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Abstract

We prove several relations of the type |arg{zf"(2)/f'(z)}| < |arg{f’(2)}| for functions
satisfying some geometric conditions.
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1 Introduction
Let p be positive integer and let A(p) be the class of functions

o0
fle)=2+ Z a,z"
n=p+1
which are analytic in the unit disk D = {z € C: |z| < 1} and denote A = A(1).

The subclass of A(p) consisting of p-valently starlike functions is denoted by S*(p). An
analytic description of S*(p) is given by

zf'(2)
f(@

S*(P)={f€.»4(p):'arg <%,ze]D)}.

The subclass of A(p) consisting of p-valently and strongly starlike functions of order «,
0 <« <1is denoted by S}(p). An analytic description of S} (p) is given by

zf'(z)| am ze]D)}.
f(2)

arg

5:(p) = {f e Ap): <~

The subclass of A(p) consisting of p-valently convex functions and p-valently strongly
convex functions of order o, 0 < o <1, are denoted by C(p) and C, (p), respectively. The
analytic descriptions of C(p) and C,(p) are given by

zf"(2) b1
7@ H<5’Z€D}

C) - {fe Ap):

arg{1+

and

zf"(z) o
” —,zeDy.
/(@) 2
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For p =1 the classes S} (p) and C (p) become the well known classes S and C;; of strongly

starlike and strongly convex functions of order «, respectively. The concept of strongly

starlike and strongly convex functions of order o was introduced in [1] and [2] with their

geometric interpretation. For « = 1 the classes S} and C; become the classes S* and C*

of starlike and convex functions; see for example [3]. In this paper, we need the following

lemma.

Lemma 1.1 Assume thatf € Awithf(z)/z #0 in D. Assume also that for all 6,0 < 6 < 27w,

the function f satisfies the following condition:

(jmzfﬁ(z)) sinf = p(w> sinf

f(2) dp
1 (70
i ]
1 S @, 0,
= Eme{m(|Z| -z )} >0,

where z = pe®?, 0 < p < r <1. Then we have

)

, zeD.

Proof First we note that from

0 <arg{z1} <arg{n} <7 = arg{zi} <arg{z; + »} < arg{z},

the implication

n
O<arglz} < <arglz)) <7 = argla) < arg{ZZk

k=1

follows by mathematical induction.
For the case 0 <6 < 7, z = re?? € D, we have

af 2}l [ruewee]

rei?

ol [ 1110}

(1.1)

(1.2)

(1.3)

Let 0=po < p1<- < Pp1<pn=" Aok = px — pr_1, kK =1,...,n. By (L1) arg{f’(pe®)} is an

increasing function with respect to p, thus

0 = arg{f'(poe”)} < arg{f'(p1€”)} <--- < arg{f'(pue®)} = arg{f'(re")}.

Therefore, by (1.2) and by (1.4), we have

el 3 0)| <l ),

k=1

(1.4)

(1.5)
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Using (1.5) in (1.3), we obtain

{2}l e

arg{nlirgo Zf’(pke*’)Apk}

k=1

el 37 30|

k=1

< arg{f’(reie)} (1.6)

or we have
0< arg{f(Tz)} <arg{f'(2)} (1.7)

forz=re? and0 <6 <.
For the case 7 < 6 < 27, from the hypothesis (1.1), we find that arg{f’(pe)} is an de-

creasing function with respect to p, thus

0= arg{f'(poe”)} z arg{f'(o1e”)} = - - z arg{f" (pue") } = arg{f'(re")}

and

arg{Z";f%pke”)} > arglf ()]

k=1

Therefore, in a similar way to above, we obtain

af2) - 1o
> arg{f'(re")}

and we also have
0> arg{@} > arg{f'(z)} (1.8)
for z=re® and 7 <@ < 27. From (1.7) and (1.8), we have

-]

< [arg{f' @}

It completes the proof of Lemma 1.1. g
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Corollary 1.2 Assume that f € A with f(z)/z # 0 in D. Assume also that f(z) satisfies the
following condition:

(fimzf']i/;(zz)))Jm{z} >0, zeD, (1.9)

then we have

arg { zf'(2)
f(2)

Proof The conditions (1.1) and (1.9) are equivalent. If arg{z} > 0, then z = e’ € D with
0 <6 <m.By (1.7), we have also

arg{%}zo, zeD.

} arg{z} >0, zeD. (1.10)

If arg{z} < 0, then z = re? e D with 7 <6 < 27. By (1.8), we have also

zf'(2) }
ar <0, zeD.
g{ 1@
In both cases, we have (1.10). O

The inequality (1.10) can be written in the equivalent form

(jmzf (Z))Jm{z} >0, zeD. (L11)
/@)

Recall that if f(z) is analytic in D and (Jm{f(2)})(Jm{z}) > 0 in D, then f is called typi-

cally real function; see [4, Chapter 10]. Therefore, Corollary 1.2 says that if zf” (z)/f(z) is

a typically real function, then zf'(z)/f(z) is a typically real function, too.

2 Main result
Theorem 2.1 Let f(z) € A. Assume that for all 6, 0 < 0 < 27, f(z) satisfies the following
condition:

1/ ! i60
(jmzf/(iz))) sinf = p(%}?”) sin 6
>0, (2.1)

where z = pe®?, 0 < p <r <1, moves on the segment from z = 0 to z = re? and
, i
|arg{f (z)}| < bX zeD. (2.2)
Then f(z) is starlike in D or f(z) € S*.

Proof From the hypothesis (2.1) and the hypothesis (2.2) and applying Lemma 1.1, we have

zf'(2)
‘arg{ 1@

This shows that f(z) is starlike in D. (]

H < larg{f @}| < g, zeD.
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Applying the same method as in the proof of Lemma 1.1, we have the following lemma.

Lemma 2.2 Let f(z) € A(2). Assume that for all 6, 0 < 0 < 27, f(z) satisfies the following
condition:

" 1" i0
(jmsz//(g)) sinf = p(idarg{];p(pe )}> sin @

>0,

where z = pe®?, 0 < p < r <1 moves on the segment from z = 0 to z = re’ . Then we have

, zeD.

{7 || = et

Applying Lemma 2.2, we have the following theorem.

Theorem 2.3 Letf(z) € A(2). Suppose that for all 0,0 < 6 < 27, f(z) satisfies the following
condition:

" " i0
(3msz//((2§)) sinf = p(%ﬂ@) sinf
>0, (2.3)

where z = pe®?, 0 < p <r <1, moves on the segment fromz=0to z = re and
1! b
|arg{f (z)}| < oX zeD. (2.4)
Then we have f(z) € C(2) = C1(2) or f(z) is 2-valently convex in D.

Proof From the hypothesis (2.3) and (2.4) and applying Lemma 2.2, we have

‘arg{z}(,(g)}‘ < |arg{f"(2)}| < %, zeD.

Therefore, we have

1+%ew>0, zeD.

f'(@)

It completes the proof. d

Applying the same method as in the proof of Lemma 1.1 and Lemma 2.2, we can gener-
alize Theorem 2.1 and Theorem 2.3 as follows.

Lemma 2.4 Let f(z) € A(p). Suppose that for all 6,0 < 0 < 2x, f(z) satisfies the following

condition:
17" / 6
(3msz/(g)) sinf = p(d(arg{f (pedi)} il 1)9)) sin @
=p (—d arg{f;l(;) /ZIH}> sin@

>0, (2.5)
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where z = pe?, 0 < p < r <1 moves on the segment fromz=0to z = re’ . Then we have
zf'(2) f(2)
ar; < |ar
’4ﬂa”—‘4ﬁ4
Proof For the case 0 <6 <, from the hypothesis (2.5), we have
f() _ 1 T iy 6
arg{z—p = arg) ——s Of(pe )e’ dp

= arg /Orlf’(peié) ‘ei(arg[f’(peig)}—(p_l)g) d,o}

<arg{f'(re”)} - (p-1)0
f’(z)}

, zeD.

= arg g

and therefore we have
0< arg{fzp } < arg{f ) } (2.6)

forz=re” and0 <6 <.
For the case @ < 0 < 27, applying the same method as above and in the proof of
Lemma 1.1 and Lemma 2.2, we have

ool 2]

for z=re® and <@ < 27. From (2.6) and (2.7), we have

SO | [f@ f@\|_| 1@
el T | o 7 el S < e S

It completes the proof of Lemma 2.4. d

Thus, we have the following theorems.

Theorem 2.5 Let f(z) € A(p). Assume that for all 0,0 < 0 < 27, f(2) satisfies the following
condition:

<d(arg{f’(pei9)} -(p- 1)9)) <darg{f’(z )2~ 1})
dp

né
>0,

where z = pe??,0 <60 < 21,0 < p <r<1, moves on the segment fromz=0to z = re? and
suppose that

arg{J;(zl)”_ 2 zeD,

where 0 < a < 1. Then we have f(z) € S}(p) or f(z) is p-valently and strongly starlike of
order a in .


http://www.journalofinequalitiesandapplications.com/content/2014/1/357

Nunokawa and Sokét Journal of Inequalities and Applications 2014, 2014:357 Page 7 of 9
http://www.journalofinequalitiesandapplications.com/content/2014/1/357

Theorem 2.6 Let f(z) € A(p), p > 2. Assume that for all 6, 0 < 0 < 27, f(z) satisfies the

following condition:
11 1 i0yy _ _
(3m;'];(zz))> sinf = p(d(arg{f (ped;))} (p 2)9)) sin6
=p (—d mg{f;(;)/zp‘z} ) sin@

ZO’

where z = pe®, 0 < p < r <1 moves on the segment from z = 0 to z = re® and suppose that

f(2) am
‘arg{ F < 7, VA D,
where 0 < « < 1. Then we have f(z) € Cy(p) or f(2) is p-valently and strongly convex of

order o.

Lemma 2.7 Letf(z)=z+ Y o, anz" be analytic in |z| <1 and suppose that it satisfies the
following condition:

9%{ ;f/’;(ZZ)) (ze7 - ze‘”")} >0 inlz| <0, (2.8)

where 0 <o <. Then fora <6 <« + 7 we have

darglf (0e))\ - [of"2)
"( & >_Jm{f(z)}
>0, (2.9)

while for a + 1 <0 <« + 2w we have

d(arg{f’(pe®)}) B zf'z)
"(7@ ) - j‘“{m}
<0, (2.10)

wherez = pe?,0< p <|z| <1.

Proof Letz = pe®, 0 < p < |z| < 1. Then it follows that
zf"(2) _ » }
Re ze i — ze™
{ f(2) ( )

dlogf’ ) .
:%e{ ocgljZ‘ (2) (pe - _pez(e—a))}

_ Em{p(dlog I (pe”) s idargf’(pe"")

& & )(—21’)} sin(6 — «)

d / i0
= 2,0%(‘)6) sin(f — «)
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This proves (2.9) and (2.10) and it shows that the function argf’(pe®) is an increasing
function with respect to p, 0 < p <1,and @ <6 < « + 7, and that the function arg f'(pe®)

is a decreasing function with respectto p,0 <p <l,ando +7 <6 <« +27. O

Theorem 2.8 Let f(z) =z + Y ., a,z" be analytic in D and suppose that it satisfies the
following condition:

me{ j{//;iz)) (Zej _ Ze—iot)} >0, zeD, (2.11)

where 0 <a < and
, T
|arg{f"(2)}| < 5 2€D. (2.12)
Then f(z) is starlike in D.

Proof From Lemma 2.7 and (2.12), for the case 0 <6 <, we have

0= (arg@)
z=0

o [ 7 an)

pe?

< arg{
= arg@
z
r .
= argf f'(pe”)dp
0
- arg / I (pe) | #¢ g
0
< arg{f'(2)}.
This shows that

0< arg{@} < arg{f'(2)}, (2.13)

wherez=re??, 0 <r<l,anda <0 <a +7.
For the case 7 <6 <2, applying the same method as above, we have

0> arg{f(Tz)} > arg{f’(z)}, (2.14)
where z=re®, 0 <r<1,and 7 + & <0 < 27 + a. Applying (2.12), (2.13), and (2.14), we
have

e 5] b -f ]

< z, zeD.
2

This completes the proof. d
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Remark 2.9 The functions f(z) = z + az*/2 satisfy the conditions of Theorem 2.8 when-
ever |a| <1/2.
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