ax3,) —> 0 (1 — 00). (2.8)

Since S is continuous, S%x3, — Su (n — 00), SAx3, — Su (1 — 00). By (2.8) we know
ASx3, — Su (n — 00).

From condition (2.1) we have

G2 (SszVn Tx3n+1r Rx3n+2)

G(Asxf)'m Szx?)n; Sszn)G(BxSnH: Tx3n+1: Tx3n+1)y
< kmax | G(Bx3u415 T%3415 T¥3041) G(CX30425 RX3142, RX3042),
G(C3ps2, R340, Ri631042) G(ASx310, S23,0, S*%31)

Letting n — oo we have

G(Su, Su, Su)G(u, u, u),
G*(Su,u,u) < kmax { G(u,u, u)Gu, u,u), =0.
G(u, u, u)G(Su, Su, Su)

This implies that G(Su, &, u) = 0, and so Su = u.
Step 2. We prove that u# = Tu = Bu.

Page 8 of 31
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Since S(X) C B(X) and u = Su € S(X), there is a point z € X such that u# = Su = Bz. Again
by use of condition (2.1), we have

G(ASxs3,, S%%5,,, S*x3,)G(Bz, Tz, Tz),
G*(S*%34, T2, Ri342) < kmax G(Bz, Tz, Tz) G(Cx3,2, RX342, RX3,142),
G(Cx3ps2, R340, Ri631012) G(ASK3,, S2x3,0, S*3,1)

Letting n — oo and using u = Su we have

G(u, u,u)G(u, Tz, Tz),
G*(u, Tz, u) < kmax { G(u, Tz, Tz)G(u, u, u), } = 0.
G(u, u, u)G(u, u, u)

This implies that G(u, 7z, u4) = 0, and so Tz = u = Bz.
Since the pair (7, B) is weakly compatible, we have

Tu = TBz = BTz = Bu.
Again, by use of condition (2.1), we have

G(Ame S35 SxSn)G(Bur Tu, Tu);
GZ(ngn, Tu, Rx3n+2) = k max G(B”; Tu, TM)G(Cx3n+2’Rx3n+2r Rx3n+2);
G(Cx3p425 RX3142, RX3142) G(AX31, SX31, SX311)

Letting n — oo and using u = Su and Tu = Bu we have

G(u, u, u)G(Tu, Tu, Tu),
G?(u, Tu, u) < kmax { G(Tu, Tu, Tu)G(u, u,u), § = 0.
G(u, u, u)G(u, u, u)

This implies that G(u, T, u) = 0, and so Tu = u = Bu.

So we have u = Tu = Bu.

Step 3. We prove that # = Ru = Cu.

Since T'(X) C C(X) and u = Tu € T(X), thereisa point ¢ € X such that u = Tu = Ct. Again
by use of condition (2.1), we have

G(Axsy, Sx3, Sx3,) G(Bu, Tu, Tu),
G?(Sx3y, Tu, Rt) < k max G(Bu, Tu, Tu)G(Ct, Rt, Rt),
G(Ct, Rt: Rt) G(AxSm Sx3m SxBn)

Letting n — oo and using u = Tu = Bu, we obtain
G(u, u, u)G(u, u, u),
G*(u, u, Rt) < kmax { G(u, u, u)G(u, Rt,Rt), ¢ = 0.

G(u, Rt, Rt)G(u4, u, 1)

This implies that G(u, &, Rt) = 0, and so Rt = u = Ct.
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Since the pair (R, C) is weakly compatible, we have
Ru = RCt = CRt = Cu.
Again, by use of condition (2.1), we have

G(Ax3,,, Sx3,, Sx3,)G(But, Tu, Tur),
G*(Sx3,, Tu, Ru) < kmax {  G(Bu, Tu, Tu)G(Cu, Ru, Ru),
G(Cu, Ru, Ru)G(Ax3,, Sx31, SX31)

Letting n — oo and using u = Tu = Bu we have

G(u, u, u)G(u, u, u),
G?(u, u, Ru) < kmax { G(u, u, u)G(Ru, Ru, Ru), § = 0.
G(Ru, Ru, Ru)G(u, u, u)

This implies that G(u, u, Ru) = 0, and so Ru = u = Cu.

Step 4. We prove that u = Au.

Since R(X) C A(X) and u = Ru € R(X), there is a point p € X such that u = Ru = Ap.
Again by use of condition (2.1), we have

G(Ap, Sp, Sp)G(Bu, Tu, Tu),
G*(Sp, Tu, Ru) < kmax { G(Bu, Tu, Tu)G(Cu, Ru, Rus),
G(Cu, Ru, Ru)G(Ap, Sp, Sp)

Using u = Tu = Bu and u = Ru = Cu, we obtain

G(u,Sp, Sp)G(u, u, u),
GZ(Sp, u,u) < kmax 3 G(u,u,u)G(u,u,u), ¢ =0.
G(u,u, u)G(u, Sp, Sp)

This implies that G(Sp, u, u) = 0, and Sp = u = Ap.
Since the pair (S, A) is weakly compatible, we have

Su=SAp=ASp=Au=u.

Therefore u is the common fixed point of S, T, R, A, B, and C when S is continuous and
the pair (S, A) is weakly commuting, the pairs (T, B) and (F, C) are weakly compatible.

Similarly we can prove that u is the unique common fixed point of the maps S, T, R, A,
B, and C under the conditions of (b) and (c).

Next we prove the uniqueness of a common fixed point u.

Let u and v be two common fixed points of S, T, R, A, B, and C, by use of condition (2.1),

we have

G(Au, Su, Su)G(Bu, Tu, Tu),
G*(u,u,v) = G*(Su, Tu, Rv) < kmax 3 G(Bu, Tu, Tu)G(Cv,Rv,Rv), ¢ = 0.
G(Cv,Rv,Rv)G(Au, Su, Su))

This shows that G(u, i, v) = 0, and so # = v. Thus the common fixed point is unique.
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If condition (2.2) holds, then the argument is similar to that above, so we omit it. a

Theorem 2.2 Let (X, G) be a complete G-metric space and let S, T, R, A, B, and C be six
mappings of X into itself satisfying the following conditions:
(i) S(X) Cc B(X), T(X) C C(X), R(X) C A(X);
(ii) the pairs (S,A), (T, B), and (R, C) are commuting mappings;
(ili) Vx,y,z€ X,

G(Ax, SPx, $Px)G(By, Ty, T1y),
G*($Px, Ty, R'z) < kmax { G(By, T?y, T7y9)G(Cz,R'z, R 2), (2.9)
G(Cz, Rz, R"2)G(Ax, SPx, SPx)

or

G(Ax, Ax, 8 x)G(By, By, Ty),
G*(S”x,T?y,R'z) < kmax { G(By, By, T%)G(Cz,Cz,R'z), ¢ , (2.10)
G(Cz,Cz,R"z)G(Ax,Ax, SPx)

where k € [0,1), p,q, vy €N, then S, T, R, A, B, and C have a unique common fixed
point in X.

Proof Suppose the condition (2.9) holds. Since S#X C SP71X C --- C SX, SX C BX, so that
SPX C BX. Similar, we can show that 79X C CX and R"X C AX. From Theorem 2.1, we
see that §”, T9, R", A, B, and C have a unique common fixed point u.

Since Su = S(SPu) = SP*'u = SP(Su), so that

G(ASu, SPSu, SPSu)G(Bu, T7u, Tu),
G? (SpSu, Tqu,R’u) <kmax i G(Bu, T%u, T7u)G(Cu, R"u, R u),
G(Cu, R"u, R"u) G(ASu, S Su, S Su)

Note that # = Au = Bu = Cu = SPu = T%u = R"u and S”Su = Su, we obtain

G(ASu, Su, Su)G(u, u, u),
G*(Su,u,u) = G*(SPSu, T7u,R'u) <kmax{  G(u,u,u)G(u,u,u), ¢=0.
G(u, u, u) G(ASu, Su, Su)

This implies that G(Su, &, u) = 0, and so Su = u.

By the same argument, we can prove Tu = u and Ru = u. Thus we have u = Su = Tu =
Fu =Au=Bu=Cu,sothatS, T, R, A, B, and C have a common fixed point & in X. Let v
be any other common fixed point of S, T, R, A, B, and C, then use of condition (2.9), we
have

G(Au, SPu, SPu)G(Bu, Tu, Tu),
G*(u,u,v) = G* (Spu, Tqu,R’v) < kmax { G(Bu, T%u, T1u)G(Cv,R"v,R"v), ¢ =0.
G(Cv,R'v,R"v)G(Au, S u, S’ us)

This implies that G(u, &, v) = 0, and so u = v. Thus the common fixed point is unique.
If condition (2.10) holds, then the argument is similar to that above, so we omitit. [
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Remark 2.1 Theorems 2.1 and 2.2 improve and extend the corresponding results in Ye
and Gu [15, Theorem 2.1, Corollary 2.2] from three self-mappings to six self-mappings.

Corollary 2.1 Let (X, G) be a complete G-metric space and let S, T, R, A, B, and C be six
mappings of X into itself satisfying the following conditions:
(i) S(X) C B(X), T(X) C C(X), R(X) C A(X);
(ii) Vx, 9,z € X,
G*(Sx, Ty, Rz) < aG(Ax, Sx, Sx)G(By, Ty, Ty) + bG(By, Ty, Ty)G(Cz, Rz, Rz)
+¢G(Cz,Rz, Rz) G(Ax, Sx, Sx) (2.11)

or

G*(Sx, Ty, Rz) < aG(Ax, Ax, Sx)G(By, By, Ty) + bG(By, By, Ty)G(Cz, Cz, Rz)
+¢G(Cz, Cz,Rz)G(Ax, Ax, Sx), (2.12)
where 0 < a + b + ¢ < 1. Then one of the pairs (S,A), (T,B), and (R, C) has a coincidence
point in X. Moreover, assume one of the following conditions is satisfied:
(a) either S or A is G-continuous, the pair (S, A) is weakly commuting, the pairs (T, B)
and (R, C) are weakly compatible;
(b) either T or B is G-continuous, the pair (T, B) is weakly commuting, the pairs (S,A)
and (R, C) are weakly compatible;
(c) either F or C is G-continuous, the pair (R, C) is weakly commuting, the pairs (S,A)

and (T, B) are weakly compatible.
Then the mappings S, T, R, A, B, and C have a unique common fixed point in X.

Proof Suppose the condition (2.11) holds. For x,y,z € X, let

G(Ax, Sx, Sx)G(By, Ty, Ty),
M(x,y,z) = max { G(By, Ty, Ty)G(Cz, Rz, Rz),
G(Cz,Rz,Rz)G(Ax, Sx, Sx)

Then

aG(Ax, Sx, Sx)G(By, Ty, Ty) + bG(By, Ty, Ty)G(Cz, Rz, Rz)
+¢G(Cz,Rz, Rz) G(Ax, Sx, Sx)

<(a+b+c)M(x,y,z).
So, if

G*(Sx, Ty, Rz) < aG(Ax, Sx, Sx)G(By, Ty, Ty) + bG(By, Ty, Ty)G(Cz, Rz, Rz)
+¢G(Cz,Rz, Rz) G(Ax, Sx, Sx),

then G(Sx, Ty, Rz) < (a+ b+ c)M(x,y,z). Taking k = a + b+ ¢ in Theorem 2.1, the conclusion
of Corollary 2.1 can be obtained from Theorem 2.1 immediately.


http://www.journalofinequalitiesandapplications.com/content/2014/1/366

Yang Journal of Inequalities and Applications 2014, 2014:366
http://www.journalofinequalitiesandapplications.com/content/2014/1/366

If condition (2.12) holds, then the argument is similar to that above, so we omit it. This
completes the proof of Corollary 2.1. d

Remark 2.2 If A = B= C =1 ({ is the identity mapping, here and below), Corollary 2.1 is
reduced to Theorem 2.1 of Ye and Gu [15].

Corollary 2.2 Let (X, G) be a complete G-metric space and let S, T, R, A, B, and C be six
mappings of X into itself satisfying the following conditions:
(i) S(X) C B(X), T(X) C C(X), R(X) C A(X);
(ii) the pairs (S,A), (T, B), and (R, C) are commuting mappings;
(ili) Vx,9,z€ X,
G*(SPx, T?y,R'z)
< aG(Ax,Sx,87x)G(By, Ty, T?y) + bG(By, Ty, T?y)G(Cz,R'z, R z)

+ cG(Cz, Rz, R’z) G(Ax, SPx, pr) (2.13)
or

G*(S”x,Ty,R'z)
< aG(Ax, Ax, $"x)G(By, By, T?y) + bG(By, By, T?y)G(Cz, Cz,R'z)
+cG (Cz, Cz, R’z)G (Ax, Ax, S x), (2.14)

where0 <a+b+c+d<1,p,qreN,thenS, T,R, A, B, and C have a unique
common fixed point in X.

Proof The proof follows from Theorem 2.2, and from an argument similar to that used in
Corollary 2.1. g

Remark 2.3 If A =B =C =1, Corollary 2.2 is reduced to Corollary 2.2 of Ye and Gu [15].
In Theorem 2.1, if we take A = B = C = I, then we have the following corollary.

Corollary 2.3 Let (X, G) be a complete G-metric space and let S, T, and R be three map-
pings of X into itself satisfying the following conditions:

G(x,Sx, Sx)G(y, Ty, Ty),
G*(Sx, Ty, Rz) < kmax | G(y, Ty, Ty)G(z, Rz, Rz), (2.15)
G(z,Rz, Rz)G(x, Sx, Sx)

or

G(x, %, Sx)G(y,, Ty),
G*(Sx, Ty, Rz) < kmax { G(y,, Ty)G(z, z, Rz), (2.16)
G(z,z,Rz)G(x,x, Sx)

forall x,y,z € X, where k € [0,1).
Then the mappings S, T, and R have a unique common fixed point in X.
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Remark 2.4 In Theorems2.1,2.2, Corollaries 2.1,2.2 and 2.3, we have taken: (1) S= T = R;
(2)A=B=C;3)A=B=C=I;(4) T=RandB=C;(5) T =R, B=C =1, several new result
can be obtain.

Theorem 2.3 Let (X, G) be a complete G-metric space and let S, T, R, A, B, and C be six
mappings of X into itself satisfying the following conditions:

(i) S(X) C B(X), T(X) C C(X), R(X) C A(X);

(ii) Va,,z € X,

G(Ax, Sx, Ty)G(By, Ty, Rz),
G*(Sx, Ty, Rz) < kmax | G(By, Ty, Rz)G(Cz, Rz, Sx), (2.17)
G(Cz, Rz, Sx)G(Ax, Sx, Ty)

or

G(Ax, Ax, Ty)G(By, By, Rz),
G*(Sx, Ty, Rz) < kmax { G(By, By,Rz)G(Cz, Cz,5%), ¢ , (2.18)
G(Cz, Cz,Sx)G(Ax, Ax, Ty)

where k € [0, %). Then one of the pairs (S,A), (T, B), and (R, C) has a coincidence point in X.
Moreover, assume one of the following conditions is satisfied:
(a) either S or A is G-continuous, the pair (S,A) is weakly commuting, the pairs (T, B)
and (R, C) are weakly compatible;
(b) either T or B is G-continuous, the pair (T, B) is weakly commuting, the pairs (S,A)
and (R, C) are weakly compatible;
(c) either F or C is G-continuous, the pair (R, C) is weakly commuting, the pairs (S, A)
and (T, B) are weakly compatible.
Then the mappings S, T, R, A, B, and C have a unique common fixed point in X.

Proof First, we suppose that the condition (2.17) holds.
Let %o in X be an arbitrary point, since S(X) C B(X), T(X) C C(X), R(X) C A(X) there

exist the sequences {x,} and {y,} in X, such that

Y3n = Sx3n = Bx3r1+1: Y3n+l = Tx3n+1 = Cx3n+2’ Y3n+2 = Rx3n+2 :Ax3n+3

forn=0,1,2,....

If y3,42 = Y3443, then Sp = Ap where p = x3,,,3. If y3,, = ¥3441, then Tp = Bp where p = x3,,,.1.
If Y3441 = ¥3u42, then Rp = Cp where p = x3,,2. Without loss of generality, we can assume
that y, #y,41, forallm=0,1,2,....

Now we prove that {y,} is a G-Cauchy sequence in X.

In fact, using condition (2.17) we have

G*(V3n-1,Y3m V3ns1) = G (Sx3, Tx341, RX3-1)

G(AX3, Sx31> Tx3141) G(BX3p1415 TX3041, RX31-1),
< kmax { G(Bx341, Tx341, R3,0-1) G(CX3-1, R¥31-1, SX3,1),
G(Cx3-1, Rx3-1, Sx3,) G(AX31, Sx31, TX31141)
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GW3n-1, Y315 Y3n+1) G311 Y3415 Y3n-1)»
= kmax § G(¥3u Y3415 Y31-1) G(V31-25 Y3n-1, Y3n)»
G(y3n—2»y3n—1:y3n)G()/3n—1yy3my3n+l)

GZO’Bn—hJ’sm}’snn), (2 19)

= kmax .
G(3n-25Y3n-1,Y3n) G(Y30-15 Y3n> Y3n+1)

If
maX{GZ @3n—1:y3n:y3n+l), G(y3n—2xy3n—1»ySn)G(y3n—1;y3n,y3n+1)} =G (y3n—1,y3m}’3n+1);
then by the inequality (2.19) we obtain

G*(V3n-1,Y3m V3ns1) < KG*(V3u—1, Y3 Y3ns1)s

which is a contradiction since 0 < k < %, and hence

max{G*(¥3n-1, Y3 ¥3n+1) GO3n-25 Y3n-1, ¥31) GW3n-1, Y3m» Yans1) }

= G(3n-2,Y3n-1, Y3n) G(W31-1, Y3, Y3m41)-
Therefore, the inequality (2.19) implies that
G(3n-1,Y3m Y3ns1) < KG(V30-2, Y3n-1,Y3n)- (2.20)
Again using the condition (2.17) we have

GZ(,)/Sman+1,y3n+2) = G2(5x3m Tx3n+1>Rx3n+2)

G(Ax3m Sx3m Tx3n+1)G(Bx3n+1v Tx3n+lr Rx3n+2),
= k max G(Bx3r1+1: Tx3n+1’Rx3n+2)G(Cx3n+21Rx3n+2) Sx3n);
G(Cx3}’l+2l Rx3n+27 SxSn)G(Axfinv SxSrn Tx3n+l)

G(y3n—lxy3n:y3n+1)G(y3n1y3n+1:y3n+2)y
= kmax G(ySmy3n+1ry3n+2)G(y3n+l)_y3n+27y3n)y
G3n415 Y3142, Y3n) G(V30-15 V3s Y3n41)

G (Y3115 Y3n5 Y3n+1) G315 Y3415 Y3425 (2.21)

= kmax )
G (y3n;y3n+1:y3n+2)

If
maX{G(ysn-Lysn,y3n+1)G(Y3my3n+1;y3n+2), Gz(y3n:y3n+1:y3n+2)} = Gz(ysmysml;ysnu),
then the inequality (2.21) implies that

GZ (ySm y3n+17y3n+2) < sz (ySn:y3n+1:y3n+2)y
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this is a contradiction, and so

max{G(sn—1> ¥3n ¥31:1) G W3 Y3ns1, ¥3n2)s G* (V3> Yans1, Yans2) }

= G31-15 Y31 Y3n41) GV305 Y3n+1> Y3ne2)-

Therefore, the inequality (2.21) implies that

G@Bn:y3n+l»y3n+2) = kG()/Bn—I:ySH;ySn+1)~ (2.22)

Similarly, using condition (2.17), we have

2
G (,)/3n+1, y3n+2»y3n+3)

2
= G (Sx343, Tx3p41, RX3142)

G(AX31435 SX3143) T%3141) G(BX310415 TH3041, R¥3142),
< kmax § G(Bxzne15 Tx3415 R¥3142) G(CX3p142, RX31142, SX31143),

G(Cx3pr2 RX31425 S%3143) G(AX31043, SX3143, TH3141)

G(y3n+2> y3n+3’y3n+1)G(y3m Y3n+1s y3n+2);
= k max G(y3n1y3n+lry3n+2)G(y3n+1)y3n+2,y3n+3);
G(,y3n+1;y3n+2: y3n+3)G(y3n+21y3n+3 ’ y3n+1)

G(y?m,y3n+11y3n+2)G(y3n+1;y3n+2’y3n+3);

= kmax )
G (y3n+1:y3n+2;y3n+3)

(2.23)

If

max { G()/Sm YV3n+1s y3n+2)G(y3n+1,y3n+2> y3n+3): G? (y3n+1»y3n+2; y3n+3) }

= G2 (y3n+1’y3n+2xy3n+3)x
then from the inequality (2.23) we get

G2 (y3n+1: y3n+2ry3n+3) =< sz (y3n+1: y3r1+27y3n+3)¢

which is a contradiction, hence we have

max{ G(,y3n¢y3n+lry3n+2 ) G(y3n+l)y3n+27y3n+3); Gz (y3n+1: y3n+2¢y3n+3) }

= G(mey3n+1,y3n+2)G(ySn+1;y3n+2:y3n+3)'
Therefore, the above inequality (2.23) becomes
Gz(y3n+l:y3n+2’y3n+3) < kG(y3nry3n+lry3n+2)- (224')

By combining (2.20), (2.22), and (2.24), Vn € N, we have

G(yn:yn+1¢yn+2) =< kG(yn—lrymynﬂ) <---=< knG(yO:yl:yZ)- (225)
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Therefore, for all m,n € N, m > n, by (G3), (Gs), and (2.25) we have

G(J/mym;ym) < G()/nryndrynﬂ) + G(yn+lryn+21yn+2) L G(ym—lrym’ym)
< G()/nryndvy;ﬁz) + G(Yn+1’yn+2:yn+3) L G(,Ym—lvywnymd)
< (K + K™ 4+ KNG 0,91,92)

n

1.k

GWo,y1,92) > 0 (1 — 00).

This implies that G(¥,, Y, ¥m) — 0, as n, m — oo. Thus {y,} is a G-Cauchy sequence in X.
Due to the G-completeness of X, there exists u# € X, such that {y,} is G-convergent to u.

Since the sequences {Sx3,} = {Bx3ui1}, {Tx3u11} = {Cx3,42} and {Rx3, 1} = {Ax3,} are all
subsequences of {y,}, they all converge to u. We have

Y3n = Sx?)n = Bx3n+1 — U, YV3n+l = Tx3n+1 = Cx3n+2 — U,
(2.26)
Y3n-1 = Rxzy1 = Axzy —> u (n— 00)

Now we prove that u is a common fixed point of S, T, R, A, B, and C under the condi-
tion (a).

First, we suppose that A is continuous, the pair (S, A) is weakly commuting, the pairs
(T,B) and (R, C) are weakly compatible.

Step 1. We prove that u = Su = Au.

By (2.24) and the weakly commuting of the mapping pair (S, A) we have

G(SAx3,, ASx3,,ASx3,) < G(Sx3,, Ax3,,, Ax3,) = 0 (1 — 00). (2.27)

Since A is continuous, A%x3, — Au (n — 00), ASx3, — Au (n — 00). By (2.27) we know
SAx3, — Au (n — 00).

From condition (2.17) we know

GZ (SAxgn, Tx3n+17 Rx3n+2)

G(A2x3m SAx?)m Tx3n+1)G(Bx3n+1: Tx3n+1¢ Rx3n+2):
= k max G(Bx3n+1¢ Tx3n+l: Rx3n+2)G(Cx3n+2: Rx3n+27 SAx?m)y
G(Cx3p42, Ri3n12, SAX3,) G(A* X310, SAX31, TX3141)

Letting n — 0o we have
G(Au, Au, u)G(u, u, u),
G*(Au,u,u) < kmax { G(u,u, u)G(u, u, Au), = kG(u, u, Au)G(Au, Au,u). (2.28)
G(u, u, Au)G(Au, Au, u)
If G(Au, u,u) # 0, then from (2.28) and Proposition 1.3, we obtain

G(Au, u,u) < kG(Au,Au,u) < 2kG(Au, u, u),

which is a contradiction since 0 < k < % So G(Au, u,u) = 0, this is Au = u.
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Again, by use of condition (2.17) we have

G(Au,Su, Tx3n+1)G(Bx3n+1; Tx3441, Rx3n+2)r
GZ(SM! Tx3n+1’Rx3Vl+2) =< k max G(Bx3n+l¢ Tx3n+1: Rx3n+2)G(Cx3n+2: Rx3r1+2; SM)’
G(Cx3n+27 Rx3n+2: SM)G(AM¢ SM’ Tx3n+1)

Letting n — 00 and using Au = u we have

G(u, Su, u)G(u, u, u),
G*(Su, u, u) < kmax G(u, u,u)G(u, u, Su), ¢ = kG*(Su, u, u).
G(u, u, Su)G(u, Su, u)

This implies that G(Su, i, ) = 0, and so Su = u. Therefore we have u = Au = Su.

Step 2. We prove that u = Tu = Bu.

Since S(X) C B(X) and u = Su € S(X), there is a point v € X such that u = Su = Bv. Again
by use of condition (2.15), we have

G(Au, Su, Tv)G(Bv, Tv, Rx3,,42),
G?*(Su, Tv, Rx3,.42) < kmax { G(Bv, Tv, Rx3,,2) G(C342, R¥3,1,2, St),
G(Cx3p425 R¥342, Su) G(Au, Su, Tv)

Letting n — oo and using u = Au = Su = Bv we have

G(u,u, v)G(u, Tv, u),
G?*(u, Tv, u) < kmax G(u, Tv,u) G(u, u,u), ¢ = kG*(u, Tv, u).
G(u, u, u)G(u, u, Tv)

This implies that G(u, Tv, u) = 0, and so Tv = u.
Since the pair (T, B) is weakly compatible, we have

Tu = TBv = BTv = Bu.
Again by use of condition (2.17), we have

G(Au, Su, Tu) G(Bu, Tu, Rx3,.2),
GZ(SM’ Tu’Rx3n+2) = k max G(BM: Tu, Rx3n+l)G(Cx3n+2’Rx3n+21 Sbt),
G(Cx3y42, Rx3,,.2, Su) G(Au, Su, Tu)

Letting n — o0, using u = Au = Su, Tu = Bu, and Proposition 1.3, we have

G(u, u, Tu)G(Tu, Tu, u),
G?(u, Tu, u) < kmax { G(Tu, Tu, u)G(u, u, u),
G(u, u, u)G(u, u, Tu)

= kG(u, u, Tu) G(Tu, Tu, u)

< ZkGZ(u, Tu, u).

This implies that G(u, Tu, u) = 0, and so Tu = u.
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So we have u = Tu = Bu.

Step 3. We prove that u = Ru = Cu.

Since T(X) C C(X) and u = Tu € T(X), there is a point w € X such that u = Tu = Cw.
Again by use of condition (2.17), we have

G(Au, Su, Tu)G(Bu, Tu, Rw),
G*(Su, Tu, Rw) < kmax { G(Bu, Tu, Rw)G(Cw, Rw, Su),
G(Cw, Rw, Su)G(Au, Su, Tu)

Using u = Au = Su and u = Tu = Bu = Cw, we obtain

G(u, u, u)G(u, u, Rw),
G?(u, u, Rw) < kmax G(u, u, Rw)G(u, Rw, u), ¢ = kG2 (u, u, Rw).
G(u, Rw, u)G(u, u, u)

This implies that G(u, #, Rw) = 0, and so Rw = u = Cw.
Since the pair (R, C) is weakly compatible, we have

Ru = RCw = CRw = Cu.

Again, by use of condition (2.17), u = Su = Au = Tu = Bu, Ru = Cu, and Proposition 1.3, we
have

G?*(u, u, Ru) = G*(Su, Tu, Ru)

G(Au, Su, Tu) G(Bu, Tu, Ru),
< kmax { G(Bu, Tu, Ru)G(Cu, Ru, Su),
G(Cu, Ru, Su)G(Au, Su, Tu)

G(u, u, u)G(u, u, Ru),
= kmax { G(u, u, Ru)G(Ru, Ru, u),
G(Ru, Ru, ) G(u, u, u)

= kG(u, u, Ru)G(Ru, Ru, u)

< 2kG?(u, u, Rus).

This implies that G(u, u#, Ru) = 0, and so Ru = u = Cu.

Therefore u is the common fixed point of S, T, R, A, B and C when A is continuous and
the pair (S, A) is weakly commuting, the pairs (T, B) and (F, C) are weakly compatible.

Next, we suppose that S is continuous, the pair (S,A) is weakly commuting, the pairs
(T, B) and (R, C) are weakly compatible.

Step 1. We prove that u = Su.

By (2.24) and the weakly commuting of the mapping pair (S, A) we have

G(SAx3,, ASx3,, ASx3,) < G(Sx3,,, Ax3,, Ax3,) = 0 (1 — 00). (2.29)

Since S is continuous, S%x3, — Su (n — 00), SAx3, — Su (n — 00). By (2.29) we know
ASx3, = Su (n — 00).
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From condition (2.17) we have

G2 (Szxsn; Tx3n+1r Rx3n+2)

G(Angn, Szx?m: Tx3n+1)G(Bx3n+lr Tx3n+1: Rx3n+2)y
< k max G(Bx3n+1: Tx3n+1’ Rx3n+2)G(Cx3n+2: Rx3n+2: Sszn);
G(Cx3n+2; Rx3n+2: Sszn)G(Astm Szx?)n; Tx3n+1)

Letting n — o0, and using Proposition 1.3, we have

G(Su, Su, u)G(u, u, u),
G?*(Su,u,u) < kmax { G(u,u, u)G(u, u, Su),
G(u, u, Su)G(Su, Su, u)

= kG(u, u, Su)G(Su, Su, u)

< 2kG*(Su, u, u).

This implies that G(Su, u, #) = 0, and so Su = u.
Step 2. We prove that # = Tu = Bu.
Since S(X) C B(X) and u = Su € S(X), there is a point z € X such that u# = Su = Bz. Again

by use of condition (2.17), we have

GZ (52x3m TZ’ Rx3n+2)

G(ASx3, S2x3, T2) G(Bz, T2, RX3142),
S kmax G(BZ: TZ: Rx3n+2)G(Cx3n+2: Rx3n+2¢ SszM):
G(Cx3n+2: Rx3n+2v S2x3n)G(Asx3m Sszn; TZ)

Letting n — 00 and using u = Su = Bz we have

G(u,u, 7z)G(u, Tz, u),
G*(u, Tz, u) < kmax G(u, Tz,u)G(u, u,u), ¢ = kG*(u, Tz, u).
G(u, u,u)G(u,u, Tz)

This implies that G(u, 7z, u) = 0, and so Tz = u = Bz.

Since the pair (7, B) is weakly compatible, we have
Tu = TBz = BTz = Bu.
Again, by use of condition (2.17), we have

G(Ax3, Sx34, Tu)G(Bu, Tt, RX3,142),
G?(Sx3, T, RX3,142) < kmax { G(Bu, Tut, Rx3,112) G(CX3,12, RX3042, SX3,),
G(Cx3n+27 Rx3,42, SxSn)G(AxSm Sx3, Tu)


http://www.journalofinequalitiesandapplications.com/content/2014/1/366

Yang Journal of Inequalities and Applications 2014, 2014:366 Page 21 of 31
http://www.journalofinequalitiesandapplications.com/content/2014/1/366

Letting n — 00, using u = Su, Tu = Bu, and Proposition 1.3, we have

G(u, u, Tu)G(Tu, Tu, u),
G?(u, Tu,u) < kmax { G(Tu, Tu, u)G(u, u, u),
G(u, u, u)G(u, u, Tu)
= kG(u, u, Tu)G(Tu, Tu, u)

< 2kG?(u, Tu, u).

This implies that G(u, T, u) = 0, and so Tu = u = Bu.
So we have u = Tu = Bu.
Step 3. We prove that # = Ru = Cu.
Since T(X) C C(X) and u = Tu € T(X), there is a point ¢ € X such that u = Tu = Ct.

Again, by use of condition (2.17), we have

G(Ax3,, Sx3,, Tu)G(Bu, Tu, Rt),
G*(Sx3, Tu, Rt) < kmax §  G(Bu, Tu, Rt)G(Ct, Rt, Sxs,,),
G(Ct, Rt; SxBn)G(AxBn; Sx?m; TM)

Letting n — oo and using u = Tu = Bu = Ct, we obtain

G(u, u,u)G(u, u, Rt),
G*(u,u, Rt) < k max G(u, u, Rt)G(u, Rt, u), ¢ = kG*(u, u, Rt).
G(u, Rt, u)G(u, u, u)

This implies that G(u, u, Rt) = 0, and so Rt = u = Ct.
Since the pair (R, C) is weakly compatible, we have

Ru = RCt = CRt = Cu.
Again, by use of condition (2.17), we have

G(Ax3y,, Sx3,, Tu) G(Bu, Tu, Ru),
G?(Sxs,,, Tu, Ru) < kmax G(Bu, Tu, Ru)G(Cu, Ru, Sxs,,),
G(Cu, Ru, Sx3,) G(AX3,1, Sx3,, Tih)

Letting n — 00, using u = Tu = Bu, Ru = Cu, and Proposition 1.3, we have

G(u, u, u)G(u, u, Ru),
G?(u, u, Ru) < kmax { G(u, u, Ru)G(Ru, Ru, u),
G(Ru, Ru, u)G(u, u, u)

= kG(u, u, Ru)G(Ru, Ru, u)

< 2kG*(u, u, Rus).

This implies that G(u, u#, Ru) = 0, and so Ru = u = Cu.
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Step 4. We prove that u = Au.
Since R(X) C A(X) and u = Ru € R(X), there is a point p € X such that u = Ru = Ap.
Again, by use of condition (2.17), we have

G(Ap, Sp, Tu)G(Bu, Tu, Ru),
G*(Sp, Tu, Ru) < kmax { G(Bu, Tu, Ru)G(Cu, Ru, Sp),
G(Cu, Ru, Sp)G(Ap, Sp, Tu)

Using u = Tu = Bu and u = Ru = Cu = Ap, we obtain

G(u, Sp, uu)G(u, u, u),
G(u, u, u)G(u, u, Sp),
G(u, u, Sp)G(u, Sp, u)

G*(Sp, u, u) < kmax = kG*(Sp, u, u).

This implies that G(Sp, u, u) = 0, and Sp = u = Ap.
Since the pair (S, A) is weakly compatible, we have

u=S8u=S8Ap=ASp =Au.

Therefore u is the common fixed point of S, T, R, A, B and C when S is continuous and
the pair (S, A) is weakly commuting, the pairs (T, B) and (F, C) are weakly compatible.

Similarly we can prove that u is the unique common fixed point of the maps S, T, R, A,
B, and C under the conditions of (b) and (c).

Next we prove the uniqueness of a common fixed point u.

Let # and v are two common fixed point of S, T, R, A, B, and C, by (2.17) and Proposi-
tion 1.3 we have

G*(u,u,v) = G*(Su, Tu, Rv)

G(Au, Su, Tu)G(Bu, Tu, Rv),
< kmax { G(Bu, Tu, Rv)G(Cv, Rv, Su),
G(Cv,Rv, Su)G(Au, Su, Tu))

= kG(u, u,v)G(v, v, u)
< 2kG*(u, u,v).

This shows that G(u, i, v) = 0, and so # = v. Thus the common fixed point is unique.
If condition (2.18) holds, then the argument is similar to that above, so we omitit. [

Now we introduce an example to support Theorem 2.3.

Example 2.1 Let X = [0,1], and (X, G) be a G-metric space defined by G(x,,2) = |x — y| +
ly —z| + |z —x| for all x, y, zin X. Let f, g, h, A, B, and C be self-mappings defined by

18 2 xel0,1], Lo xelo,i],
I I o
19 197 xe(i,l], 97 xe(i,l],
L, x€(0,1], 1, =x€(0,1],
_ ) s 2 L xe[(),%], _Js 2
Ax = 19’ xe(i,l)r Bx = 18 1 Cx= 19° xe(i’l)’
19 90 x€(31, 20
0 *=1 D x=1
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Note that S is G-continuous in X, and T, R, A, B, and C are not G-continuous in X.
Clearly we get S(X) C B(X), T(X) C C(X), R(X) C A(X).
By the definition of the mappings of S and A, for all x € [0,1], we have

18 18 18
G(SAx,ASx,ASx) = G| —, —, — | = 0 < G(Sx, Ax, Ax),
19 19 19
so we can see the pair (S, A) is weakly commuting.
By the definition of the mappings of T" and B, only for x € (%, 1], Tx = Bx, at this time
TBx = T(%) = }—g = B(%) = BTx, so TBx = BTx, so we can see that the pair (7, B) is weakly
compatible. Similarly we can prove the pair (R, C) is also weakly compatible.

Now we prove the mappings S, T, R, A, B, and C satisfy condition (2.17) of Theorem 2.3
with k= 2 €10, 1). Let

G(Ax, Sx, Ty)G(By, Ty, Rz),
N(x,y,2) = max { G(By, Ty, Rz)G(Cz, Rz, Sx),
G(Cz, Rz, Sx)G(Ax, Sx, Ty)

Casel.Ifx,y,z € [0, %], then

18 20 19 4 \?
GXSx, T1,R2) =G*| —, =, — | = [ — |,
197 21’20 399

18 20 2 20 19 1
GAx,Sx,Ty) =G|, —, — ) = —, GBy, Ty,Rz) = G(1,2=, = ) = —.
(A5 10) (1921) o GBIk (2120) m
Thus we have
2 4\* 2 2 1
G SxT)hRz) = — | <= — - —
399 21 19 10

2
= EG(Ax, Sx, Ty)G(By, Ty, Rz)

< ZN@p2)
<5 x,9,2).

Case 2. Ifx,y € [0, %], ze (%,1], then

2
G*(Sx, Ty, Rz) = G* 18 20 18) (4
T 1972119 399 )’

18 20> 2

y Ty~ )T T GB;T,R :Gl
19°21) " 19 By, Ty Re) <

19°

20 18 2
G(Ax,Sx,Ty) = G <1 >

'21°19) 7

Therefore we get

4\* 2 2 2
G*Sx, THRz) = [ — | <= - — . =
399 21 19 19

2
o1 G(Ax, Sx, Ty)G(By, Ty, Rz)

2
< ﬁN(x,y,z).

A
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Case 3. If x,z € [0, %],y € (%,1], then

) ,(18 18 19 12

G(Sx, TV,R2) =G| =, —, — | =| — ) »
19719’ 20 190

18 18) 2

2 2)- 2 GByTHR)=G
19°19) 719 (By. Ty, R2) (

190°

18 18 19 1
G(Ax,Sx,Ty) =G (1 )

19°19°20) ~

Hence we have

2 1\ 2 2 1
GSx,T)hRz) = | — ) <= -—+—
190 21 19 190

2
iG(Ax, Sx, Ty)G(By, Ty, Rz)

< ZN@y2)
< 5y N@2).

Case 4.1fy,z € [0, %], X € (%,1], then

2
G*(Sx, Ty, Rz) = G* 1820 D) _(4
T 19° 21720 399 )’

GBy, Ty, R) = 61,22, 18} _ 2
’ , I\Z) = y o T~ ) T TR
7 21'19) " 19

19 18) 2

G(Cz,Rz,Sx) =G| 1,—, — | = —.
20 19 19

So we get

2 4\ 2 2 2
GSxT)hR2)=|— ) <= ——
399 21 19 19

2

= ﬁG(By, Ty, Rz)G(Cz, Rz, Sx)
2

=< iN(x; y; Z)'

Case 5. If x € [0, %], Y,Z € (%,1], then

2
=0<—=N(x2).

18 18 18
21

G*(Sx, Ty, R2) = G*| —, —, —
(S, T3, R2) (19 19°19

Case 6.If y € [0, %], X,Z € (%,1], then

18 20 18 4 \?
G*(Sx, Ty,Rz):G2<— — —) =( ) ,

19°21°19 399
G(}—g,%,% , xe(%,l), %, xe(%,l), 4
G(Ax, Sx, Ty) = TR =1% —
G(%,ﬁ,ﬁ , x=1, 3597 x=1, 399

20 18 2
G(By, Ty, Rz) = G<1 )

'21°19) 719
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Thus we have

(S5, Ty, R2) 4\ 2 4 2
x, Ty,Rz) = | — - ..
4 399) 21 399 19

2

= iG(Ax, Sx, Ty)G(By, Ty, Rz)
2

< —N(x,y,2).

=5 (x,,2)

Case7.1fz€ [0, 3], %,y € (3,1], then

18 18 20 1\?
G*(Sx, Ty, Rz) = G2<— ) = (—) ,
190

19°19’ 21

18 18 19 1 19 18 2
GBy, Ty,R2) =G| —=, —, — | = —, G(Cz,Rz,8x) =G| 1,—, — | = —.

19 19 20 190 20 19 19

Hence we have

G*(Sx, Ty, Rz)

1\ 2 1 2
—_— < —_— — ¢ —
190 21 190 19

2
1 G(By, Ty, Rz) G(Cz, Rz, Sx)

2
iN (x,9,2).

Case 8.Ifx,y,z € (%,1], then

G*(Sx, Ty, Rz) = G* 181818 —0<£N(x z)

PR = 19°19°'19) = =1 e

Then in all the above cases, the mappings S, T, R, A, B, and C are satisfying the condition

(2.17) of Theorem 2.3 with k = % Thus all the conditions of Theorem 2.3 are satisfied.
18

Moreover, 15 is the unique common fixed point for all of the mappings S, T, R, A, B,

and C.

Theorem 2.4 Let (X, G) be a complete G-metric space and let S, T, R, A, B, and C be six
mappings of X into itself satisfying the following conditions:
(i) SX) Cc B(X), T(X) Cc C(X), R(X) Cc A(X);
(ii) the pairs (S,A), (T, B), and (R, C) are commuting mappings;
(iii) Vx,y,z€X,

G(Ax, SPx, T1)G(By, Ty, R'z),
G*(S”x, Ty, R'z) < kmax { G(By, T7y,R'z)G(Cz,R'z, §"x), (2.30)
G(Cz, Rz, 8%x)G(Ax, SPx, T1y)

or

G(Ax,Ax, T7y)G(By, By,R'z),
G*($Px, Ty, R'z) < kmax { G(By, By,R'z)G(Cz, Cz,8%), ¢ » (2.31)
G(Cz, Cz,87x)G(Ax, Ax, T1y)
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where k € [0, %),p, q,r €N, then S, T, R, A, B, and C have a unique common fixed
point in X.

Proof Suppose the condition (2.30) holds. Since SPX C SP71X C --- C SX, SX C BX, so
that S?X C BX. Similar, we can show that 79X C CX and R"X C AX. From Theorem 2.3,
we see that S¥, T, R", A, B, and C have a unique common fixed point u.

Since Su = S(SPu) = SP*'u = SP(Su),

G(ASu, SPSu, T7u)G(Bu, T7u, R"u),
G*($”Su, T?u,R'u) < kmax { G(Bu, T9u, R"u)G(Cu, R'u, S”Su),
G(Cu,R"u, S Su)G(ASu, S? Su, Tu)

Note that # = Au = Bu = Cu = SPu = T9u = R"u, SSu = Su, and AS = SA, using Proposi-

tion 1.3, we obtain

G*(Su,u,u) = G*(S”Su, T7u, R'u)

G(Su, Su, u)G(u, u, u),
< kmax{ G(u,u,u)G(u,u,Su),

G(u, u, Su)G(Su, Su, u)
= kG(u, u, Su)G(Su, Su, u)

< 2kG?(Su, u, u).

This implies that G(Su, i, u) = 0, and so Su = u.

By the same argument, we can prove Ty = u and Ru = u. Thus we have u = Su = Tu =
Ru =Au=Bu=Cu,sothat S, T, R, A, B, and C have a common fixed point & in X. Let v
be any other common fixed point of S, T, R, A, B, and C, then by use of condition (2.28)
and Proposition 1.3, we have

G*(u,u,v) = G*(SPu, T'u,R'v)

G(Au, SPu, T7u)G(Bu, T7u, R"v),
< kmax { G(Bu, T%u,R"v)G(Cv,R"v, S u),
G(Cv,R"v,SPu)G(Au, SPu, T7u)

= kG(u, u,v)G(v, v, u)

< G*(u,u,v).

This implies that G(i, &, v) = 0, and so u = v. Thus the common fixed point is unique.

If condition (2.31) holds, then the argument is similar to that above, so we omitit. [

Remark 2.5 Theorems 2.3 and 2.4 improve and extend the corresponding results in Ye

and Gu [15, Theorem 2.5, Corollary 2.7] from three self-mappings to six self-mappings.

Corollary 2.4 Let (X, G) be a complete G-metric space and let S, T, R, A, B, and C be six
mappings of X into itself satisfying the following conditions:
(i) S(X) C B(X), T(X) C C(X), R(X) C A(X);
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(ii) Vx, 9,z € X,

G*(Sx, Ty, Rz) < aG(Ax, Sx, Ty)G(By, Ty, Rz) + bG(By, Ty, Rz) G(Cz, Rz, Sx)

+¢G(Cz, Rz, Sx)G(Ax, Sx, Ty) (2.32)
or

G*(Sx, Ty, Rz) < aG(Ax, Ax, Ty)G(By, By, Rz) + bG(By, By, Rz)G(Cz, Cz, Sx)

+¢G(Cz, Cz,Sx)G(Ax, Ax, Ty), (2.33)

where0 <a+b+c+d< % Then one of the pairs (S, A), (T, B), and (R, C) has a coincidence
point in X. Moreover, assume one of the following conditions is satisfied:
(a) either S or A is G-continuous, the pair (S,A) is weakly commuting, the pairs (T, B)
and (R, C) are weakly compatible;
(b) either T or B is G-continuous, the pair (T, B) is weakly commuting, the pairs (S,A)
and (R, C) are weakly compatible;
(c) either F or C is G-continuous, the pair (R, C) is weakly commuting, the pairs (S,A)
and (T, B) are weakly compatible.
Then the mappings S, T, R, A, B, and C have a unique common fixed point in X.

Proof Suppose the condition (2.32) holds. For x,y,z € X, let

G(Ax, Sx, Ty)G(By, Ty, Rz),
M(x,y,z) = max { G(By, Ty, Rz)G(Cz, Rz, Sx),
G(Cz, Rz, Sx)G(Ax, Sx, Ty)

Then

aG(Ax, Sx, Ty)G(By, Ty, Rz) + bG(By, Ty, Rz) G(Cz, Rz, Sx)
+ ¢G(Cz, Rz, Sx)G(Ax, Sx, Ty)

<(a+b+c)M(x,y,2).
So, if

G*(Sx, Ty, Rz) < aG(Ax, Sx, Ty)G(By, Ty, Rz) + bG(By, Ty, Rz) G(Cz, Rz, Sx)

+¢G(Cz,Rz, Rz) G(Ax, Sx, Sx),

then G*(Sx, Ty, Rz) < (a + b + ¢)M(x, y,z). Taking k = a + b + ¢ in Theorem 2.3, the conclu-
sion of Corollary 2.4 can be obtained from Theorem 2.3 immediately.

If condition (2.33) holds, then the argument is similar to that above, so we omit it. This
completes the proof of Corollary 2.4. g

Remark 2.6 Corollary 2.4 improve and extend the corresponding results in Ye and Gu
[15, Theorem 2.5] from three self-mappings to six self-mappings.
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Corollary 2.5 Let (X, G) be a complete G-metric space and let S, T, R, A, B, and C be six
mappings of X into itself satisfying the following conditions:
(i) SX) CB(X), T(X) C C(X), R(X) C A(X);
(ii) the pairs (S,A), (T, B), and (R, C) are commuting mappings;
(ili) Vx,9,z€ X,
G*($Px, Ty, R'z) < aG(Ax, $’x, T'y)G(By, Ty, R'z)
+bG (By, T7,R'z)G (Cz, R'z, 8 x)

+ cG(Cz, Rz, pr) G(Ax, SPx, Tqy) (2.34)
or

G*(S”x, T, R'z) < aG(Ax,Ax, T?y)G(By, By, R'z)
+ bG(By, By, R'z) G(Cz, Cz, %)
+ cG(Cz, Cz, pr)G(Ax, Ax, Tqy), (2.35)

where 0 <a+b+c+d< %,p,q,r eN, then S, T, R, A, B, and C have a unique
common fixed point in X.

Proof The proof follows from Theorem 2.4, and from an argument similar to that used in
Corollary 2.4. O

Remark 2.7 Corollary 2.5 improve and extend the corresponding results in Ye and Gu
[15, Corollary 2.7] from three self-mappings to six self-mappings.

In Theorem 2.3, if we take A = B = C = I, then we have the following corollary.

Corollary 2.6 Let (X, G) be a complete G-metric space and let S, T, and R be three map-
pings of X into itself satisfying the following conditions:

G(x, Sx, Ty)G(y, Ty, Rz),
G2(Sx, Ty, Rz) < kmax | G(y, Ty, Rz)G(z, Rz, Sx), (2.36)
G(z, Rz, Sx)G(x, Sx, Ty)

or

G(x,x, Ty)G(y,, Rz),
G2(Sx, Ty,Rz) < kmax § G(y,y,Rz)G(z,z, Sx), (2.37)
G(z,z,5x)G(x, x, Ty)

forall x,y,z € X, where k € [0, %).
Then the mappings S, T, and R have a unique common fixed point in X.

Remark 2.8 In Theorems 2.3, 2.4, Corollaries 2.4, 2.5 and 2.6, we have taken: (1) S=T =
R;(2)A=B=C; 3)A=B=C=I;(4) T=Rand B=C; (5) T =R, B=C =1, several new
result can be obtained.
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Now we introduce an example to support Corollary 2.6.

Example 2.2 Let X = [0,1], and (X, G) be a G-metric space defined by G(x,7,z) = |x —y| +
ly —z| +|z—x|, for allw, y, zin X. Let T, S, and R be three self-mappings defined by

Sx={1’ xe[0,1], T_:%, xe[0,1],
11

1
= x=—, x€][0,1].
ﬁy xe(%rl]i %; X € (%;1]7 12

Next we prove the mappings S, T, and R satisfy condition (2.36) of Corollary 2.6 with
k=31
3

Casel.Ifx,y € [0, %], z €[0,1], then

2 — 2 E E = i
G“(Sx,Ty,Rz) = G*( 1, —, =—,
1312 36

12 1 1 11 1
G(x,Sx,Ty):G(x,l,E) =lx—-1| + +

X——|+—=>-+—+—=1,
BlTB3 2726 13
6 T 2) - Gy 12, 1 12 1 _m 5 1 _n
) , KZ) = T = - — |+ - — |+ — —_— + — = —.
4 P 12) PP T2 "12 "6 13

Thus, we have

1 1 1 1
G*(Sx, Ty, Rz) = 36 <3 1- 3 < gG(x,Sx, Ty)G(y, Ty, Rz)
G(x, Sx, Ty)G(y, Ty, Rz),
max 3 G(y, Ty, Rz)G(z, Rz, Sx),
G(z, Rz, Sx)G(x, Sx, T)

=

[SSRN

Case 2. If x € [0, %],y € (%,1], z € [0,1], then we get

2 - G2 E E = _1
G“(Sx,Ty,Rz) = G*( 1, —, ==,
12712 36

11 1 1 5 1
GxSx, DY) =G|x1, = |=lx-1+x— —=|+ ==+ —=+—==1,
12 12 12 72 12 12
11 11 1 1
G(z,Rz,Sx)=G|z,—,1)=|z——|+]z-1|+ =>0+0+ — = —.
12 12 12 12

Thus, we have

1 1

) 1 1
G*(Sx, Ty, Rz) = 53 -1 0 < gG(x,Sx, Ty)G(z, Rz, Sx)

w

G(x, Sx, Ty)G(y, Ty, Rz),
max | G(y, Ty, Rz)G(z, Rz, Sx),
G(z, Rz, Sx)G(x, Sx, Ty)

=

W =

Case3.Ifx € (%, 1],y €0, %], z € [0,1], then we have

112 1 1
G*(Sx, Ty,R2) =G*| =, =, = | = ——,
1213’12) ~ 6084
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1 12 11 12 1 1
G(x,Sx,Ty):G( — )z'x ‘x 0+0

% — -+t =|+ == t—=—,
12713 12 13| 156 156 156
12 11 12 11 1 1 5 1 11

=V Y

Gy, T),R2) =G|y, —, = —— |ty ==+ =+ — = —.
0. T, R2) (y 1312 13 12/ "1556726 "12 7156 13

Thus, we have

G*(Sx, Ty, Rz) 1 12 11<1G(ST)G(yTR)
X, IRKZ) = — S -+ — = == X, 0X, ) )
Y 6084 —3 156 13— 3 Y Nz
1 G(x, Sx, Ty)G(y, Ty, Rz),
< 3 max | G(y, Ty, Rz)G(z, Rz, Sx),

G(z, Rz, Sx)G(x, Sx, Ty)

Case4.Ifx,y e (%,1], z € [0,1], then we have

z SRR
G*(Sx,Ty,Rz) = G — =0
12712 12

Thus, we have

G(x, Sx, Ty)G(y, Ty, Rz),
G(Sx, Ty,Rz) < 3 max | G(y, Ty, Rz)G(z, Rz, Sx),
G(z, Rz, Sx)G(x, Sx, T)

Then in all of the above cases, the mappings S, T, and R satisfy the contractive condition
(2.36) of Corollary 2.6 with k = % Thus all the conditions of Corollary 2.6 are satisfied.
Moreover, % is the unique common fixed point for all of the three mappings S, T, and R.
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