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1 Introduction and preliminaries

K Menger introduced the notion of a probabilistic metric space in 1942. Since then the
theory of probabilistic metric spaces has developed in many directions [1, 2]. The idea
of K Menger was to use distribution functions instead of non-negative real numbers as
values of the metric. The notion of a probabilistic metric space corresponds to situations
when we do not know exactly the distance between two points, but we know probabilities
of possible values of this distance. A probabilistic generalization of metric spaces appears
to be of interest in the investigation of physical quantities and physiological thresholds. It
is also of fundamental importance in probabilistic functional analysis.

The purpose of this paper is to prove some existence theorems of fixed points for non-
linear contractive type and nonlinear compatible type mapping in complete Menger prob-
abilistic metric spaces. In the sequel, we shall adopt the usual terminology, notation and
conventions of the theory of probabilistic metric, as in [1-6].

Throughout this paper, let R be the set of all real numbers and R* be the set of all non-
negative real numbers. A mapping F : R — R* is called a distribution function (briefly,

d.f.), if it is left-continuous and non-decreasing with

inf 7 =0, supF =1
R R

In the sequel, we denote by A* the set of all distribution functions on R. The space A*
is partially ordered by the usual point-wise ordering of functions, i.e., F < G if and only if
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F(t) < G(¢) for all £ € R. The maximal element for A* in this order is the d.f. given by

0, t<0;
H(t) =
1, t>0.

Definition 1.1 [1, 2] A mapping 7 :[0,1] x [0,1] — [0,1] is called a continuous ¢-norm,
if T satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

(¢) T(a,1)=aforallac[0,1];

(d) T(a,b) < T(c,d) whenevera <c, b<d,and a,b,c,d € [0,1].

Two typical examples of continuous ¢-norm are T'(a, b) = ab and T'(a, b) = min{a, b}.

Now ¢-norms are recursively defined by 7! = T and
T (%1, %25 . Xpe1) = T(Tn_l(xh X5 v o3 %n)s xn+1)

forallm>2andx; €[0,1],foralli=1,2,...,n+ 1.

Definition 1.2 A Menger Probabilistic Metric space (briefly, Menger PM-space) is a triple
(X, F,T), where X is a non-empty set, T is a continuous ¢-norm, and F is a mapping from
X x X into A* satisfying the following conditions: for all x,y,z € X (in the sequel, we use
F,, to denote F(x,y)):

(PM1) F,,(¢) = H(¢), Vt > 0, if and only if x = y;

(PM2) Fx,y(t) = Fy,x(t);

(PM3) Fi (¢t +5) = T(Fyy(t),F,.(s)), Vx,5,z € X and t,5 > 0.

Definition 1.3 Let (X, F, T) be a Menger PM-space.
(1) A sequence {x,} in X is said to be convergent to x € X if, for every € >0 and 1 > 0,
there exists a positive integer N such that Fy, (¢) >1 - A whenever n > N.
(2) A sequence {x,} in X is called a Cauchy sequence if, for every € > 0 and A > 0, there
exists a positive integer N such that Fy, ,,,(€) >1 — A whenever n,m > N.
(3) A Menger PM-space (X, F, T) is said to be complete if and only if every Cauchy

sequence in X is convergent to a point in X.

Definition 1.4 Let (X, F, T) be a Menger PM space, p € X be a given point.
(1) Forany given € >0 and A > 0 the set

Np(e,)) ={ge X :Fpqle)>1-1}

is called the strong (e, 1)-neighborhood of p.
(2) The strong neighborhood system for X is the union (. x M, where
M, = {Np(e,1),€ > 0,1 > 0}.

Remark 1.5 It should be pointed out that the strong neighborhood system determines a
Hausdorff topology o on X [1, 2].
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Definition 1.6 [2] Let X be a non-empty set, {d, : & € (0,1)} be a family of mappings from
X x X into R*. The ordered pair (X,d, : « € (0,1)) is called a generating space of quasi-
metrics family, and {d, : « € (0,1)} is called the family of quasi-metrics on X if, it satisfies
the following conditions:

(QM-1) dy(x,y) =0 for all @ € (0,1), if and only if x = y;

(QM-2) dy(x,y) = dy(y,x) for all @ € (0,1) and %,y € X;

(QM-3) for any given « € (0,1), there exists u € (0, @] such that

de(%,y) <d,(x,2) +du(z,9), Yx,y,z€X;

(QM-4) for any give x,y € X, the function « > d,(«,y) is nonincreasing and
left-continuous.

Lemma 1.7 Let (X, F,T) be a Menger PM-space with a t-norm T satisfying the following
conditions:

supT(t,t) =1. (1.1)

t<1

For any given ) € (0,1), define a mapping E; p(x,y) : X x X — R* as follows:
E, rlx,y) = inf{t >0:Fy(t)>1- A}, (1.2)

then
(1) (Exr:X€(0,1)) is a family of quasi-metrics on X and (X,E, r: , €(0,1)) isa
generating space of the quasi-metrics family {E, r : » € (0,1)};
(2) the topology induced by quasi-metric family {E; r : » € (0,1)} on X coincides with the
(€, 1)-topology on X.

Proof (1) From Definition 1.6, it is easy to see that the family {E, r : A € (0,1)} satisfies the
conditions (QM-1) and (QM-2).

Next we prove that E, r is left-continuous in A € (0,1). In fact, for any given A, € (0,1)
and € > 0, by the definition of E, , there exists £, > 0 such that t; < E;, r(x,y) + € and
F,,(t1) >1— 1. Letting § = F, ,(t1) — (1 - A1) >0 and A € (A1 — 8, 1), we have

1-A <l—h<1l=( —8)=Fyylt).
This implies that
feft>0:Fy()>1-1}
Hence we have

E r(xy) <E plxy)() =inf({t >0: Fyy >1- A} < ti <Ej, r(%,9) +¢,

which shows A > E; r is left-continuous.
Now we prove that, for any given (x,y) € X x X, E; r is nonincreasing in A € (0,1).
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In fact, for any Ay, 1, € (0,1) with A; < A,, we have
{t>0:Fy(®)>1 -2} C{£>0:Fey(t) >1- 22}

Hence

Ey,r(x,y) = inf{t >0:Fy(t)>1- AZ}
<E rxy) =inf{t>0:Fy(t) >1- A1}
Condition (QM-4) is proved.
Finally, we prove that {E; r: A € (0,1)} also satisfies condition (QM-3).

In fact, for any given x,y € X, and A € (0,1), by condition (1.1), there exists u € (0, ]
such that

T"1-p, 1=y, 1 =) >1— A,

Letting E,, r(x,x1) = &1, E, p(%1,%2) = 82,..., Ey p(%,¥) = 8411, from (1.2) for any € > 0, we
have

Foy(B1+€)>1—p, Fixy (82 +€)>1—p, e Frpy(8n +€)>1—p,

and so we have

Fry(81+ 82+ + 81 + (n+1)€) = T"(Fry (81 + €), Fry iy (82 + €),..., Fry (811 + €))

>T"Q -, 1=y, 1= ) >1—A.
This implies that
E, p(x,y) = inf{t >0:Fy(t)>1- A} <8 +8+-- 48,1+ (m+1)e.
By the arbitrariness of € > 0, we have

E, r(%,y) <Eur(®x1) + Er(x1,%2) + - - + E p(%4,9), (1.3)

for any x,y,%1,%2,...,x, € X. Especially, if n = 1, then condition (QM-3) is proved. The
conclusion (1) is proved.

Now we prove the conclusion (2).

For the purpose, it is sufficient to prove that, for any given € >0 and A € (0,1),

Evr(x,y)<e &  Feyle)>1-A.

In fact, if E; r(x,y) < €, then from (1.2) we have F,(€) > 1 — A. Conversely, if Fy(€) >
1- A, since Fy, is a left-continuous distribution function, there exists a x> 0 such that
Fyy(e —p)>1-2X,andso E; p(x,y) <€ —u<e.

This completes the proof of Lemma 1.7. d
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Remark 1.8 From Lemma 1.7, it is easy to see that a sequence {x,} in a Menger PM-space
(X, F,T) is convergent in the (¢, 1)-topology o, if and only if E; r(x,,x) — 0, VA € (0,1).
Also a sequence {x,} in a Menger PM-space (X, F, T) is a Cauchy sequence in the (¢,1)-
topology, if and only if E; r(x,, %) — 0 VA € (0,1) (as n, m — 00).

Definition 1.9 A function ¢ : [0, 00) — [0, 00) is said to satisfy condition (), if it is non-
decreasing and ) o) ¢"(¢) < oo for all £ > 0, where ¢"(¢) denotes the nth iterate function

of ¢(t).

Remark 1.10 [7, 8] If ¢ : [0,00) — [0, 00) satisfies condition (®), then ¢(¢) < £, Vt > 0. If
t < ¢(t), thent=0.

Lemma 1.11 [9] Let (X,F,T) be a Menger PM-space. Suppose that the function ¢ :

[0,00) — [0, 00) is onto and strictly increasing. Then
inf{¢"(t) > 0, Fy(£) >1 - A} < ¢"(inf{t > 0: F,,(£) >1 - 1}),
forany x,y € X, > €(0,1) and n > 1.

Lemma 1.12 Let (X, F,T) be a Menger PM-space with a t-norm T satisfying condition
(1.1) and {x,} be a sequence in X such that

Frp1 (97(8)) = Fip (), VE>0,m>1, (1.4)
where ¢ : [0,00) — [0, 00) is onto, strictly increasing, and satisfies condition (®). If

Ep(x0,%1) := sup {E; r(x0,%1)} < 00,
r€(0,1)

then {x,} is a Cauchy sequence in X.
Proof For any A € (0,1), it follows from Lemma 1.11 and condition (1.4) that

Ey (%, %pi1) = inf{t > 0,Fy, .., (£) >1 -1}
= inf{¢"(¢") (1) > 0,F, ., (¢(#) (1) >1 -2}
<inf{¢" (¢") " (8) > 0, Fug ey (") (£) > 1 - 1}
< ¢"(nf{(¢") " (6) > 0, Frpy (") () >1 -2}
= ¢" (inf{£ > 0, Fyy ., (£) > 1= 1})
= ¢" (Ey,r(x0,%1))

< ¢"(Ep(x0,%1)). (1.5)
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For any given positive integers m, n, m > n, and for given A € (0,1), it follows from (1.5)
and Lemma 1.7 that there exists a u € (0, 1] such that

EA,F(xn; xm) < E,u,F(xnrxnﬂ) + E/A,F(xnﬂr xn+2) +tet EH,F(xm—ly xm)

m—
Z Ep xo,xl) —> 0 (asn,m— 00).
]:
By Lemma 1.7, {x,} is a Cauchy sequence in X.
This completes the proof of Lemma 1.12. d

2 Fixed point theorems of nonlinear contraction type mappings in Menger
PM-spaces

Theorem 2.1 Let (X, F,T) be a complete Menger PM-space, {A;,i =1,2,...} be a sequence

of mappings from X into itself such that, for any two mappings A;, A;, i # j and for any

x,yeXandt>0,

FA,-x,A,-y((p(t)) = min{Fx,y(t): Fx,A,-x(t)v Fy,A/y(t)}r (2.1)

where ¢ : [0,00) — [0,00) is onto, strictly increasing, and satisfies condition (®). If there
exists xo € X such that

Er(xo,A1x0) := sup Ej r(xg,A1xg) < 00. (2.2)
2e(0,1)

Then {A;} has a unique common fixed point x* in X, and the sequence {x,} defined by
Xn = Anxn—l; Vn >1, (23)
converges to x* in the (€, )-topology of X.

Proof 1t follows from (2.1) and (2.3) that

Fxl,xz (‘{b(t)) = FAlxo,Ale (({b(t))
= min{Fxo X1 (2), F, %01 (2), Fxl X (t)}

= min{Fy ., (t), Fy 0y (1)}, £>0. (2.4)
If Fy, x, (£) < Fyy x, (t), then from (2.4)
Fup (6()) = Fryy (8), £>0.
By induction, we can prove that, for any positive integer #,
Fuyy (9"(8) = Fryy (8), £>0.

Let n — 00, we have Fy, 4, (t) = 0 for all £ > 0. This contradicts that F;, , (¢) is a distribution
function. Hence we have

Fry (#(0) = Frp i (), £>0.
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Similarly, we have

sz,x3 (¢2 (t)) = FAle JA3x) (¢)2(t))
= min{Fxl,xz (ff’(t)); Fxl,xz (¢(t))rFx2,x3 (d’(t)) }
= Fxl,xz ((b(t))

> Fyom (), t>0.
By induction, we can prove that

F,

XnXn+l

¢"(£)) = Fuyr, (), ¥n>1,¢>0. (2.5)
( ) 0,X1

It follows from condition (2.2) and Lemma 1.12 that {x,} is a Cauchy sequence in X. Since
X is complete, there exists a point * € X such that x,, — x*.
Next we prove that x* is the unique common fixed point of {4;}. In fact, for any given

positive integers i, n, n > i and for any A € (0,1), by Lemma 1.11, we have

Epp (%0, Aix™) = inf{£ > 0, Fp s,y A () >1— 1}
< inf{t > 0,min{Fy, . (¢7(2)), Fup 12, (67'2)),
Feayon(67(0) ) >1-1}
= inf{p(¢71) () > 0, min{Fy, e (671 (0)), Fr,p 1, (67 (8)),
Foaen (07 ®)} >1-2}
< ¢(inf{t > 0,min{Fy, | o (£), Fu, 1, (), Far ayen ()} > 1= 1})

< ¢ (max {EA,F (xn—l ) x*) ’ EK,F(xn—lx xn)’ E)»,F (x*xAix*) }) .
By virtue of the continuity of ¢, we have
Evp(x", Aix") = im Ey p (s, Aix”)

< lim ¢(max{E; r(%-1,5"), Ex r(n-1,%4), B (x*, Aix*) })

n—00

= ¢(Exvp(x*,Aix*)).

From Remark 1.10, it follows that E; p(x*,Ax*) = 0, i.e., x* = Ajx*, Vi > 1.
Next we prove that x* is the unique common fixed point of {A;} in X. In fact, if y € X is
also a common fixed point of {4}, then, for any A € (0,1) and any i, j, i #},

Err(5,3) = Err (A", Ap)
=inf{t > 0, Fape 4,y (£) >1- 1}
<inf{¢ > 0, min{Fy, (¢7' (1)), Far o (7 (®)), Fyy (07" (1)) } > 1= 1}
=inf{¢(¢7") () > 0, Fr o (¢7'(2)) > 1 - 1}
< ¢(inf{(#)'(£) > 0, Fry (¢7'(8)) >1 - 1})
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¢(1nf{t >0, Fpey(t) >1 - A})

= ¢(Enr(+",)),

i.e., E; p(x*,y) = 0 by Remark 1.10. And so x* = y.
This completes the proof of Theorem 2.1. d

3 Fixed point theorems for nonlinear compatible type mappings in PM-spaces
Definition 3.1 Let (X, F,T) be a Menger PM-space, and let f and S be two mappings
from X into itself. f and S are called compatible if Fg, 5., (£) — H(t), Vt > 0, whenever
{x,} is a sequence in X such that {fx,} and {Sx,} converge in the (¢, )-topology to some
x€Xasn— oo.

Remark 3.2 It should be point out that the concept of compatible mappings was intro-
duced by Jungck [10] in metric space. The concept of compatible mappings introduced
here is a generalization of Jungck [10] and Singh et al. [11].

Theorem 3.3 Let (X, F,T) be a complete Menger PM-space, f,g,S,G : X — X be map-
pings satisfying the following conditions:

(i) SO0 C g(X), GX) € F(X);

(i) Fsx,1(()) = min{Fr(u)¢()(£), Fn),50) ()s Fo3),60) ()}
forall x,y € X, t >0, where the function ¢ : [0,00) — [0, 00) is onto strictly increasing and
satisfies condition (). If either f or g is continuous and the pairs S, f and G, g both are
compatible, and if there exists an xo € X such that

Er(z0,21) := sup (Eyr(z0),21) < 00, (3.1)
2e0,1)

where zo = S(x0), z1 = G(x1) and g(x1) = S(xo), then S, G, f, g have a unique common fixed
point z in X.

Proof By condition (i), there exists x; € X such that Sxo = g(x1) = zo. For x;, there exists
%3 € X such that G(x;) = f(x,) = z1. Inductively, we can construct sequences {x,} and {z,}

as follows:

g(x2n+1) = S8(xan) = Zon,

f(x2n+2) = G(x2n+1) = Zop+15

Vn>0. (3.2)

It follows from condition (ii) that, for any ¢ > 0,

FZZW’ZZVHI (¢(t)) = Fs(x2n>vG(x2n+l) (d)(t))
> i { Fyey,) gearn) (0 Fren),San (8 Feensn) Glannsn) (0 ] (3.3)

= min{FZ2n—1»22n (t)’FZZn:Z2n+1 (t)}

IfF,y, 1200 (8) = Foy o (), then from (3.3), Fyy 2o 1 (0(8)) = Fyy, 20, (8), YE> 0, and so

Eeppizon (7)) = Feyp 2y (), VE>0and m > 1.
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Since ¢ satisfies condition (®), we have

0= hm 1 Foynnn (™)) = Fuppzan (), VE>O.

This contradicts that F,, ., ., (¢) is a distribution function. Therefore
Foppna (#(0) = oy, (0), - VE>0.

Similarly we can prove that
F,

22n+1,22n+2 (¢(t)) ZZn »Z2n+1 (t) Vi > 0.

These show that, for any positive integer m > 1, we have

zm Zimil (¢(t)) zm LZm (t) vVt >0,

Erppn O =F, 2 (971(0),  VE>O. (3.4)

On the other hand, it follows from Lemma 1.11 that, for any X € (0,1),

Zm»Zm+1

<inf{p(¢)7(6) > 0,F, 1z, (67(8) >1 - 1]
{7 (®) > 0, F,,, (07 @) > 1-1})

¢(in
=g (inf{t > 0,F,,,, (6) > 1-2})
¢(Es,

E; r(zim» Zme1) =inf{t>0 F, (¥) >1—k}

I A

Zm—lrzm))~

By induction, we can prove that
Ey r(zmr zm) < O(Enr(@m-1,2m)) < -+ < ¢ (Epr(20,21)). (3.5)

By Lemma 1.7, for any given A € (0,1) and for any positive integers m, n, m > n, there exists
wu € (0, 1] such that

E)L,F(Zmr Zn) < E[,(,F (Zm> Zm-1) + Eu_,F(Zm—b Zim—) + -+ EM,F(Zn—l, Zn)

m—
Z [LF(ZO)ZI)

-1
<> & (Er(z0,21)) = 0 (asn,m— o).

n

3

~.
Il
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This implies that {z,} is a Cauchy sequence in X. Without loss of generality, we can assume
that z, — z* € X. Therefore

S ) = zn1 — 25 8&WXani1) = 200 — 25
(3.6)
S(x2n) =Zop —> z% G(x2n+1) =2on41 — z*.

By the assumption, without loss of generality, we can assume that f is continuous, then
2(x9,) — f(z*) and fS(x5,) — f(z*). Since S and f are compatible, we have
p

Fsfay) S (£) = H(E), VE>0, (3.7)

and so we have

Esfteanfzr ) = T (Fspiuy,) st (£ = (2)))s Efsaon sz (0(0) — H(t), V> 0.

This shows that
Sfxon —>f(z*) (as n — 00). (3.8)
Again for any positive integer # > 1 and A € (0,1), from Lemma 1.11, we have

Eyp(Sf(x20), G(x2041)) = inf{£ > 0, Fsf(a,),Grpn (£) > 1= A}
< inf{g(¢)™'(¢) > 0, min{Fpa(y,, ) g(a) (47 (8),
Fp2 50,57 (97 (0))s Fotan),Glaen) (07 (D) }}
< ¢p(max{Er(F*(x2n), g(2m01)), B (> (%20), S (%21
E; r(g(oani1), Gw2ii)) })-

Therefore we have

im E; (Sf (%2n), Gxons1) = Ere(f2%,2) < 9(Ere(f (%), 2%).

By Remark 1.10, E; r(fz*,2*) = 0, i.e., z* = fz*.
Similarly, we can prove that
Eir (52", G(x2ni1)) < @ (max{Ex r((2"), g&2n1)), Exp(f2", S2°),

E r(g2n41), Gx2n41)) })-

Hence we have

EA,F(SZ*yZ*) = lim EA,F(SZ*, G(x2n+1))

n—00

< lim ¢p(max{E; r(fz*, g(x20:1)), Exp(f2", S2*), Ex r (€(¥%2041), G(¥201)) })

n— 00

= ¢(max {0, E; r(Sz*,2*),0})
= ¢(Er(Sz",2Y))

and so E; (Sz*,2*) = 0, i.e., Sz* = z*.
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Select z € X such that g(z) = z* = S(z*). Then G(g(z)) = G(z*) and for any A € (0,1)

Evr(2%,G(2)) = E1r(S2%, G(2))
= inf{¢ > 0, Fs 6» (£) > 1 - A}
< inf{¢(¢) () > 0, min{Fy 00 (67 (1)), Freyse) (671 (2)),
2.6 (67 ()} >1 -1}
<¢(maX{Ew(f( ).6@) Er(f(2'),5(2)), Eur 50, G)))
= p(max{E;.r(2°,2), Err(,5()). Br (2, G(2) )
= ¢(max{0,0,E; r(z*, G(2)) }).

This implies that z* = G(z), and so g(G(z)) = g(z*). Since G, g are compatible and
E, r(G(2),8(2)) = E; p(z%,2*) = 0, we get

E;.r(GZ",g(2")) = E1r(G(2(2)).8(G(2)) =

This shows that Gz* = g(z*). Again for any A € (0,1)

E(#,G(2)) = Eus(5(),6())
= inf{t > 0, Fs),6en () > 1 - A}
= inf{¢(@)™(6) > O, min{Fyerygier) (67 (1)) Eriemnsien (67 (1),
Fyenaen(07'@)} >1-2}
< ¢(inf{¢7'(t) > 0, min{Fox Gy (¢ (1)), For o (671 (2)),
Foey69 (07 (0)} >1-1})
= ¢(max{E; r(z*,G(z")),0,0})
= $(Err (', G(2")).
This implies that E; r(z*, G(z")) = 0, i.e., z* = G(z*), and so z* is a common fixed point of

S g GinX.
If y € X is also a common fixed point of f, S, g, G, then we have

Evr(127) = Evr(S0), G(27))
= inf{t > 0, Fs(), 64 (1) > 1 -1}
< inf{¢ > 0,min{F, .« (7)), Fri)s0) (¢7'(2)),
Fye.ae (07'@) ) >1-2}
< ¢<max{a,;<y, £),0,0})

= $(Ere(,2")),

i.e., y = z*. This completes the proof of Theorem 3.3. O
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Remark 3.4 If the mappings S, G : X — X given in Theorem 3.3 are multi-valued, we can
also prove that the conclusion of Theorem 3.3 still holds, i.e., y = z*. This completes the
proof of Theorem 3.3.
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