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Abstract

In this paper, we study on g-Stancu-Szasz-Beta type operators. We give these
operators convergence properties and obtain a weighted approximation theorem in
the interval [0, 00).
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1 Introduction

In [1], Mahmudov constructed g-Szész operators and obtained rate of global convergence
in the frame of weighted spaces and a Voronovskaja type theorem for these operators.
In [2], Gupta and Mahmudov studied on the g-analog of the Szasz-Beta type operators.
In [3], Yiiksel and Dinlemez gave a Voronovskaja type theorem for g-analog of a certain
family Szasz-Beta type operators. In [4], Govil and Gupta introduced the g-analog of cer-
tain Beta-Szasz-Stancu operators. They estimated the moments and established direct re-
sults in terms of modulus of continuity and an asymptotic formula for the g-operators. In
[5-14], interesting generalization about g-calculus were given. Our aims are to give ap-
proximation properties and a weighted approximation theorem for g-Stancu-Szasz-Beta
type operators. We use without further explanation the basic notations and formulas, from
the theory of g-calculus as set out in [15-19]. Let A > 0 and f be a real valued continuous
function defined on the interval [0, 00). For 0 < g <1, g-Stancu-Szdsz-Beta type operators
are defined as

Byl (fx) = gsZ,Ax) /0 . bZ,k<t)f([['fq]]Z%g) dgt, (L1)
where

sp ) = ([nlgx ke{ /:]:!x
and

RO — .

By(k +1,m)(1 + x)r+ket”
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If we write g =1 and @ = 8 = 0 in (1.1), then the operators Bg,‘ff)(f, x) are reduced to Szész-
Beta type operators studied in [20-23].

2 Auxiliary results

For the sake of brevity, the notation F{ (1) = [T [n—il; and Gg (n) = ([n]4 + B) will be used
throughout the article. Now we are ready to give the following lemma for the Korovkin
test functions.

Lemmal Lete,(t)=t", m=0,1,2, we get

i) B (eo,x) =1,

[n]2x Lo g«
PG W  qGL M Gl

[n] x> { [n]?

(i) B (en,x) =

(i) B (ey,x) =

FGLPEL ) | PGP Fl(n)
, Ry el }x
q*G(n)2Fi(n) = ¢*G(n)*F}(n)

(2]4[n]; 2a(n], o?

T PGP G F ) G

Proof Using the g-Gamma and g-Beta functions in [15, 24], we obtain the following
equality:

) 00/A 1 tk+m
dgt
/0 Bk +1,m) (1+ gkt 1
[m+ Kl —m - 1]q!q{zkz—(k+m)(k+m+l)}/2

(k]! [m —1],!

Then, using (2.1), for m = 0, we get

(@.B) (] o ([n]g) k(k=1)/2
B (eg,x =e’"q"g -
nq ( 0 ) P [k]q' q

_ e—[n]quL[IV']qx -1

)

and the proof of (i) is finished. With a direct computation, we obtain (ii) as follows:

B@P) (), x) = []q i ([n]g%)* k(k=3)-212 ;=[x
na G%(n)Ff(n) = [k-1],!
[nlq = ([”’]qx)k k(k-1)-2/2 ~[n]gx
+ q e q
GTF) 2 [kl
o i ([n]gx)* D12l

AR

k=0
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2
_ [n]qx [n)gx —[nlgx [l’l]q [”]qxe—[n]qx
PGhmF{(n) " aGh(m)F(n)
o [n)gx _
+— FHiY, [n]gx
Gh(n)
(n]7x [, «

" PG ME W " qGLmEFm) | Gh(n)

Using the equality
[n, = [sly+q'ln-sl, 0<s=<n, 22)
we get
[n]4x2
(@,B) - A
Bn,q (ez,x) = q6quB (}’1)2F2q(7l)
N { [ N 1+ 21)n . 2a[n]; }x
P GEm?Fi(n)  q*GL(n)*F(n)  q*Gi(n)F (n)

. [2]4[n]; L el @
PGLnPF(n)  qGLm2Fi(n) ~ Gh(n)?’

and so we have the proof of (iii). O
To obtain our main results we need to compute the second moment.

Lemma?2 Let g € (0,1) and n > 2. Then we have the following inequality:

B () = (20D ML )y S

q° q°F; (n) PGh(n)’

Proof From the linearity of the B(,,Of,’,ﬂ ) operators and Lemma 1, we write the second moment
as
B (e - %)%, )

ST A -
T\ GLnE )~ G mEm ]

{{1+(1+[2]q)q}[;'1];“;+ 20[[1/1]; B 2[n, 2« }
PG F(n)  @Gi(n)2Fl(n)  qGi(mF(n)  G(n) ¥
. [2]q[n]3 N 2a[n], . o?

PGy Fy(n)  qGi(n)*F(n)  Gg(n)?

<{ [n]2 _ o 2n)g Tls {1+ +[2])g}n];
~ 1 q°GE(n)?*Fi(n)  ¢*G(n)F] (n) 4°G(n)2F; (n)

ol }x(+)+ Rl e,
7 G(n)?Fl(n) PCHnPEL(n)  qGyn?El(n)  Ghn)?
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5 { (141 + ¢°) - 2¢*[n — 212 + 28¢° [n]y[n — 1],[n - 2],

- 4° G (n)2F}(n)

(q +q* + 21,47 n]} A U P T 2aq*[n)2ln - 2], } w+1)
4° G (n)2F} (n) G n?F ) q°Gh(n)PF(n)

(121, + 20q” + &*¢*} 1],
P GL(nFi(n)

From (2.2), we have

()

{ [n-215(¢" +4° - 24"
<

q°G(n)*F; (n)
(L q)4125q° 0= 213 + 61203q" [ 213 + 412030%n — 2], + 2)
G Fl(n)
(q+q° +12149° +2B4° + 2aq")[n]} + B¢°[nl];

n — 1 1 }x(x +1)
q4° G (n)*F; (n)

L (2lgr 7°)([2]; + 204° + o*¢%)

7> GE(m)F (n)
2(1-q*) 164(a + B +1)*[n], 6(cr +1)°
= ( ¢ q°F3(n) ) e PGhn)
And the proof of Lemma 2 is now finished. g

3 Direct estimates

Now in our considerations, Cz[0, 00) denotes the set of all bounded-continuous functions
from [0, oo) to R. C3[0, 00) is a normed space with the norm ||f||5 = sup{|f(x)| : x € [0, 00)}.
We denote the first modulus of continuity on the finite interval [0, 5], b > 0,

wop(f,8) = sup  |flx+h) —f(x)| (3.1)

0<h<8,x€[0,b]

The Peetre K-functional is defined by
Ko(f,8) = inf{|f —gllz +5]g"| ;:g € W2}, 8>0,

where W2, = {g € Cp[0,00): g',g" € Cp[0,00)}. By Theorem 2.4 in [25], p.177, there exists
a positive constant C such that

Ky(f,8) < Can(f,V/3), (3.2)
where

wz(f,\/g)z sup  sup [f(x+2h)—2f(x+h)—f(x)|.

0<h=<+/5 *€[0,00)

Gadzhiev proved the weighted Korovkin-type theorems in [26]. We give the Gadzhiev
results in weighted spaces. Let p(x) = 1 + x> and the weighted spaces C,[0,00) denote


http://www.journalofinequalitiesandapplications.com/content/2014/1/354

Dinlemez Journal of Inequalities and Applications 2014, 2014:354 Page 5of 8
http://www.journalofinequalitiesandapplications.com/content/2014/1/354

the space of all continuous functions f, satisfying |f(x)| < Myp(x), where My is a con-

stant depending only on f. C,[0,00) is a normed space with the norm ||f]|, = sup{ U;E’g' :

x € R* U {0}} and C}[0, 00) denotes the subspace of all functions f € C,[0, c0) for which

limy - 00 % exists finitely.

Thus we are ready to give direct results. The following lemma is routine and its proof is
omitted.

Lemma 3 Let

—=(@,B) «a, a,
B (f,2) = BEOf,0) - £ (D) () + (). (3.3)

Then the following assertions hold for the operators (3.3):

S@p

M By La)=1,

i) B (6w =x,
S@p

i) B (t-xx) =0,
where DS (x) = L R
" PGLF () " aGLmF () Ghn)

Lemma 4 Let g € (0,1) and n > 2. Then for every x € [0,00) and f” € Cg[0,c0), we have
the inequality

BED (f,3) — f ()| < 80 G0) ||

B’

(@B) (. _ (20-g%) | 263(a+p+1)> 5(e+1)?
where 8,,; (%) = ( i qGO;—"E’(;) )x(x+1)+q3‘é%(n).

Proof Using Taylor’s expansion
t
@) =f(x) + (E—x)f"(x) + / (t —u)f"(u)du
and Lemma 3, we obtain
t
BEP(fx) —f(x) = B ( / (t - w)f" () du,x).

Then, using Lemma 1 and the inequality

(t—x)*

<11, 457,

/ (t - u)f"(u)du

we get
B () - f )]

=

! D )
B;‘Zﬂ) (‘/. (t — u)f//(u) dl,t, x) - / {quoff)(x) _ u}f//(u) du
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Hf/”g{( (1-g% N 164(x + B + 1)2[n]q . < [I’l]f] _1>2

2 q° q°F; (n) 7*Gy(n)F{ (n)
2[nl} 2[n]}a [n], +agln-1],\>
PG nPFIn? | PG 0PE () )x(x P ( 4G mF () )
.\ 6(cr +1)? }
7*G(n)F (n)

Wf s (41 —-q% 526(x+ B +1) 10(« +1)2
=2 {< @ M )x(x”“qSGz(n) }

And the proof of the Lemma 4 is now completed. d

Theorem 1 Let (g,) C (0,1) a sequence such that q, — 1 as n — oo. Then for every n > 2,
x € [0,00) and f € Cg[0,00), we have the inequality

B0 @] = 2Men (£ 85 0)) + w(Fon) @),

il

(a,B8) = (=L —
where Mt (%) = (q%G%”(VI)Ff"(”)

[”l]qn o
anGg* (WEL (n)

—1x+
Proof Using (3.3) for any g € W2, we obtain the following inequality:

|Bnq,,,(fx) f(x)| |Bnq,,,(f g’x) (f g(x)+Bnqn(gx g(x|

V( [n]2 (1, >f()
T\t mrrm”™ " 4,67 mE ) Gq”() g

From Lemma 4, we get

|BEO(f,2) - f@)| < 21f —glls + 8P )] &

L’( My Il )f<>
2GTWE ) 4,GTmEr () G‘“() g

By using equality (3.1) we have

[BEAF, %)~ f0)] <20f -glls + 8P @) | g | 5 + wlf, 0P ().

Taking the infimum over g € W2 on the right-hand side of the above inequality and using
the inequality (3.2), we get the desired result. O

Theorem 2 Let (q,) C (0,1) a sequence such that q, — 1 as n — oo. Then f € C;[0,00),
and we have

lim ”B"‘ﬁ)(f f”

n—00

o . (@.B) _ . (112,
Proof From Lemma 1, it is obvious that |B,,;, (e)) — eoll, = 0. Since |7q3, T wmr

[n]thl
anGg* (WE" (n)

+ — x| < (x +1)o(1) and 1’:612 is positive and bounded from above for

o
Gy (n)
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each x > 0, we obtain

x+1
B e e, < =

o(1).

And then lim,_ . |B&(e;) - e, = 0.

Similarly for every n > 2, we write

@p) 0,Gy" ()2 Ey" (n)
e e - eal, = sup o
x€[0,00) +Xx
(L+(1+[2]g, )gn) 13, +20g> ()7, [1-1]g, ) [2]g, (3,
@G (n)2F3" (n) GG (n)2F3" (n)
+
1+a2

+2aq% [nlg, [n—2]g,

0[2
pere ey L ae e }

1+x2

we get lim,,_, oo ||B(,,°f£) (e2)—ezll, = 0. Thus, from AD Gadzhiev’s theorem in [26], we obtain
the desired result of Theorem 2. O
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